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B PKOFEBTIES. 3 
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oxtonslon, being nothing but mere j)Oints endowed 
w'uli powers ot* attraction luul repulsion, in virtue 
o? wliich they collect together, without coming 
into actual conia'?.t, and so form masses of cx- 
toudud ir.attcr. It is ahnost proved, we may gay, 
that tlicro is a great deal of truth in this vJew«of 
tiic constitution of matter, viz. that bodies are really 
L'(;!np.\-ed of particles which may be regarded as in- 
dlvisihle, or rather, Avhich never arc divided in any 
pi\iC'.?»3 oi' naturi'. W'lu'ther they are Mere points^ 
rr absolutely incapable of division by any meam;, 
it is not necessary, nor possible, to dutermine. 

(,>.) In Alcclianlcs the words Particle, Coqius- 
cule, Aloleculo, nre continually eniployed, without, 
iiow'vcr, any assumption of their indivisibility ; in 
tixct, wc du not call them atoms. All that we 
m.an by these f crnis is, thut we mav repird bodies 
at: c«>»j;]^usirl of an inunense iiunjl.cr of minute 
j>;nl'', to which parts we give the above namcts. 
./i. \rvy ,L;ood icrm is used in tlu* s-ame sense by 
.;:.V".i.' v.ritirs, namoly, Miitcnal Pointy by which iB 
ill', r.iit, a portion of a matciial body so small that 
it ii .y be? consiuLi«.d as a jjoint without scnsiblo 
■ :vv:a\ ijiviiii;- iliis inc:ujj:i.'jj to the term, we may 
s::pp,)su cvt vy budy U) ^U' composed of materi 
poll J IS ;idljei"ing to^vthor. 

((). ; rorO'ltif. — A sul^staiu'c is said to be poro 
(.r to r(.»sso8s the pr"])rrty i)t' Poioaily, when it il 
r.'.W ' 1 iiolor. (ic pores, l^ke a sJ)onge. Every kiw 
i'i' ..ii'.;tor t]?*?t !i;i3 been experiijliciitedupon appe 
{») 1)1' coiri.pi'rt'i^ill:, tint is, cnjiftble i»f bein.fr fore 

ii» a v<iii;illcr spact' tliun it 
'UiL^ liict *ii«Hie is suiiicioiu io 

niatier a very reasonable ? 

essibili^Y is a natural conscfjticuce of porosity. 1 

\ 



naturally ocfupii 

make the porosi 

ippositipn, ior cci 



' <i 



' MATTER AND ITS PROPERTIES. 5 

/ 

But the mixing together of substances, as, for 
, instance, fluids with fluids, appears to leave no 
' doubt of the porosity of matter. How, for in- 
stance, could wine and water be mixed together 
so intimately as to become, as it were, one fluid, 
if tfiey did not mutually penetrate into each other 
in virtue of their porosity ? The chemical union 
of substances, as, for instance, the composition of 
water by the union of the two gases, oxygen and 
hydrogen, is perhaps the best proof that can be 
given of this property of matter. 

Philosophers account for the porosity of matter 
very simply, by saying, that the atoms or particles 
are not in contact with each other, but are kept at 
certain distances from each other by forces of at- 
traction and repulsion, as we have observed before. 
Of course, if matter is composed of particles not in 
contact with each other, it is necessarily porous. 

(7.) Cohesion and Repulsion. — That the particles 
of solid bodies stick together, or cohere^ is familiar 
to every one, inasmuch as it requires a certain 
amount of force to break or tear asunder such 
bodies, which would not be the case if the particles 
had not a power of cohesion. This power is often 
called the Attraction or Force of Cohesion. In 
some bodies it acts powerfully, in others feebly ; 
and this is, in a great measure, the cause of those 
different qualities which we call hardness, tough- 
ness, softness, fluidity, &c. In the case of fluids, 
the power of cohesion appears to be almost insen- 
sible, compared with what it is in solids. 

But the particles of matter are also endowed 
with a power of repulsion, which makes itself 
manifest when we attempt to compress bodies. 
yV^e must use force to compress a body into a 
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smaller space than that it naturally occupies ; and 
in many cases, the body in a great measure re- 
covers its original dimensions when the compress- 
ing force is removed. Every known substance has 
this power of resisting compression, in a greater 
or less degree ; from which fact we conclude that 
the particles of matter repel each other when they 
are brought closer together than in their ordinary 
condition. 

These two powers of cohesion and repulsion are 
often supposed to be merely modifications of the 
same force, which has been called molecular force. 
This force is supposed to be exerted between 
molecule and molecule, and to be an attractive or 
repulsive force according to the distance between 
the molecules. When the molecules are at a 
certain distance from each other, the molecular 
force does not act ; when at a greater distance it 
becomes attractive, and at a smaller distance repul- 
sive. A supposition of this kind fully accounts 
for the facts above stated respecting the resistance 
which bodies oiler either to a tearing or breaking 
force, or to a compressing force. The. supposition, 
however, of a cohesive and repulsive power re- 
siding in each particle comes really to the same 
thing, and is a simpler way of explaining the 
phenomena of cohesion and repulsion to persons 
not familiar with mathematical formulae. 

We may assume then, that, when the particles 
of a body are at their natural and unconstrained 
distance from each other, the cohesive and repul- 
sive powers are equal, and destroy each other ; but 
hen the distance is increased the attractive power , 

»,vuils, and when it is diminished the repulsive 

^er prevails. When the distance is consider- 1 
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MATTER AND ITS PROPERTIES. 7 

ably increased bqth powers appear to become ex- 
tinct, as we know from the fact, that, when once a 
fracture is made in a body, there is no diflSculty in 
removing the two parts to any distance from each 
other. 

(8.) The distance between the particles at which 
the two opposing powers of cohesion and repulsion 
destroy each other, depends very much upon the 
amount of heat in the body; the greater that 
amount is, the greater the distance becomes. In 
fact, heat appears to increase the repulsive power, 
or, what would be the same thing, to diminish the 
attractive power. The consequence of this is, that 
heat expands, and cold contracts bodies. When 
the heat of a body is increased to a certain degree, 
the cohesive power is so much diminished that the 
repulsive power causes the body to expand into a 
vapour, as we know from common experience. It 
is probable that heat is itself the repulsive power 
which keeps the particles from coming together. 

(9.) The three Forms of Matter : Solidj Liquid^ 
and Aeriform. — ^Material substances occur in three 
distinct and dissimilar forms or conditions. First 
of all there are solid substances, or those which pos- 
sess in a considerable degree the property of hard- 
ness. In such substances the powers of cohesion 
and repulsion both act with considerable energy, 
and make it difficult either to increase or diminish 
the distance between the particles; so that the 
body offers considerable resistance if we attempt 
either to tear it asunder or to compress it. The 
various degrees and qualities of hardness which 
we find in solid bodies depend upon the relation 
between the cohesive and repulsive powers. Se- 
condly^ there are liquid substances^ These appe? 
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to have little or no cohesive power, but quite as 
much repulsive power as solid bodies, or rather 
more. If the distance between the particles be 
ever so little diminished^ the repulsive power acts 
strongly ; but, if increased, little or no cohesive 
power is brought into play. Lasilyy there are 
aeriform substances^ gases and vapours of various 
kinas. In these the cohesive power appears to be 
utterly extinct, and the repulsive power compara- 
tively weak, though strong enough to make itself 
sensible by the tendency which the substance has 
to expand and diffuse itself in space, if not re- 
strained and kept in by some force or resisting 
obstacle or vessel. We say that the repulsive 
power is comparatively weak, for a moderate 
amount of force is able to compress a gas into half 
or quarter the space it occupies ; whereas no force 
that we can command, however great, is capable 
of doing this, or anything approaching to it, in 
the case of a liquid or solid substance, if we except 
very soft and porous solids. 

By the action of heat we may, as we have 
stated, greatly modify the intensities of the cohe- 
sive and repulsive powers, and so change solids 
into liquids, and liquids into vapours: and the 
reverse action may be produced by cold, as has 
been remarkably exemplified in the case of several 
gases, which resisted all efforts to compress them 
into the liquid form, until a considerable degree of 
cold was produced previously. 

(10.) Rigidity y Flexibility y Elasticity y <$•<?. — ^When 

*^ "^ cohesive and repulsive powers are so energetic 

no ordinary amount of force can increase or 

lish the distance between the particles of a 

it is called a rigid body. A rigid body. 
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therefore, is one which cannot be broken, or bent, 
or compressed; in short, one whose shape and 
dimensions cannot be altered by the action of ordi- 
nary forces. There is no such thing as a perfectly 
rigid body in nature, though many bodies may be 
regarded as rigid when not exposed to the action 
of unusually great forces. In practice it is always 
necessary to bear in mind that no substance is so 
rigid that it cannot be bent or broken ; and it is 
an important part of Mechanical Science to deter- 
mine how far, and within what limits, different 
kinds of materials can resist the action of forces 
tending to bend or break them. 

( 1 1.) A remarkable property of many substances 
is flexibilityy or the capability of being bent. A 
string or rope is a familiar instance of bodies pos- 
sessing this property. The least force will bend 
a string, and make it assume any curved form that 
we please. A piece of wire possesses this pro- 
perty also, but in a much less degree, for it re* 
quires some force to bend it. No body is perfectly 
flexible, it always requires some little force to 
bend even the most flexible body. There is no 
substance that does not possess a certain degree 
of flexibility, inasmuch as there i^ no substance 
that is perfectly rigid, for if the rigidity of a body 
is imperfect, it must be flexible to a certain extent. 

There are some flexible bodies, (as for in- 
stance, a common rope,) which cannot be stretched 
or broken except they are pulled by a considerable 
force. Such bodies are said to be inextensible, 
that is, not capable of being extended or stretched. 
When we talk of a string or rope being inexten- 
sible, we do not mean that it is perfectly so, for 
there is no substance that cannot be 8tretc\ie^ Hi 



10 MECHANICAL SCIENCES. 

a sufficiently powerful force be employed to pull 
it ; we only mean that it is not capable of being 
stretched in any sensible degree by the action of 
moderate forces. 

Again, there are other flexible bodies which 
offer but little resistance to a pulling force, and 
may be easily stretched, and that to a considerable 
extent, without breaking. A string of Indian 
rubber is an instance of this. Bodies of this kind 
are said to be extensible, 

(12.) When a body is compressed, or stretched, 
or bent by the action of a force, it is said to be 
elastic^ if it recovers its natural shape and size on 
the removal of the force. If a string of Indian 
rubber be stretched, the moment it is let go it 
springs back and assumes its original length. If 
a straight steel spring be bent into a curve, it 
becomes perfectly straight again, when released 
from the bending force. If air be compressed in 
a vessel into a smaller space than that it naturally 
occupies, it will expand and resume its original 
bulk when the compressing force is removed. All 
these bodies are said to possess the property of 
elasticity y which is a power of quickly recovering 
from the effects of a compressing, stretching, or 
bending force. 

When a body is compressed by a force, and 
then allowed to expand again by removing the 
force, it exerts a certain amount of force in the 
act of expanding, which may be felt if we try to 
prevent that expansion. This force of expansion 
is sometimes nearly equal in amount to the force 
which compressed the body, and sometimes con- 
siderable less than it, but never either quite equal 
to, or greater than it. When the force of expan- 
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sion 18 nearly equal to the compressing force, the 
body is said to be very elastic, or to possess the 
property of elasticity in a high degree ; and, in 
general, the nearer the force of expansion ap- 
proaches in amount to the compressing force, the 
more elastic the body is said to be. 

(13.) Heaviness and Lightness. — One of the most 
remarkable properties of material substances, and 
familiar to every one, is a tendency to fall down, 
commonly called weight or heaviness, which appears 
to be greater in some kinds of substance, and less 
in others. This tendency to fall down is made 
manifest to our senses by the actual falling of bodies 
when unsupported, and by the muscular effort we 
must make to prevent bodies from falling down. 
It is chiefly, however, from the muscular force 
required to hold up bodies, that we get the idea of 
weight or heaviness ; and, indeed, we can form a 
good idea of the relative weights of different 
bodies, by supporting them in the hand, and 
feeling what amount of muscular exertion is re- 
quired to do so. 

But there are some substances which appear to 
possess the opposite property of lightness, or a 
tendency to rise. Thus, the bag of a balloon being 
filled with the gas called hydrogen, shows a very 
considerable tendency to rise, and is capable of 
drawing up a considerable weight. Other sub- 
stances, such as feathers, smoke, or the like, appear 
to be neither heavy nor light — that is, they seem 
to have no tendency either to rise or fall. But 
what is most remarkable is, that the heaviness of 
a body appears to be capable of alteration by im- 
mersing it in different fluids. Thus, a piece of 
wood, which exhibits a tendency to faW m i\T,\t 
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put under water, immediately rises, and a piece of 
iron, which, when put in water, immediately sinks, 
will exhibit a considerable tendency to rise, if 
immersed in quicksilver. 

The phenomena of heaviness and lightness are 
now well understood, and there is no difficulty in 
explaining the facts just stated in a very simple 
manner by the theory of gravitation, as we shall 
presently show ; but not long ago this subject was 
one of the greatest difficulty to philosophers, and 
gave rise to continual disputation. 

(14.) We have now said enough, by way of in- 
troduction to the Mechanical Sciences, respecting 
the general properties of matter. To most of the 
points here alluded to, we shall have to recur 
hereafter at some length. We shall conclude this 
chapter by mentioning facts and experiments 
which confirm and illustrate some of the above 
statements. 

EXPERIMENTAL ILLUSTRATIONS. 

(15.) Dimsibility of Matter. — If we take a grain 
of one of the common blue dyes, (a compound of 
copper,) and put it in a gallon of water, the whole 
of the water will become sensibly coloured blue. 
Now, it would be easy to show that there are more 
than 1,000,000 small drops of water in a gallon ; 
if, therefore, we take one small drop of the coloured 
water, it will contain only the millionth part of 
a grain of the dye. In this way we may divide 
so small a portion of matter as one grain of the 
A^rc \xdo a million of parts. But, furthermore, 
9p of coloured water, seen in a poN^erfwV 
'>pe^ would appear of considerable aiLe, axA 
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capable of being divided into some 1,000 visible 
equal parts. This proves that the grain of dye 
might be divided into a thousand millions of equal 
parts. 

The animalculae seen in a powerful microscope 
afford a wonderful proof of the extreme divisi- 
bility of matter. It has been calculated that more 
than a million of animalcules of a certain kind, 
heaped together, would form so minute a portion 
of matter, as to be scarcely visible to the naked 
eye. Now, each of these creatures is an organ- 
ized being, having limbs of various kinds, and 
vessels or tubes for the circulation of fluids. How 
inconceivably minute the particles of the fluids 
which circulate through these tubes, and the par- 
ticles of which the creature is composed must be. 

(16.) Porosity of Matter. — Quicksilver may be 
easily forced in minute drops through leather, 
wood, and other substances of the same nature; 
which proves the porosity of these bodies. The 
well-known experiment tried at Florence in the 
seventeenth century shows that gold, apparently 
one of the most condensed and closest substances, 
is porous, and that water may be forced through 
its pores. The Florence academicians filled a 
hollow ball of gold with water, and then put it in 
a press, where it was exposed to the action of a 
considerable compressing force, in order to try 
whether water was a compressible substance or 
not ; for they supposed that gold was too dense a 
substance to allow the water to pass through it, 
and that they might succeed in this way in com- 
pressing the water into a smaller space tVian t\ia\, 
jt naturally occupied,^ fej squeezing the gold \>^\ 
in the inside of which it was contained, TVie 
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result of their experiment was quite contrary to 
their expectations, for the water was actually 
forced through the pores of the gold, and appeared 
like dew on the outside of the ball. The fact 
that water may be forced through t^e pores of 
gold has been nrequently proved by experiment. 

(17.) Forces of Cohesion and Repulsion. — If two 
pieces of plate glass, soon after they have been 
polished, be placed with their surfaces in contact, 
they will soon stick together, and, if left for any 
time in such a state, will become as closely united 
to each other as if they had been originally only 
one piece ; so that if an attempt be made to force 
them asunder, it will be found that they will not 
split or give way along the surface of union, as 
one might fancy, but in some other direction. 
This has often occurred in plate-glass factories, 
and it affords a very striking illustration of the 
powerful force of cohesion which the particles of 
glass are capable of exercising on each other. 

The forces of cohesion and repulsion exist not 
only between particles of the same kind, but also 
between particles of different kinds, as the follow- 
ing facts will show : — 

If a small open glass tube be dipped in water. 
Fig- 1. as in fig. 1, the water will rise in the 
tube, and outside it, as is represented 
in the figure. This proves that the 
particles of glass which compose the 
tube draw up the water towards them, 
which will be made very manifest if 
we lift the tube slowly and gently out 

of the water. In other words, this 

^^ experiment shows that there ia a coha- 
e force between the particles of glass aix3LY?«A.^T. 
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If the same sort of tube be dipped in quick- 
silver instead of water, the contrary ptg. 2. 
effect will be produced, as is shown in 
fig. 2. The quicksilver will sink, in- 
stead of rising, both inside and outside 
the tube; which shows that there is 
a repulsive power between the particles 
of glass and quicksilver, which makes 
them recede from each other, and in 
this way the quicksilver is forced down- 
wards. 

(18.) WAy certain substances are wet by certain 
jiuidsy and others not. — Water wets glass, (if it be 
not greasy,) because there is a cohesive force be- 
tween the particles of water and glass, in virtue 
of which the water adheres to, or wets the glass. 
The same may be said of wood and water. Quick- 
silver, on the contrary, does not wet glass, because 
there is a repulsive force between the particles of 
glass and quicksilver, which prevents the quick- 
silver from adhering to the glass ; and the same 
may be said of water and any greasy substance. 

(19.) Put two balls, one of wood, and the other 
of any greasy substance, or 
of wax, in a vessel of water, 
(fig. 3,) and the contrast of -^ 
the cohesive and repulsive 
forces will be made very manifest. The water 
will rise and wet the wooden ball, as is shown in 
the figure, and will so make an elevation on the 
surface of the water. On the contrary, the water 
will not wet, but will be repelled by the wax ball, 
and the consequence will be, that a depresaioxv. 
wjU be formed in the surface of the water. 
TA/s explains the reason vrhy balls put in Y^alex 



Fig. 3. 
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in this way, sometimes attract, and sometimes 
repel each other ; and why little substances float- 
ing on the surface of a fluid in a vessel, sometimes 
run to the sides of the vessel, and sometimes do 
not. When two balls of wood are placed suflSr 
ciently near each other in water, the water rises 
between the two balls considerably more than it 
Fig. 4. would do, if there was only 

one ball, as is represented in 

fig. 4, and the effect of this 

is, that the balls are drawn 

together by the cohesive power of the water 

which rises up between them. Again, if the 

two balls be of wax, the water sinks between the 

two balls more than it would do if there were only 

Fig. 5. one ball, as is represented in 

^ fig. 5, and the consequence 

is, that the water at a and 

~ b, by the repulsive power it 

exerts on the balls, pushes them together. 

If one ball be of wood, and the other of wax, 
they are pushed away from each other by the 
action of the water. The reason of this may be 
given in the same manner as in the former cases ; 
and the same may be said of the fact, that sub- 
stances floating near the sides of the vessel which 
contains it, sometimes run towards the sides, and 
sometimes do not. 

(20.) Solids, Liquids^ and Gases. — It is scarcely 
necessary to give instances of the three forms 
which material substances assume, but it is worth 
while stating a few facts relative to the change of 
form which is brought about by the action of 
^e/i/^ or cold, and by external pressure. 
Tlie degree of heat, or the temperature, aa \\.\^ 
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called, to which a mass of water must be raised to 
make it boil, is, as most people know, 212^ of 
Fahrenheit's thermometer, under ordinary cir- 
cumstances. Now, the water begins to boil, or 
assume a gaseous form, as soon as the cohesive 
power of its particles is so far diminished by the 
action of heat, (as we have stated above,) that the 
repulsive power prevails sufficiently to make the 
particles tend to separate, and fly away from each 
other with rapidity. But this tendency is re- 
strained by the pressure of the atmosphere on the 
surface or the water ; for the atmosphere, as we 
shall presently explain more particularly, exercises 
a considerable pressure on every body exposed to 
it, amounting, in round numbers, to fifteen pounds 
on every square inch. It is easy to understand 
that so great a pressure as this must keep in the 
particles of the water, and overcome their ten- 
dency to fly away from each other, unless there 
be sufficient heat communicated to increase the 
repulsive power so much as to make it overcome 
the atmospheric pressure. As we have stated, it 
requires a temperature of 212^ Fahrenheit to 
produce this effect ; and we may easily see why 
the water, which, comparatively speaking, is not 

I very much affected at a lower temperature, flies 
rapidly into vapour as soon as the temperature 
comes up to 212°. Under this temperature the 
repulsive tendency communicated to the particles 
of the water by the heat is completely kept in 
check by the superior atmospheric pressure, and no 
boiling takes place; but as soon as the repu\a\\^ 
tendencjp- js Increased so much as to exceed tW 
^ ntmospheric pressure, there ia nothing to restxaiiv 
^e separation of the particlea of the water, and 

c 
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the consequence is, that the water turns rapidly 
into steam, or, in familiar language, boils. 

(21.) This view of the phenomenon of boiling 
by the action of heat is strongly borne out by the 
fact, that, if the atmospheric pressure be di- 
minished, the water boils at a lower temperature 
than 212*^; which may be shown either by boil- 
ing water on the top of a mountain or under the 
receiver of an air-pump. At the top of a moun- 
tain of some elevation, the atmospheric pressure 
is considerably less than at the level of the sea : 
and, accordingly, it is found that water boils at 
a lower temperature on the top of the mountain 
than at the level of the sea. Indeed, it has been 
proposed to measure the height of mountains by 
observing at what temperature water boils upon 
them ; and an instrument for this purpose is often 
used when very great accuracy is not required. 

(22.) If we boil water under the large glass vessel 
in the air-pump called the receiver, from which the 
air is pumped away, and in which therefore there 
is little or no atmospherical pressure, it is found 
that the temperature at which boiling commences 
is so low as 72^ of Fahrenheit's thermometer, while 
in the open air it requires a temperature of 212®. 
This is an important experiment, inasmuch as it 
shows that when the atmospherical pressure acts 
on the surface of the water, it requires as much 
as 140® increase of temperature to overcome its 
restraining power, and make the water boil. 

(23.) Pressure, therefore, counteracts the effect 

of heat in turning liquids into a gaseous form ; 

and of course, cold, on the contrary, must be 

ssisted by pressure in making gases assume a 

quid fprnu Cold alone can produce the effect 



{ 
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of turning vapours into liquids, as we know in 
the case of steam and other vapours ; but there 
are many gases which no known degree of cold 
will condense into liquids without the assistance 
of pressure ; nor wUl any known amount of 
pressure, without the assistance of cold. By com- 
bining cold and pressure Dr. Faraday has suc- 
ceeded in turning into liquids several gases that 
were supposed to be incapable of such a trans- 
formation. , . 

(24.) A simple experiment, to show the effect 
of dinunished pressure in making water boil at a 
lower temperature, is thus made : partially fill a 
flask or bottle with hot water, and make it boil 
with a spirit-lamp, or otherwise; cork the flask 
tightly, and allow the water to cease boiling for 
some minutes, and then plunge the flask in cold 
water. The effect will be curious ; for the water 
in the flask will immediately begin to boil again, 
though the temperature has really been dimi- 
nished by putting the flask into cold water. The 
explanation of this is easy ; for the vapour which 
fills the portion of the flask not occupied by water 
exercises a pressure on the surface of the water 
equal to that the atmosphere would exert if the 
flask were not corked ; but the cold of the water 
into which the flask is plunged immediately con- 
denses this vapour into water, and so relieves the 
water in the flask from pressure; and thus, the 
pressure being removed, and the temperature 
being considerably over 72®, the water imme- 
diately boils. 

(25.) Tenacity of Materials. — When a string 
or wire is exposed to the action of a stietc\i\x\^ 
force of BifSicjent power, it is torn asunder. TVi^ 
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greater the force whicli is required in order to 
do this, in proportion to the thickness of the 
string or wire, the more tenaciotis the substance 
is said to be. The term tenacity, meaning the 
degree of resistance which the substance is capable 
of opposing to a force applied to tear it asunder, is 
estimated Djr the force required to tear asunder a 
wire of the substance of a certain thickness. Iron 
is a substance possessing a wonderful degree of 
tenacity. A bar of cast-iron, whose transverse 
section, or thickness, is a square inch, will sup- 
port more than eight tons without breaking; a 
similar bar of wrought-iron will sustain over 
twenty-five tons without breaking ; a cable of iron 
wire, of a square inch thickness^ will support as 
much as sixty tons without brealnng. 

(26.) Heaviness and Lightness, — There is an old 
experiment which may be mentioned in relation 
to this property of matter. In the open air, a 
guinea appears to be composed of a much heavier 
substance than a feather, as we generally conclude 
from the fact, that if we let both bodies go at the 
same time, the guinea will fall very quickly to 
the ground, but the feather very slowly, or not at 
all. If, however, we remove the air, which 
may be done by allowing the bodies to fall inside 
a tall receiver of an air-pump from which the 
air has been pumped, the feather will fall quite 
as quickly as the guinea, and therefore the sub- 
stance of the feather will appear to be as heavy 
as that of the guinea. We shall explain the 
reason of the lightness, or buoyancy, of some 
bodies in air, water, and other fluids, hereafter. 



CHAPTER IL 

OF FORCE^ AND THE VARIOUS KINDS OF FORCE IN 

NATURE. 

(27.) Of the term Force. — It is not necessary to 
define the term forcey which we have frequently 
introduced in the preceding chapter, inasmuch as 
its meaning is familiar to every one. Indeed, 
the idea expressed by this term is acquired by the 
mind in the same manner as the ideas of toncy 
tastSy colour^ and others of the same nature, which 
are called simple ideas. Ideas of this kind can 
be conveyed to the mind by exemplijication, — that 
is, by giving examples or instances, — but not by 
definitions properly so called. In explanation, then, 
of the meaning of the term forcey it is enough to say, 
that when we pull a body by a string, we exert a 
force upon it ; when we push against an obstacle, 
we exert vl force upon it ; when we hold up a heavy 
body, we exert a force upon it; and, in like 
maimer, when any other agent, animate or in- 
animate, exerts a similar power, by pulling, or 
pushing, or supporting, or the like, we say that 
that agent exerts 2i force. It is usual, however, to 
define force to he ^'tkat which producer or tends to 
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produce motion ;" but it may be questioned whether 
these words would convey anything like the idea 
of force to a mind previously devoid of that 
idea. 

(28.) The idea of force appears to be suggested 
to the mind by the muscular effort we have to make 
when we endeavour to move a body, or prevent 
its motion : by this effort we become sensible that 
we exert a force upon the body. In the same 
way we become sensible of the forces which other 
agents exert, by the effort it requires to overcome 
these forces, or prevent them from taking effect. 
Thus, it requires a certain amount of muscular 
exertion to hold up a heavy body, and keep it 
from falling : this exertion makes us sensible that 
there is some force pulling the body downwards. 
In like manner, the effort required to break a 
tough body across makes us feel that there is a 
force of cohesion keeping the parts of the body 
together. 

(29.) Of the different kinds of Force in Nature. 
— Before commencing the study of mechanics, 
properly so called, which consists of vaj^ous pro- 
positions and investigations relative to the action 
of forces, singly and m combination, it is desirable 
that the student should have some knowle^e 
of the different kinds of force which act in the 
material world, and of the means and contrivances 
by which they are estimated and measured. Such 
preliminary knowledge is not only useful for its 
own sake, but it also has the advantage of making 
familiar to the student the idea of force in general, 
the nature of the effects it produces under various 
rcumstances, and several of the ternie employed 
L relation thereto ; so that, when he commences 
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the formal and abstract reasonings which occur at 
the commencement of and throughout mechanics, 
he finds little or no difficulty in understanding 
them. The reason why mechanics sometimes 
appears dry and difficult is, because the student 
has never thought upon the subject in a familiar 
and simple way, before commencing the formal 
and abstract study of it. We shall, therefore, 
devote the present chapter to an enumeration of 
some of the various kinds of force in nature, and 
an explanation of methods employed to estimate 
their energy. 

OF THE ATTRACTION OR FORCE OF GRAVITT. 

(30.) We shall commence with the Force of 
Gravity, which produces effects so familiar to us 
and of such constant occurrence, and whose sphere 
of action extends throughout the visible universe. 
The distances of the bodies composing the solar 
system from the sun and from each other are 
regulated and preserved within due limits by the 
agency of -thfe ^p^nderful force, and there is good 
reason for asserting the same of the whole host 
of stars which surround us. The particles of 
each body are held together in compact globular 
masses by the force of gravity ; and, in our own 
world, the multitude of objects, animate and in- 
animate, which occupy the surface of the earth, 
are by the same force kept in their proper places 
and positions. Indeed, it would be an endless 
work to enumerate the uses and consequences of 
the action of this force. 

(31.) Of the Attraction of Gravity generally. — 
The Theory of Universal Gravitation^ aa it \a 
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called, established by Newton in such a manner 
that there can be no doubt of its exact truth, is, 
that e\fery particle oi* matter is endowed with a 
power of attracting^ or drawing towards it, every 
other particle of matter, whether near or at a dis- 
tance; but the greater the distance, the less is 
the power of attraction, according to a certain 
law which we shall presently state. Thus, if 
A and -B, fig. 6, represent any two particles of 
p. g matter, A attracts 5, and B at- 

tracts A ; so that the two will run 
^ ^ -B together, except there be some ob- 

stacle or repulsive force to prevent 
it. Furthermore, the nearer the two particles 
are placed, the more energetic will this force of 
attraction be, and the more violently will the 
particles run together, if allowed to do so ; and, 
mce versa, the greater the distance, the less the 
attraction. Furthermore, the amount of force 
which A exerts upon B is precisely the same as 
that which B exerts upon A ; or, in other words, 
it will require just as much resisting force to pre- 
vent A moving towards B as it does to prevent B 
moving towards A. And this is true whether A 
and B be equal or unequal in size. 

With regard to the effect which the distance 
between the two particles has upon the amount of 
attraction they exercise upon each other, we shall 
only observe now, that if the distance is dimi- 
nished, and made one half of its original length, 
the force of attraction is increased to so much that 
it becomes four times greater than it was before ; 
•^ the distance is made one-third, the attraction 
comes nine times greater ; and so on, «uccoTdm^ 
iAe Jaw expressed in the following ta\Ae, «vx^- 
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posing F to denote the force of attraction when 
the distance between A and -B is 1. 



Distance between^ 


1 


\ 


i 


i 


i 


&c. 


Force of attrac- \ 
lion. ' 


F 


iF, 


9jP. 


\^F, 


UF, 


&c. 



The numbers in the second line here, as is evident 
on inspection^ are the squares of 2, 3^ 4^ 5, &c. 
Hence, the attraction of gravity is said to increase 
as the distance diminishes, in inverse proportion to 
the square of the distance, 

(32.) This is the st$itement of the theory or law 
of universal gravitation; it applies to every particle 
of matter composing the earth, and every thing 
upon it, not excepting the air that surrounds it ; 
it likewise applies to every particle composing the 
solar system, and we have good reason to assert 
the same of the whole visible universe. We shall 
hereafter state the proofs which Newton has given 
of the existence and universality of the law of 
gravitation, as far as the solar system is con- 
cerned. Since his time, various motions observed 
among the stars, and the establishment of the 
fact that the sun, followed by the planets, is 
moving rapidly in space, afford strong grounds 
for the assertion that this law extends to the fixed 
stars. We shall hereafter show, that what we 
now state furnishes a most wonderful and stu- 
pendous evidence of unity and design in the 
visible universe. 

(33.) Weight or Heaviness caused by the Attraction 
of Gravity. — We have already spoken of the ten- 
dency to fall which most bodies manifest, and 
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which is familiar to every one under the name of 
weight or heaviness. The reason why a body tends 
to fall, is because the attraction of gravitation 
residing in the particles of matter which compose 
the earth draws the body towards the earth, and 
produces in it a tendency to fall. Every particle 
composing the earth attracts the body, and the 
effect resulting from all these attractions is, that 
the body is drawn towards the centre of the 
earth, or very nearly so. Properly speaking, the 
body is attracted perpendicularly towards what is 
called the mean or level surface of the earth ; that 
is, what would be the surface, if there were no 
mountains or valleys ; or, to speak more accu- 
rately, if the sea covered the whole earth, and 
were undisturbed by winds or tides. Now, this 
level or mean surface of the earth is nearly, but 
not exactly, a sphere ; and, therefore, the perpen- 
dicular to it does not in all places point directly 
towards the centre of the earth, though the devia- 
tion from the centre is very small. We shall not 
at present be so unnecessarily exact as to take 
this deviation into account ; and we shall there- 
fore say that the body is drawn, by the aggregate 
attraction of all the particles of the earth, to- 
wards the earth's centre. 

(34.) The ancients, not having had any definite 
idea of the earth's rotundity, had very confined 
notions of the meaning of the words up and down ; 
and the idea of antipodes^ where men were obliged 
to walk with their feet upwards and heads down- 
wards, was very difficult of comprehension. We 
now understand the words up and down in an 
■enlarged sense : down means, towards the earth's 
entre, and up, of course, the contrary direction ; 
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or, speaking more accurately, down means the 
direction in which bodies fall towards the earth. 
Hence, since the earth is round, and bodies 
always fall towards the centre of the earth, it 
follows that down here is about the same direction 
Bs up in New Zealand. One of the great ob- 
jections brought against the supposition of the 
earth's being a round ball was, that it made it dif- 
ficult, if not impossible, to distinguish between up 
and dovon ; for what was up to one man, would be 
down to another on the opposite side of the earth, 
if it were a globe. The force of this difficulty 
cannot be estimated in our days, when the rotun- 
dity of the earth and the idea of antipodes are 
familiar to all ; but in former times it was very 
different, and the difficulty was perpetually urged 
by the most enlightened men. We may notice 
here the importance of a correct definition, for, by 
defining the word down as the direction in which 
bodies fall towards the earth, all the difficulty we 
allude to vanishes. 

(35.) Returning to the subject of heaviness, we 
are now prepared to state the cause of it very 
simply : it is the effect of the attraction we have 
just spoken of towards the centre of the earth. 
Every body is drawn downwards {i,e, towards the 
earth's centre, according to our definition of the 
word) by the attraction of the earth ; and the ten- 
dency to fall so produced is called heaviness. 

(36.) By the term weight we mean somewhat the 
same thing ; but, to speak more correctly, and at- 
tach definite ideas to our terms, we must define the 
weight of a body to be the amount of force which 
acts upon it in consequence of the eartKs attraction of 
gravity. Weight, then, is the force resulting &ova 
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the earth's attraction of gravity. It is, therefore, 
a force which always acts downwards towards the 
centre of the earth, and draws every body towards 
that point. 

(37.) Vertical Line; Horizontal Plan^ — We 
may here conveniently define the terms vertical 
and horizontal By a tertical line is meant a line 
drawn in the direction in which bodies fall, or, 
what is the same thing, in which weight acts. 
This, as we have stated, is a line drawn perpen- 
dicular to the earth's level surface; or, what is 
very nearly the same thing, a line drawn towards 
the earth's centre. 

We may easily find the vertical direction expe- 
rimentally by letting a heavy body fall, or, what 
is much better, by hanging a heavy body by a 
string. The string, of course, will hang down- 
wards in the direction in which the force of gra- 
vity pulls the heavy body, that is, in the vertical 
direction, and thus it exhibits to the eye the 
vertical line. A string thus used is called a plumb- 
line, from plumbum, lead, because the heavy body 
suspended by the string is generally a piece of lead. 

The horizontal plane is the plane to which the 
vertical line is perpendicular. Any line in the 
horizontal plane is said to .be a horizontal line ; in 
other words, all lines at right angles to the vertical 
line are called horizontal lines. 

OF THE CENTRE OF GRAVITY. 

(38.) We have stated that the weight of a body 

i«* the amount of the force of gravity exerted on 

ly ; but we have not said at what part, or on 

mt of the body this force acts. In reality, 

rht of a body arises from the combined 
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action of several forces, namely, the forces of 
attraction acting on each particle of the body 
towards the centre of the earth ; for the law of 
grayitatioQ is, that each particle of a body is drawn 
towards the centre of the earth by the aggregate 
attraction of all the particles of the earth. Hence, 
the weight of a body is the total force resulting 
from the united energy of all the attractions acting 
on the different particles ; or, to speak more 
simply, the weight of a body is the force resulting 
from the combined action of the several weights 
of the particles of the body. 

Now, it may be shown, and we shall show it in 
a future part of this treatise, that this total force 
arising from the weights of the different particles 
is equal to the sum of all those weights, (as, 
indeed, we may assert without proof,) and that it 
acts at a certain invariable point of the body. By 
an invariable point we mean a point that does not 
change its position in the body, when the body is 
turned round, or inverted, or otherwise moved. 
. This point is called the centre of gravity of the 
body. It may be found by experiment, or theo- 
retically, and the knowledge of its precise position 
in every body is a thing of great importance. 
When a body is suspended by its centre of gra- 
vity, it will rest in any position it is placed in ; 
for if the centre of gravity, or the point where all 
the weight acts, be supported, there can be no 
tendency in the body to move. 

(39.) The centre of gravity of any body of 
perfectly regular form (such as a sphere, a cube, 
a parallelepiped, or a flat body in the form of a 
circle, square, parallelogram, or the like) is easily 
determined, for it is always the central point of the 
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body, as, for instance, the centre of the circle or 
sphere, the middle point of the square or parallelo- 
gram. In bodies of regular form, there is always 
a middle point or centre ; and it has this distin- 
guishing property, that every line drawn through 
it, to meet the surface of the body both ways, is 
bisected by it. Such a point is always the centre 
of gravity of the body. 

The centre of gravity of a flat 
Fig. 7. body in the shape of a triangle 
A B Cy fig. 7, is found by drawing 
lines from any two of the angular 
points — A and B suppose — to the 
middle points D and E of the oppo- 
site sides. The point G^ where the 
two lines intersect, is the centre of 
gravity of the triangle. If we sus- 
pend the triangle by a string, or 
otherwise, at the point G^ it will remain at rest, 
without any tendency to turn round, in whatever 
position we hold the triangle. 

(40.) It is important to bear in mind these 
distinguishing characteristics of the centre of gra- 
vity ; no otner point of the body possesses the 
same properties. They may be all briefly stated 
as follows : the centre of gravity does not change 
its position in the body, when the position of the 
body is altered in any way whatever. The effect 
of the force of gravity on the body is to pull the 
centre of gravity towards the centre of the earth ; 
but it has no tendency to turn the body round, or 
make it revolve about its centre of gravity. 

(41.) From what we have just stated, it follows 
that the centre of gravity will always assume the 
owe&t 2>osition it possibly can ; for it is the point 
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on which the weight acts, and which is drawn 
downwards by the force of gravity ; and therefore, 
it will always fall, or move to a lower level, if it 
can, but never rise. 

Hence, if we suspend a body by any point, the 
body will hang with the centre of gravity Tertically 
hdow the point of suspension — that is, both points 
will be in the same vertical line, the former below 
the latter. This is obvious from the consideration, 
that the lowest position the centre of gravity can 
assume, is when it hangs vertically below the point 
of suspension. 

OF THE FORCE OF RESISTANCE EXERCISED BY 

SOLID BODIES. 

(42.) When one solid body is pressed against 
another by any force, there is a force of resistance 
brought into play between the two bodies, which 
prevents them from penetrating into each other. 
Thus, suppose a body ^to be Fig. s. 

placed on a table B C, (fig. 8,) I ^ 

and to be pressed against it j^ 

by any force represented by 



oy any lorce represenieu uy -» w- 
the arrow F; then the table I 

will resist the action of the ■- 



force, and prevent the body from being driven 
downwards. This force of resistance which the 
table exerts on the body is an upward force, which 
we have represented by the arrow E. The effect 
of the force It is simply to destroy the force jP, 
and therefore the two forces must be equal and 
opposite; for two forces acting on a body with 
equal energy in opposite directions, can prodvic^ 
no motion one way or the other, which is v^Viat w^ 
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mean when we say, that the force R destroys the 
force F. A force unresisted produces motion, but 
if it be resisted, so that no motion results from 
its action, it is said to be destroyed. The only 
way in which a force can be resisted, so as to be 
destroyed in this sense, is by the action of an 
opposing force of equal energy; and this is the 
manner in which the table acts upon the body ; it 
brings into existence an opposing force jB, which, 
acting against the force jF, and with the same energy 
as Fi so that the two forces mutually destroy each 
other, prevents motion from taking place. 

(43.) The resistance of a solid body has its 
limits, which depend upon the toughness and hard- 
ness of the material of which the body is com- 
posed. We may increase the force F in the above 
example up to a certain amount, and the table 
will always produce a force R capable of destroy- 
ing F ; but if Z' be made to exceed that limit, the 
table will give way, either by breaking, or being 
crushed, or otherwise, and the body will move 
down. The table will always furnish a force of 
resistance R just sufficient to destroy the force jP, 
whether F be small or great, provided it be under 
a certain limit. 

This, then, is the peculiar nature of the resist- 
ance which a solid body exerts, when another body 
is pressed against it by any force not exceeding 
a certain limit ; the resistance will always adapt 
itself, so to speak, to the pressing force, and be 
just sufficient to destroy it. There are a great 
number of problems in mechanics in which this 
consideration, properly made use of, greatly facili- 
tates the solution. 

(44.) Reaction. — A force called into action by 
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another force is called a reaction ; thus^ if a man 
presses against an obstacle, the obstacle will, as 
we have just explained, resist that pressure by 
returning, so to speak, an equal and opposite pres- 
sure : the return pressure thus exerted is called a 
reaction. A reaction is therefore only another 
name for the force of resistance we have just de* 
scribed. 

OF TENSION AND THRUST. 

(45.) Tension, as the name signifies, has refer-* 
ence to a chain or string drawn tight; it is used 
to denote the force which is transmitted along a 
string or chain, when one end is pulled. Let us 
suppose that A£ is a chain, and abed, &c. the 
successive links of it, (fig. 9) ; and let Fig. 9. 
a foroe, represented by the arrow F, act 
on this chain at A, and pull it, the other 
end B being fastened to some obstacle. 
Then the link a, being pulled by the 
force F, will pull the next link b with 
an equal force, and, in like manner, b 
will pull c will pull d, and so on. In 
this manner the i'orce F is transmitted 
along the chain from link to link, and it 
is thus brcmght to bear upon the obstacle B. The 
same might be said of a string or rope of any 
kind, only, instead of the links, we should speak 
of the different particles which, united together, 
form the string or rope. 

(4£«) It is important to notice that the force or 
tension thus transmitted by the string, always acts 
along the string, that is, the direction in which 
the force acts always coincides with the direction 
of the string. This is true also when the string 
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passes over pulleys, and so has its direction changed. 
Thus, let ABODE be a string, (fig. 10,) passing 

over fixed pulleys, 
B, C, A which 
are supposed to 
allow the string 
to run over them 
with perfect free- 
dom. A fyullet/ is 
a little wheel with 
a groove cut all round its rim, (see fig. 11,) and 
the string or rope passes over the wheel resting in 
Fig^i. this groove. The wheel is made capable 
of turning round its axis or pivots 
smoothly, and without resistance, so 
that if one end of the string has ever 
so small a pull exerted upon it, the 

Julley will immediately turn round, 
e string to move freely in the direc- 
tion in which it is pulled ; or, if both ends of the 
string be pulled, but one side with a greater force 
than the other, the string will immediately move 
in the direction of the preponderating force, how- 
ever little it may exceed the other. The use of 
a pulley of this kind is, first of all, to give perfect 
freedom of motion to the string, and secondly, to 
prevent the rubbing, and consequent wear and tear 
of the string ; for if the string were passed over a 
pin or tack, or through a hole or ring, instead of 
over a pulley, it is clear that there would be a 
good deal of rubbing, which would both resist the 
motion and wear out the stiing. When the axis 
or pivots round which the pulley turns are fixed, 
the pulley is called a fixed pulley. Of movable 
jpullejs we shall speak hereafter. Keturning to 
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fig. 10, the string AB CDE passes over the pulleys 
Bf Cy 2>, and is fixed to some obstacle at K A 
force represented by the arrow F, pulls the string 
at A, and draws it tight, the effect of which is 
that a force of tension is sent along the string 
over the pulleys, to the obstacle at JE. This force 
of tension acts on every part of the string, exactly 
in the same manner as in the case of the links of 
the chain above mentioned, and its direction is 
always alona the string. This is represented by 
the arrows m the figure ; the tension at B acts in 
the direction of the arrow at B, the tension at G 
acts in the direction of the arrow at (7, the same 
may be said respecting D, and finally the tension 
at JE pulls the obstacle in the direction of the 
arrow at ^. 

(47.) Furthermore, all these tensions are equal 
in energy to the original force F, so that this force 
is transmitted along the string over each pulley, 
and finally is brought into action upon the obstacle 
at JE, Practically speaking, however, this is not 
strictly true, for the pulleys can never be made so 
exactly, and with such smooth pivots, that they 
are capable of turning round with perfect freedom : 
there must always be a certain amount of rough- 
ness and friction, as it is called, which does not 
allow the pulleys to turn without some degree of 
resistance; and the consequence of this is, that a 
certain small amount of force is lost or wasted at 
each pulley, and thus the force F is not transmitted 
along the string to the obstacle, without some little 
diminution. 

f48.) What we have just stated supposes the 
Btnng to be perfectly flexible, and this we may ^^cy 
is true of yery thin strings made of flexible Txi^\e- 
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rial. With thick strings or ropes, however, the 
case is different ; they are by no means perfectly 
flexible, but have always a certain degree of 
rigidity or stiffness, which must be allowed for in 
estimating their mechanical effects 

The force of tension plays an important part in 
Mechanics, and must be taken into account in a 
great number of problems which we shall give 
hereafter. 

(49.) The force of ThrmU — This force, which is 
exercised by rigid or perfectly stiff bodies, is 
analogous to the force of tension, and equally 
important in Mechanics. When a man pushes 
with a stick or stiff body of any kind against an 
obstacle, he is said to exert a thrvsty which is trans-^ 
mitted along the stick to the obstacle. A tension 
arises from a puU with a string, a thrust from a 
pmh with a stick. 

(50.) A thrust is always transmitted in the 

direction of the force which produces it, and in 

this particular it differs from a tension. Thus, let 

Fig. 12. ABCD, (fig. 12,) be the 

rigid body, which is em- 
ployed to transmit the thrust, 
F the force which produces 
the thrust, and E the obstacle 
upon which the thrust ulti- 
mately acts. Then, suppos- 
ing A B CD to be perfectly 
stiff and rigid, the force which is exerted upon 
the obstacle E^ in virtue of the thrust transmitted 
^ough the interposed body ABCD^ will always 
t in the direction of the force F produced, as is 
presented in the figure by the arrow 7, no matter 
iat the shape of ABCD may be. "For instance^ 
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if A BCD be of the shape represented in fig. 13, 

the arrow T, (which, as in fiff, 13, represents the 

tbrce of thrust brought into play «. ,, 

on the obstacle, by the action of 

the force F transmitted through 

the rigid body ABCD,) wUl 

always point and lie in the same 

direction as the arrow F^ pro- 

Tided, of course, the body AB CD 

be perfectly stiff. 

The distmguishing charax5ter, 
then, of a force of thrust is, that it is always 
transmitted through a rigid body in the same 
direction as that of the force which originally 
produces it. We may also observe that the original 
force is transmitted through the rigid body un- 
diminishedy that is, the force T, in any of the above 
fiffures, is always equal in energy to the force F 
which produces it. 

(51.) What we have just stated is an instance 
of a principle we shall presently employ, called the 
Principle of the Transmission of Force through a 
Rigid Body^ which asserts, that when a force acts 
upon a rigid body, it is transmitted through 
it unchanged in direction, and undiminished in 
energy. The effect of a force on a fluid confined 
in a vessel is very different, as we shall explain at 
length hereafter, for it is transmitted through the 
fluid, not in one particular direction, but literally 
in ecery direction, up and down, right and left, and 
in this way it is brought into action on every point 
of the sides of the vessel which contains it. 
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OF THE FORCE OF FRICTION. 

(52.) The Force of Friction^ as it is called, is 
brought into play by the roughness of bodies placed 
in contact with each other ; it is a force of great 
importance in practice, both because it is of great 
utility in some cases, and of considerable disad- 
vantage in others. Without friction no structure 
could stand securely, no arch could be made use 
of, no nail or screw could hold framework together. 
At the same time, the friction in the different parts 
of machinery, whether stationary or locomotive, 
is a serious cause of waste and expense. 

(53.) When a body A^ (fig. 14,) is placed upon 

a flat table, we know 
by constant experience, 
"^ that it requires a certain 
amount of force to make 
it move in any direction 
upon the table ; this may 
be made evident very simply by the following 
method : — 

Fasten a string to the body A, let it pass over 
a fixed pulley B at the edge of the table, and 
suspend a weight by it, or, what is better, a scale- 
pan, into which we may put any amount of weight 
as we please. If, now, we put a very small weight 
into the scale -pan, supposing the scale-pan itself 
to be light, we shall generally find that the body 
A will not be moved by it. But if we go on 
putting more weight into the scale-pan, and so 
increase the pull on the string, we shall find at 
length that A will begin to move. This proves 
the existence of a force which prevents the body 
A from moving until a certain amount of weight 
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pulls the string. The weight put In the scale- 
pan produces a force of tension on the string, 
which is transmitted over the pulley, and is so 
brought to bear in a horizontal direction on the 
body, as is represented by the arrow F; in fact, 
the string and pulley together are merely a con- 
trivance for making the vertical force of gravity, 
that is, the weight in the scale-pan, act horizon- 
tally on the body-^, in order to determine whether 
such an amount of force is sufficient or not to 
cause A to move. 

The force F, then, which is thus made to act 
horizontally on the body A^ does not move A at 
first ; and the cause of this is the roughness of A 
and of the table, which prevents A from moving. 
The force F is therefore destroyed by the rough- 
ness, and this of course is effected by a force equal 
and opposite to -F, (as we have already explained 
in speaking of Besistance,) which the roughness 
brings into action against F» The force thus 
brought into action by the roughness is called the 
Force of Friction. It is of course, in this case, a 
horizontal force, since it directly opposes the force 
jP, and for the same reason it acts in a direction 
contrary to that in which F tends or endeavours 
to move the body. 

(54.) It is important to remark, that thorough- 
ness is capable of bringing into play a force of 
friction of any magnitude, within a certain limit. 
This is proved by the fact, that the body A will 
Hot be moved by the string until a certain amount 
of weight is put in the scale-pan ; but when that 
amount, or anything over it, pulls the string, A 
immediately moves. The force of friction can 
therefore always destroy the force F, whatever be 
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the magnitude of jP, provided It does not exceed 
a certain limit. It follows, therefore, since the 
force of friction must be exactly equal and oppo- 
site to Fy in order to destroy it, that the rough- 
ness^ may bring into play an opposing force of 
friction of any magnitude, under a certsdn limit. 
What that limit is we shall explain more ftdly 
hereafter. 

(55.) That the roughness is the real cause of 
this resistance to the force -F, may be easily proved 
by increasing or diminishing the roughness, when 
it will be found that the resisting force of friction 
will be increased or diminished accordingly. Thus, 
if the table be made of oak, with the grain in the 
direction of the string, and if the body A be 
100 lbs. weight of wrought-iron, it will be found 
that no weight under 62 lbs. put in the scale-pan 
will move -5, but any weight above 62 lbs. will 
move A. In this case, then, the resisting force 
may be of any amount not exceeding 62 lbs. Now, 
if me same experiment be tried upon a wrought- 
iron table, instead of an oaken one, it will be 
found that the greatest resisting force will be only 
14 lbs. If we roughen the surfaces of the body 
and table with a file, the resisting force will be 
greatly increased. In fact, it will soon be per- 
ceived on trial, that an increase of roughness will 
always increase the resisting force, and enable it to 
sustain a greater amount of weight in the scale-pan. 

The most polished surfaces will always exercise 

a certain amount of friction on each other, because 

no polish can be so perfectly effected by the 

mechanical means we possess, as not to leave a 

certain degree o£ roughness on t^e «vxxfe.ee. The 

Jeast amount of &ictioii is found in t\ift svxxi^ifte^ oJl 
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bodies which have a natural polish, and a consider- 
able degree of hardness and brittleness combined, 
as for example^ in the case of ice sliding upon ice. 
(56.) One other important point may be ob- 
served here respecting the force of friction, namely, 
it increases with, and in proportion to the force 
which presses the body against the table. In the 
case above supposed, of iron on an oak table, the 
body A weighs lOOlbs., and therefore lOOlbs. is 
the force which presses A against the table. The 
force of friction, in this case, at greatest is 62 lbs. 
Now, if we put a weight of lOOlbs. upon^, and so 
make the force which presses it against the table 
200 lbs., it will be found that as much as, but not 
more than 124lbs., or twice 62 lbs., may be put in 
the scale-pan without moving A. And if we put 
a weight of 200 lbs. on A^ and so make the whole 
pressure 300 lbs., we shall find that as much as, 
but not more than 186 lbs., or three times 62 lbs. 
may be put in the scale-pan without moving A. 
Whence it is evident that the force of friction 
increases with, and proportionally to the force 
which presses the body against the table. 

OF ANIMAL FORCE. 

(57.) The muscular strength which animals pos- 
sess gives them the power of exercising at their 
will very important and sometimes very consider- 
able forces; and when several combine together, 
the effects produced by animal effort are very 
stupendous, as for instance, the enormous struc- 
tures we see continuaJJj erected, the YiaxViOxxt^, 
canala, and railways, and such like works. ^a3i\» 
tAe chief peculiarity of the forces wliic\x amm^Aa, 
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and especially man, can exert, Is their applicability 
to produce every kind of motion, however compb- 
cated, and so minister to our necessities and com- 
forts. We can only say a few words here on the 
subject of muscular force. 

(58.) We may first observe, that the manner in 
which an animal moves his limbs is by the con- 
traction of the muscles attached to the different 
bones. By a wonderful stimulus, which is con- 
veyed, at our will, by special nerves, from the 
brain to different parts of the body, a swelling and 
consequent contraction is produced in the muscle ; 
and in this way a pull or tension is brought into 
play upon the bone. This will be made evident 
to any one who observes the manner in which he 
lifts his hand by a motion from the elbow. If he 
feels the arm between the elbow and shoulder, 
he will perceive the swelling of the muscle when 
he lifts the hand, and the fact that it pulls the 
bone a little way in front of the elbow-joint, and 
so raises the hand. In exactly the same manner, 
all other voluntary motions are produced in the 
body, by the contraction of muscles. 

(59.) The simple act of walking is generally but 
little understood: it is effected chiefly by those 
muscles which throw the body forward, and which, 
if the feet were not moved, would upset the man. 
The man, resting on one foot, inclines his body 
forwards, but arrests his fall by putting out the 
other foot: then resting on that foot he again 
inclines his body forwards, and puts out the former 
foot to arrest his fall : and by continually repeating 
this action he performs the act of walking. The 
nation of walking is in fact extremely like the 
%8i;'»g of a wheel witbout a ximj WiVn?, oxX^ 
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spokes : the centre of the wheel, like the centre of 
gravity of the man, is continually tending to fall 
forwards by turning round the extremity of the 
spoke which touches the ground, but the spoke 
just in front of that is continually arresting the 
fall. The difference is that in man the two legs, 
being capable of being brought rapidly forward in 
succession, answer instead of the great number of 
spokes all round the wheel. 

(60.) Engineers have estimated the average 
amount of work which animals are capable of 
doing under various circumstances : we shall give 
a few of their statements. 

An unloaded man can walk 31 miles per day on 
level ground; which, estimating his weight at 10 
stone, and supposing that he rests for 14 hours 
per day, is equivalent to the work of moving 10 
stone at the rate of about 3 miles per hour while 
he is actually walking. 

A strong man carrying 128 lbs. can walk at the 
rate of 9 J or nearly 10 miles per day. 

A man walking up an easy flight of steps can 
ascend a vertical height of nearly but not quite 
2 miles per day. 

A man walking up the same steps and carrying 
a weight of 150 lbs. can ascend only a vertical 
height of half a mile daily. 

A man drawing a boat on a canal can do 750 
times more work daily than he could do in moving 
materials with a wheel-barrow. 

A man moving materials with a wheel-barrow 
can do 9 times more work than when digging with 
a spade. 

A horse carrying a moderate burden, s\ie\i, iox 
instance, as a man, can do 10 times as muc\x>NOtV 
as a horse turning a mill. 
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A dromedary carrying a man can do twice the 
work of a horse carrying a man. 

(61.) The subject of the work done by animals 
of various kinds and in various circumstances is 
one of much practical interest^ as the above state- 
ment may show. We shall give one other illus- 
tration of this subject. 

Suppose that a strong man, a porter for instance, 
has to transport a large quantity of material from 
one place to another, what is the best load for him 
to take each time ? If he takes too large a load he 
will sfo slowly, if too small a load he will waste 
timeln going and returning too often. The answer 
is — ^he ought to take about 135 lbs. each time, 
supposing the ground to be level. Doing this he 
will walk about 7 miles per day, and transport 
a greater quantity of material than he could do if 
he took a smaller or a greater load each time. 

OF ELECTRICAL AND MAGNETICAL FORCES. 

(62.) Electrical Attraction and Repulsion. — The 
electric fluid, which produces such powerful and 
destructive effects in the form of lightning, is 
<;apable of exercising forces of a very wonderful 
nature, which appear to play a very important 
part in the various operations and processes of the 
material world, especially those connected with 
vegetable and animal organization. The forces of 
attraction and repulsion which bodies exercise on 
each other when they are charged with electric 
fluid are, if we except thunder and lightning, the 
simplest and most familiar instances of the effects 
produced by this subtle agent. If a piece of 
sealing wax he rubbed with a piece of dry «Xlk It 
will become chaig^ed w>tt elcctxic ftuid, «ndL V^, 
2 consequence^ acqidre the po^er oi «A.\x«i«i^vii% 
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liglit bodies^ such as small pieces of paper, thread, 
feathers, or the like. If a piece of glass, a glass 
tube or small phial for instance, be rubbed in the 
same way, it will exhibit like eifects of attraction. 
But there is a curious difference between the electric 
fluid in the sealing wax and in the glass, which 
may be thus stated. 

(63.) Two bodies charged with titreom elec- 
tricity (the word mtreotts means ^^ produced from 
gldsSy^^ repel each other ; two bodies charged with 
resinous electricity {resinous means produced from 
resin, or a resinous substance, like sealing wax), 
likewise repel each other; but, if one body be 
chained with vitreous electricity and the other 
with resinous, they attract each other. From this 
it is supposed that there are two kinds of electrical 
fluid, one of which is called vitreous and the other 
resinous ; that vitreous electricity exercises a repul- 
sive power on vitreous electricity, but an attractive 
power on resinous, and that resinous electricity 
exercises a repulsive power on resinous electricity, 
but an attractive power on vitreous. These two 
kinds of electricity have also been called positive 
and neaative electricities. 

(64 ) But the electric fluid 
when put in motion along spiral 
or twisted wires, exerts a much 
more curious kind of force. If 
we bend a rod of soft iron into 
the shape ABC, fig. 15, and twist 
a wire covered with silk about it, 
round and round from one end to 
the other, and then send a con- 
t/naal stream of eJectria fluid 
tlwoi^i the wire, the piece bf iron 
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will acquire a very considerable power of attraction 
on any other piece of iron brought near it at A C. 
Indeed in this way, by means of a very feeble 
electrical current, we may produce such a power 
of attraction in the piece ABC, that if we put 
another piece of iron D underneath it, and suspend 
several stone weight from 2), the attractive power 
in the piece ABC will pull JD upwards and sustain 
the whole weight. The moment we stop the 
current of electricity through the wire, the piece 
ABC loses altogether its power of attraction, and 
D falls. 

(65.) Magnetic Attraction. — The well-known 
substance called loadstone (an ore of iron) exercises 
an attractive power on iron extremely like that 
which we have just described, and which is attri- 
buted to what is called the magnetic fluids or 
magnetism; whatever exhibits this kind of attraction 
being called a magnet. It is now proved beyond 
doubt that magnetism is only a modification of 
electricity ; in fact all the phenomena attributed 
to magnetism may be produced by sustained 
currents of the electric fluid, and furthermore, the 
electric fluid may be drawn from a magnet. The 
earth is a great magnet, and probably it is so in 
consequence of currents of electricity circulating 
round it, having some connexion with its rotation 
about its axis. The magnetism of the earth is 
p^g^ 16. familiar from the curious effect 

it produces of making a magnetic 
needle point towards the north. 
(^^^.) The nature of magnetic 
. force may be briefly stated thus. 

^^ / If^^ andCD,ftg.\^,\5e.\.^^ 

^^gmsJamm j) magnetic bare, \?\ie\\iet ivkXxaaX. 

\ 
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magnets, or artificial, or produced by electrical 
currents ; and if they be suspended or balanced so 
as to be capable of turning freely round their 
middle points; then the extremities, or poles as 
they are called, of these bars have the following 
properties. 

One extremity or pole will always point north- 
ward or nearly so, that extremity of the bar is 
called its north pole, and the other extremity its 
south pole. 

Assuming A and C to be the north poles of the 
two magnets, and £ and D the south poles, if A 
be brought near C they will repel each other, and 
if B be brought near jD they will also repel each 
other: but A will attract Z), and JB will attract C. 
In other words, poles of the same name repel each 
other, and poles of a contrary name attract each 
other. 

CHEMICAL AND OTHER FORCES. 

(67.) We have already spoken of the forces of 
Cohesion and Repulsion, and therefore we need not 
allude to them here, more than to observe, that 
they are very important to be noticed in a treatise 
on Mechanics, as will appear hereafter. There 
are other forces of a similar nature called Chemical 
Forces, which produce most extraordinary effects, 
but of whose nature we know very little. These 
are the forces which give rise to those chemical 
mixtures and transformations of substances whereby 
their properties are modified and changed in the 
most curious and unaccountable manner. Thus 
the two gases called oxygen and hydrogexis^NWci. 
mixed together in certain proportiona, foira. ^^ 
lavhible aeriform subatanoe in which c\i^m\^^ 
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forces of tremendous power are, as it were, con- 
cealed and ready for action. For, if a lighted 
taper or electrical spark be applied to this mixture, 
a violent explosion takes place, caused by the 
rushing together of the particles of the two gases, 
in consequence of intense attractions which they 
exercise on each other. The result of the explo- 
sion is that the gaseous mixture is transformed 
into a few drops of water. Gunpowder is a familiar 
instance of the same sort of violent action, only 
instead of a gas being converted into a liquid, a 
few solid grains are almost instantaneously ex- 
panded into a gaseous form. 

(68.) Respecting a variety of other forms which 
might be enumerated here we have not space to 
say any thing ; the forces of gravity, cohesion and 
repulsion, resistance and friction, tension and 
thrust, are those we have to consider most fre- 
quently in Mechanics. These and the other forces 
above spoken of are the principal causes of the 
various phenomena of the material world, for almost 
all these phenomena are simply manifestations of 
force and consequent motion. 

This assertion applies to many things which 
appear to be something different from and of a 
more subtle nature than mere effects of force and 
motion. Thus Sound is but a tremulous motion 
communicated to the ear by the vibrations of the 
air, and Light is of the same nature. All the 
varieties of tone, and language, and musical pitch, 
all the shades of colour, and the numberless effects 
thence resulting, are but modifications of motion, 
and effects of force. 
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EXPERIMENTAL ILLUSTRATIONS. 

(69,) We shall give some experimental illustra- 
tions of what has been said with regard to the force 
of gravity. We may observe, first, that the exist- 
ence of the force of gravity may be proved by 
a very remarkable experiment which we shall 
briefly describe. 

(70.) Cavendishes Ea:periment,-^Thia experiment 
was described by Cavendish in the Philosophical 
Transactions for 1798 ; its object was to show the 
existence of the attraction of gravitation between 
substances of moderate dimensions on the earth's 
surface, and to determine the weight of the earth. 
Two balls of lead, A and B, fig. Fig. ir* 

17, were fixed at the ends of a 
rod, and the rod was suspended 
by its middle point. The object i 
of this arrangement was to allow 
the leaden balls to move with the greatest possible 
freedom, so that a very small force acting upon 
either of them might become immediately sensible 
by communicating motion to it. The balls thus 
suspended were put under a wooden box, to 
prevent any disturbance or agitation being com- 
municated from the air. A lamp was put in the 
box on one side and a telescope inserted on the 
other, so that, by looking through the telescope, 
any motion of the balls might be easily observed. 

Now he found that when large leaden balls were 
placed outside the box, near each end of the rod 
on which the leaden balls just spoken of were 
fixed, the effect was, that the extremities of the 
rod were drawn towards the large leaden \>aSia> 

K 




B 
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and the rod being thus disturbed out of its position 
of rest, vibrated backwards and forwards horizon- 
tally like a pendulum. 

By observing the manner in which this vibration 
took place. Cavendish was able to calculate how 
great the attraction of the large leaden balls was 
upon those fixed on the rod. We are not suffi- 
ciently advanced to explain the principle of this 
calculation here; suffice it therefore to say, that 
the result proved beyond doubt the fact that the 
leaden balls exercised an attraction of gravitation 
towards each other, according to the law of the 
inverse square of the distance above explained; 
but the most interesting and important deduction 
from the experiment was that the earth was on the 
average about 5^ times heavier than water, — that 
is, that the weight of the whole earth was about 
5^ times more than the weight of an equal bulk 
of water. This makes the weight of the whole 
earth to be somewhat more than 

1,000,000,000,000,000,000 tons, 
that is a million of millions of millions of tons in 
round numbers. The exact numbers have been 
made out in this case, but it would be useless to 
give them. 

(71.) It may seem very extraordinary, and almost 
incredible, that the weight of the earth may be 
deter«^* ' by watching the vibrations of leaden 
ba? d as above, but the fact is so beyond 

(^ forms a very striking illustration of 

lone by a knowledge of mechanical 
t first sight it would appear an 
)r such a creature as man to deter^ 
it of the enormowa apYi^x^ oia. ^WSi 
i^ as we shall preaeuXXy ^o^ » \)aft 
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laws of mechanics, properly understood and applied, 
enable him to do this with comparative ease. And 
it is still more extraordinary that, by the same 
laws, he can prove that the Sun weighs 354,936 
times more than the Earth, but that the material 
of which the Earth is composed is on the average 
about 4 times heavier than that of which the Sun 
is composed. And in the same manner the weights 
of the planets have been determined, as we shall 
show hereafter. 

(72.) Attraction of Mountains. — From what we 
have stated respecting the attraction of gravity re- 
siding in every particle of matter, it follows that a 
great mountain must exercise some sensible amount 
of attraction on bodies near it. This was found to 
be the case by Dr. Maskelyne, (and others,) who 
suspended a plumb-line, and found it was drawn, 
though not to any extent, out of the true vertical 
by the attraction of neighbouring mountains. 
Near the mountain called Schehallien in Scotland 
Dr. Maskelyne tried experiments with plumb- 
lines north and south of the mountain, and he 
found, by means of astronomical observations, that 
the north plumb-line made an angle with the 
south plumb-line 11^" more than it would do in 
a plain country. This showed the attraction of 
the mountain, by which the plumb-lines were drawn 
out of the true vertical towards the mountain, and 
so made a greater angle with each other than they 
would do if there were no mountain mass to 
attract them. 

(73.) The Centre of Gravity always descends as 
low as it can, hut never rises* — A very simpVe eiL\)e.- 
rimentmay be mentioned which puts tins prmcvjAe 
122 a striking point of view. If we get a piece <ii 
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wood or metal of the shape of 
a double cone, A B, fig. 18, and 
formaaort of inclined ^ane with 
two rods CD, OF, which join 
at C, making an an^le with each 
other which may be increased 
' or diminished at pleasure: and, 
if we place the double cone at 
the bottom of this inclined plane, as in fig. 18, it 
will run up the inclined plane to the top, provided 
Fig. 19. theangleJJC^besuf- 

o ficientfy large. But, 

if we make the angle 
D CF email, and put 
the double cone at the 
top of the inclined 
plane, as in fig. 19, it 
will run downthe plane. 
All this is ea^y explained, for it will be per- 
ceived, that, when the angle BCF ia sufficiently 
large, the central point of the double cone, which 
is the centre of gravity, really descends when the 
cone ascends up the plane, and that at the top of 
the plane the centre of gravity is actually in a 
lower position than it is at the bottom. "Wience, 
the cone must run up the plane in order that the 
centre of gravity may descend as low as it can, 
according to the principle we are now considering. 
In the case where the angle DCF ia small, it wUl 
be perceived that the centre of gravity ascends 
when the cone runs up the plane, and therefore 
the cone must run down. 
(74.) ~We shall not now delay to ^ve illustrations 
of the other forces we Wve s^Vciti «S 'to. *&« 
present chapter, as many op'^oitixm&w c^ ^\a^ 
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BO, and with greater advantage, will occur in 
different parts of this treatise. Enough has now 
been said, by way of introduction, respecting 
matter and force, to make the student who has 
never thought upon the subject familiar with the 
idea of force, and, to a certain extent, with the 
different kinds of forces in nature, and their effects 
on material substances. 

IMPORTANCE OF MECHANICS AS A BRANCH OF 

STUDY. 

(75.) The object of Mechanics being, as we have 
stated, to investigate the effects produced by forces 
upon material substances, it is evident, that the 
greater part of those sciences which treat of the 
phenomena of the material world must depend 
more or less upon Mechanics, and that without 
a complete knowledge of the laws and principles 
of Mechanics, it is impossible to make any great 
progress in those sciences. Thus the motions of 
the planets in their orbits are effects resulting 
from the force of gravitation, and therefore, to 
understand the motions of the planets completely 
we must know how to determine and trace out 
the effects of such a force, which of course can only 
be done by the help of Mechanics. In like 
manner, sound is a vibratory motion resulting 
from the elastic force of the air, and therefore, in 
investigating the laws of sound we must be fami- 
liar with the principles of Mechanics. But it is 
not necessary to multiply examples ; the above 
enumeration of the different kinds of foxe,^^ m 
nature 18 8u£Scient to prove the importaiice o^ \)cv^\> 
sdencein which force and the effects o€ force ioxtCL 
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the subject of investigation. The great variety 
and extent of the phenomena which are produced 
by these forces directly and indirectly may well 
induce any one who wishes to study the laws of 
nature to make himself well acquainted with the 
rules of Mechanics and their application. 

(76.) The study of Mechanics is also important 
as regards the common affairs of life, especially to 
those who may be engaged in any of the practical 
pursuits where the power of reasoning upon and 
estimating the effects of force in its different 
modifications is valuable and in many cases neces- 
sary. In our days it is scarcely necessary to 
insist on this point, when so much is effected by 
mechanical means, and so much has been gained 
by the improvement of machinery. Whether it 
be in building a house, or making a road, or con- 
structing drains, or supplying water, or in the 
more stupendous works of engineering science, or 
in the operations and processes of manufacturing 
art, in all an accurate and extensive acquaintance 
with the science of Mechanics is invaluable. 

(77.) If it were only to discourage the absurd 
use which many ignorant persons make of their 
inventive powers, the study of Mechanics would 
be very useful. It is really surprising how much 
time and money have been spent in inventing and 
constructing machines which can never answer 
the purpose intended, and in which, notwith- 
standing, the inventor feels the most extraordinary 
amount of confidence, from ignorance of the com- 
monest mechanical laws. The author of this 
treatise has at various times been consulted on the 
ubject of inventions the supposed value aad merit 
^ which conaisted in what was xea]l\y a cou\x^t^^ 
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tion to a well-established law of Mechanics which 
states, that Motion can never aenerate Force. In 
one case more than 5,000/. had been spent in con- 
structing a very complicated machine, which was 
to have superseded steam-engines in the production 
of moving power, but which, in the end, could not 
produce power enough even to move itself. In 
another case a monster wheel of 40 feet diameter, 
moved by a horse, was to help the horse, simply by 
its rotation, in such a wonderful way, as to enable 
him to do the work of 10 horses. There have 
been an incredible number of inventions for pro- 
ducing perpetual motion, all of which have griev- 
ously disappointed the inventors. A great number 
of patents have been taken out, at an average cost, 
we suppose, of 300Z. or so, for what are called 
rotatory steam-engines, which have never been 
brought into use. So that, taking the waste of 
time, ingenuity, and money in constructing these 
useless machines, to which in many cases the 
expense of the patent must be added, the loss has 
been considerable indeed. 

Now in all these cases a competent knowledge 
of Mechanics would have saved the poor inventor 
&om disappointment, and never allowed him to 
indulge in the delusive hope of doing that which 
the laws of nature forbid. By a knowledge of 
Mechanics the absurdity of making motion gene- 
rate force would have been confiited, and men 
would not have constructed machines to pump up 
water, hoping and believing that the water by 
falling down again would produce force enough, 
not only to keep the pump going for ever m\\\o\i\, 
requiring anjr other external help, but a\ao vio\3\Ql 
furnisb a large surplus of power to be ap^Aie^i \,o 
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move machinery, or do other work.* A knowledge 
of Mechanics enables a man in a great majority of 
cases to estimate beforehand the effect which any 
combination of mechanical powers or other con- 
trivances will produce, and by so doing an inventoi^ 
may tell the value of his invention, and calculate 
his chance of success, by simple operations of 
arithmetic, without being put to the expense and 
trouble of actually constructing the machine. 
Had this been done in the case of nearly all the 
rotatory steam-engines which have been con- 
structed, the inventors would have found out in 
a few hours or days, what they were afterwards 
taught by years of trouble and expense ending in 
disappointment, that the fancied superiority of 
their invention over the common steam-engine was 
a delusion. 

(78.) But the chief utility of the study of 
Mechanics to many persons is the excellent exer- 
cise which it affords to the mental powers. It is 
a subject in which we have a combination of 
deductive and inductive reasoning, of strict demon- 
stration and appeal to observation and experiment. 
Some of the fundamental laws of Mechanics are 
proved by the inductive method, — that is, the method 
by which a law or principle is established from 
a great number of instances or examples in which 
it is proved to be true by actual observation or 
experiment. Again, a great number of proposi- 
tions in Mechanics are deduced by such demon- 
strative reasoning as we find in Euclid or any 
other part of abstract mathematics, with this 

^ The nnmber of hjdraulic machines for perpetual motion, all 
based upon the erroneous principle 'here at&led, \2[i'8^>\^N^>^^^\i 
^nrented, is considerable. 
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difference^ however, that the process of demon- 
stration In Mechanics Is generally not only shorter 
and simpler, but also more intelligible to minds 
unpractised in such exact reasoning, because the 
thing to be proved Is more obvious and common 
place, and capable of very palpable Illustration 
from ordinary experience. 

Now to confine the mind to purely abstract and 
deductive reasoning Is naturally enough considered 
by practical men as prejudicial to its full develop- 
ment ; and the same may be said of the opposite 
system of neglecting that training in strict demon- 
stration which mathematics furnishes, and teaching 
nothing but sciences of observation and experi- 
ment. In Mechanics, however, and the numerous 
applications of mechanical science, we have a 
valuable combination of both systems, the deductive 
and the inductive, and it Is on this account, inde- 
pendently of any practical utility, that we look 
upon the mechanical sciences as forming together 
a branch of Instruction better calculated to improve 
the mind than any other. 

(79.) Lastly, the mechanical sciences are neces- 
sary to the proper understanding, not only of some 
of the most stupendous proofs of design and unity 
In the constitution of the universe that we can 
appeal to, but also of many other evidences on 
a smaller scale of Creative skill, in the various 
mechanical contrivances we meet with in our own 
bodies and in those of animals, and in other parts 
of the material world. Into whatever part of 
nature we look, whether animated or not, whether 
within the confines ot this earth, or beyond \\. m 
the vast and innumerable systems of suxia ^xA 
planets, we £nd everywhere mechanical pxoofe oi 
Divme agencjr and wisdom. 
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MEASUREMENT OF FORCES. 

(80.) Measurement^ what? — The measurement o( b, 
quantity of any kind, whether it be length, soli- 
dity, weight, time, or the like, consists in esti- 
mating numerically the magnitude of that quan- 
tity as compared with a standard, or uniti as it is 
called. We measure, for instance, a distance by 
comparing its length with a foot, supposing a foot 
to be our unit, and by expressing the result of that 
comparison by a number. The comparison in this 
case is effected by trying how often a foot is con- 
tained in the distance. In other cases the mode 
of comparison is diflferent. 

In measuring a quantity, then, two things are 
necessary; Ist, to fiz upon a unit or standard of 
reference; 2dly, to find some method of com- 
paring the quantity to be measured with the unit, 
so as to determine and express by a number how 
much greater or less than the unit the quantity is. 
We shall now explain how these two things are 
done in the case of forces. 
{^SL) Unit of force. — ^In the aame ^aj that a 
^oot, or an inch, or a mile^ or way o^et fi^VajCkSfe 
^aj^ be chosen as a unit of lengdX} ao wiy «aiwwi\ 
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of force may be fixed upon as a unit of force. The 
most usual unit of force in this country, and one 
which we shall always exclusively employ in this 
treatise, except when the contrary is specified, is 
the Pound weight Avoirdupois. This is not far 
from the weight of a pint of water, according to 
the old saying, 

" A pint's a pound 
All the world round." 

More correctly we may say,"^ 

** A pint of pure water 
Is a pound and a quarter." 

The number of pounds avoirdupois in a cubic 
foot of water is 62J lbs., or, more accurately, 
62.3210606 lbs. A square block, as in pig. 20. 
fig. 20, measuring a foot each way, that 
hy A B^ A C, A D, &c. being each a foot, 
is called a cubic foot. 

Having settled what a pound weight 
18, we define the unit of force to be, 
that force which a pound weight exerts in pulling 
directly downwards. In other words, if we hang 
a pound weight by a string, the force acting on 
the string is our standard force, to which we shall 
refer all other forces for the purpose of measuring 
them. 

(82.) — Methods of comparing forces with the unit 
of force. The simplest method is by means of the 
common Balance, which is used to measure any 
forces acting vertically dewnwards, such as the 
weights of bodies. When the force does not ae\. 
vertically downwards^ some other method mu€.t \i^ 

• Fennjr Cyclop : AH, Tf eights and MeaBurea. 
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employed : what is called a Spring Balance may 
be used in such a case, or a Bent Lecer Balance. 
There are several methods of measuring forces 
which it will not be necessary to allude to here ; 
the following are suflScient for our purpose. 

(83.) Measurement of forces by the Common 
Balance. The Common Balance consists of a rod 
^. 2 J or beam A B, fig. 21, sus- 

*^* ' pended from a point (7, which 

is exactly half way between 
A and B, and a little over 
the centre of gravity of the 
beam, in order that the beam 
may rest in a horizontal po- 
sition, and, if disturbed from 
that position, tend to return 
to it again. This, it will be 
found, will be the case if the centre of gravity be 
a short way below the point of suspension C in 
a vertical line when ^ ^ is in a horizontal posi- 
tion. On this point we shall speak more definitely 
hereafter. G A and CB are called the two arms 
of the balance ; they are exactly equal and similar 
in length, weight, and form. From A and B are 
suspended strings which support scale-pans; we 
shall suppose that one of these scale-pans is re- 
moved, namely, that suspended from A^ and that 
the other is retained, as shown by D in the figure ; 
to make up for the removed scale-pan we must 
suppose a counterpoise E equal to the scale-pan D 
to be suspended from ^ by a string. 

Now we may assume the following principle as 
self-evident ; namely, if two equal forces act ver- 
tically downwards, one at A and the other at B^ 
;hey will balance each other, as it is said, — that is, 
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they will produce no motion In the beam A J5, in- 
asmuch as the tendency of the force at A to draw 
down the arm C-4, is exactly equal and directly 
opposed to the tendency of the force at B to draw 
down GB. But if one of the forces be greater 
than the other, the greater force will prevail and 
bring down the end of the beam on which it acts. 

This being assumed, we may measure any force 
acting vertically downwards as follows. Repre- 
sent the force in question by the arrow jP, and 
suppose it to act on the counterpoise E ; put 
several pound weights into the scale-pan Z), and 
go on adding more, or taking away some if neces- 
sary, until the force F is balanced by them : then, 
by the principle just stated, the force F must be 
equal to the force exerted downwards by all these 
pound weights. Thus it is easy to see that F 
is measured by counting the number of pound 
weights which balance it If, for instance, 10 
pound weights balance 7^, F must be a force 10 
times greater than the unit, and then F is properly 
measured and represented by the number 10. 
When therefore we say that a force is 10 or 20, 
or any other number of pounds, we mean that 
it may be balanced, in the manner just described, 
by so many pound weights put in the scale-pan. 

(84.) We may frequently find, that no exact 
number of pound weights will balance jP; in such a 
case we must use subdivisions of a pound. Sup- 
pose, for instance, we have weights equal to 1-lOth 
of a pound, and others equal to 1 -100th of a 
pound, and so on. Then if 15 pound weights, 7 
of the weights equal to 1-lOth of a pound, and 
3 of those equal to 1-lOOth of a pound, be put i\\ 
the scale-pan^ bjiA found to balance jP, F ixm^\.\)^ 
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equal to the force exerted downwards by iJI these 
weights, and is therefore properly measured and 
represented by the sum of the numbers 15, T-lOths 
and S-lOOths, or by the mixed decimal 15.73. 

(85.) If it be found impossible to balance F by 
any set of pound weights and subdivisions thereof, 
a case possible in theory, but not in practice, then 
the force is said to be incommemurabley — that is, 
incapable of being measured by any number of 
pounds or subdivisions thereof. We shall not 
however trouble the student by the introduction 
of incommensurable forces in this treatise. 

(86.) Measurement by the Spring Balance. — A 
Spring Balance generally consists of a circular 

box, A B C, fig. 22, inside which 

Fig, 22. there is a strong spring fixed ; with 

this spring the projecting hook D is 

connected, so that the spring is bent 

when D is pulled by any force. 

To show how much the spring is 

bent there is a hand G E capable of 

turning round the centre G, and so 

connected with the spring, that the 

more the spring is bent, the more the 

hand E moves away from its natural 

position, which we shall suppose to 

be at A, Kound the circumference 

which the extremity of the hand describes, are 

the numbers, 0, 1, 2, 3, &c., which are put in their 

proper places as follows : — 

The number is put at A. A pound weight 
is suspended by the hook, and at the place to 
which the hand points there is put the number 1. 
Again, 2 pounds are suspended, and at the place 
io which the hand points is put the number 2. 
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In like manner the places of the numbers 3, 4, 5, 
&C. are determined by suspending the correspond- 
ing number of pounds. Of course the box A B G 
Is suspended from some fixed hook, or otherwise 
supported while these operations are going on. 

From this description it is obvious that we may 
measure any force by means of this instrument ; 
for, if we apply it to pull the hook D, and observe 
to what number the hand points, that number 
shows how many pounds the force is equivalent 
to. 

As we may hold or support the box firmly in 
any position we please, and so make the projecting 
hook lie in any required direction, this is a con- 
venient way of measuring forces which do not 
act vertically downwards. The spring balance 
is, however, by no means capable of the same 
exactness as the common one. 

(87.) We might conceive forces to be measured 
by means of a pulley in the following manner. 
Suppose the arrow jP, fig. 23, to Fig.2z. 

represent the force to be measured ; 
let it be made to pull the string 
ABC which passes over a fixed 
pulley at jB, and let a scale-pan Z), 
of a known weight, be suspended 
from the string at C. Then, if we 
put weights into the scale-pan just 
sufficient to overcome the force F and prevent it 
from pulling up the scale pan, the whole amount 
of these weights, together with the weight of the 
scale-pan, wUl be equivalent to the force jP, and 
thus the magnitude of F will be determined. 
This method appears to be simple enough, bwt m 
practice it yfould he very inaccurate, on aecouivV 
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of the friction of the pivots of the pulley, and for 
other reasons. 

(88.) Magnitude of a force, — From what has been 
said the meaning of the term magnitude^ as applied 
to force, may be understood. By the magnitude 
of a force we shall always mean, the number of 
pounds to which that force is equivalent, or, what 
is the same thing, the number of pounds by which 
that force may be balanced and measured according 
to any of the methods just described. 

REPRESENTATION OF FORCES. 

(89.) There are three things by which a force is 
determined, namely, its point of application^ its 
direction, and its magnitude ; in other words, if we 
are required to specify what such and such a force is, 
we answer by saying, that it is a force of such and 
such a magnitude, applied to or acting at such and 
such a point, and tending to move it in such and such 
a direction. By the point of application we mean 
of course the point to which the force is applied, 
or at which it acts ; and by the direction we mean 
the line along which the force tends to move the 
point of application. Thus when we pull a body 
by a string, the point of application of the force 
we exert on the body by means of the string, is 
that point of the body to which the string is fas- 
tened, and the direction of the force is along the 
string. We have already fully explained what the 
magnitude of a force is, and how it is measured. 

Now it is necessary, in considering and explain- 
ing: the effects of forces, to have some method of 
representing them to the eye upon paper, so as 
to show the point of application^ direction, and 
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magnitude of each force. This may be very con- 
veniently done by means of straight lines ; for a 
straight line, like a force, is drawn from a particular 

{^oint, in a particular direction, and of a particular 
ength. If therefore we take a certain point on 
the paper, to show the point of application of the 
force we wish to represent, and draw from that 
point a line in the direction of the force, it is 
evident that so far the force is represented by the 
line. It only remains to draw the line of such a 
length as to represent the magnitude of the force 
also. This is done by fixing upon some convenient 
unit of lengthy suppose for instance an inch^ and 
considering that every unit of length in the line 
represents a unit of force, that is, that every inch 
represents a pound. Thus, if it be required to 
represent a force of six pounds, acting upon a 
point Ay fig. 24, at an angle of 60*> ^^g- 24. 
to the horizon upwards, we draw a 
line A B six inches long, making 
angle ^^ C equal to 60°, supposing 
the line AC to represent the hori- 
zontal direction on the paper. 
. (90.) Whenever we speak of a line, A B, in the 
following treatise, we shall always mean, a line 
drawn from A to By not from B to A ; and if we 
speak of a line B Ay we shall mean a line drawn 
from B to Ay not from A to B, Hence, if we say, 
that any line A By drawn upon paper, represents 
a force, our meaning is that the force acts upon 
or tends to move the point A in the direction A By 
and that there are as many pounds in the force as 
there are inchbs in AB. BA similarly would 
represent an opposite force applied at B, 
L (91.) We have here spoken of an inch as the unit o^ 
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length, but any other convenient unit will of course 
answer as well, if it be specified or understood 
beforehand what it is to be. The unit deter- 
mined upon will of course depend in a certain 
degree upon the magnitude of the forces to be re- 
presentea, mid the size of the paper on which the 
lines are drawn. We may take as our unit an 
inch, half an inch, quarter of an inch, 1-lOth of 
an inch, or any other length, as the case may be ; 
only, the scale on which our figures are drawn 
should not be too small ; for, if it be, we cannot 
expect to avodd serious errors in the measurement 
of the lines. 

This graphical method of representing forces is 
of the greatest possible advantage in the solution 
of mechanical problems, and in the proof of me- 
chanical theorems ; for it enables us to show on 
paper the forces that are in action in any parti- 
cular case, each completely represented in every 
particular by a distinct line; and thus the wkid 
IS assisted by the eye in considering and reasoninjg 
upon the effects of these forces. Fiirtherinore, 
by drawing our figures with care' and ftoourdCy, wc 
may, by actual measurement, make out the- mag- 
nitudes or directions of unknown forces repre- 
sented on the paper, and so solve a great variety 
of problems, as we shall show, with sufficient 
accuracy even for practical purposes. 

(92.) This graphical method of solving mecha- 
nical problems by actual meastiretotot ist>ne whicii 
•wefitedl oft^n tefer to. It has the great advan- 
tage of requiring no previous knowledge of 
technical mathematics on the part of the fetudeiic. 
A person unaoquaii¥ted even ivith Euclid may by 
this method sdive very ^ffioult and' important 
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mechanical problems. There is also the method 
of oalcolating the lines and angles (in the figures 
representing a set of foroes)>by means of the rules 
of Geometry, Algebra, and Trigonometry. This, 
which we may call tiie mathematical m^thody re- 
quires of course a knowledge of mathematics to 
some ^Ktent, «nd is so far. not suitable to a treatise 
like tbe< present. We idiall always employ the gra- 
phical method, without however neglecting to 
fdlnde occasionally to the mathematical method, 
where it is possible to do so without introducing 
complicated or difficult mathematical processes. 

IX78TRUMENTS REQUIRED FOR THE GRAPHICAL 

METHOD. 

(93;) The required instruments are few and 
simple. A good flat drawing-board, which need 
not be large, must be procured, and the paper, 
hsmns been previously damped with a sponge, 
must be fastened on the board in the usual way, 
80 that, when it dries, it may by its contraction 
be stretched quite flat and tight upon the board. 
A hard drawing-pencil must also be got, and be 
pointed finely. In addition to these the following 
mslinuneBts are necessary : 
.(94*) Hair i Compasses. — These are Fig. 25. 
:13ce.common. compasses, only one of 
the legs is capable of being moved by 
ft serew. They are shown in fig. 25, 
where S is the Bcrew, by the motion 
of which thetJeg'CA may be moved 
as fiuras the position shown: by the 
dotted line GI). Ta measure a :^8- 
taDee.'P Q ;on paper with the^e cpm- 
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passes, put the point B of the fixed leg at one 
extremity P of the distance, opening the com- 
passes so that the other point A may fall as 
nearly as possible upon the other extremity Q 
of the distance. Then, by turning the screw Sy 
move the point A till it comes exactly to coincide 
with Q. In this way the compasses may be 
opened so as to measure, or, as it is said, take the 
distance P Q with considerable accuracy. The 
use of the screw is obvious; for, without it, it 
is not easy, with a compass having a joint as stiff 
as it ought to be, to open the legs so as to measure 
any required distance with exactness. 

(95.) Scales. — It is necessary to have some di- 
vided scales of equal parts of different lengths, in 
order to measure or lay down distances on paper. 
Fig. 26 represents the simplest description of 
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scales of equal parts. The divisions in the line 
A A' are each an inch, or any other convenient 
unit ; and one of these divisions, namely, that at 
A, is subdivided into ten (or sometimes twelve) 
equal parts. The divisions in the line BB' are 
each one-half of an inch; those in (7(7' one-third 
of an inch ; and so on. The first division in each 
line is subdivided into ten parts. The use of 
these scales is obvious: if we wish to measure 
any distance on paper, we have only to open the 
compasses to that distance, as above explained, 
and then, placing the points of the compasses on 
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jach of the lines AA',Bff,C<y,&c. in succes- 
eioQ, till sufficient accuracy is attained, we may 
find how manj ec[ual parts, and tenths of the 
same, are contained in the distance to be mea- 
eured. 

(96.) Diagonal Scales. — The diagonal scale is 
represented in fig. 27, its name being derived 
from the linee MN", NO/, &c at the extremity. 
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drawn diaffonalltf across the longitudinal lines 
A A', BS, CO, &C. The scale is divided into 
equal parts by the perpendicular lines UU', V V', 
&c There are ten longitudinal lines A A', BB, 
CO, drawn at equal distances from each other. 
The division MT is divided into ten equal parts, 
UN, NO, OP, &c. The division M' T is also 
divided into ten equal parts M'N, NO, OP, &c ; 
and the diagonal lines MN', NO, OP', &c. are 
drawn. The difFerent divisions and subdivisions, 
and the longitudinal lines, are numbered as shown 
in the figure ; but, because the numbers would 
come too close together if all put down, only 
eveiy second number (2, 4, 6, 8,) is engraved on 
the scale. 

The principle of thia kind of scale la thra, ^3BaA. 
the ^a^onal Jine JfJ^'cuta off,bet'weeTi.\t3.'[i&.*^e 
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perpendicular line tTCT, small portions of the longi- 
tudinal lines, which small portions are respectively 
1-lOth^ 2-lOths, 3-lOths, 4-lOths, ficc. &c. of the 
division MM*. Also, the portions of the longi- 
tudinal lines intercepted between the successive 
diagonal lines are equal to the division MM'. 

In using this scale, the two points of the compasses 
must always be placed on the same longitudinal 
line : we must never put one point on one longi- 
tudinal line, and the other point on another. This 
being understood, suppose one point is on the 
perpendicular line numbered 4, and the other point 
on the diagonal line numbered 7; also that both 

?oints are on the longitudinal line numbered 6. 
'hen, considering the division MM' as unity, it is 
clear, from what has been said, that the distance 
between the two points of the compasses contains 
four of the large (fivisions, (each equal to ten times 
MM',) seven of the divisions equal to MM', and 
6-lOths of MM' ; that is, altogether, 47-]%, or 
47.6. In like manner, if the points of the com- 

f)a88e8 were placed, one upon the perpendicular 
ine numbered 9, one upon the diagonal line 
numbered 3, and both upon the longitudinal line 
numbered 8, the distance measured would be 
93.8, or 93^^. If we took the divisions between 
the perpendicular lines to be unity, the distances 
in these two examples would have been 4.76 and 
9.38 respectively. 

Hence, in measuring with this scale. We have 
only to remember the following rules, (in which 
we suppose the divisions between the diagonal 
Jines to be unity,) namely, — 
^ie number of the perpendicviaT \xxiA ^q.^^ 
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The number of the diagotkd line ahowB units. 

Th^: number of the Imgitudinal line shows 
tenths. 

Diagonal scales, well made, are extremely con- 
Yenient, and suflScIently exact in the solution of 
mechanical: problems. 

(97.) The Protre^ior.^-This is an instrument 
for measuring and laying down angles on paper, 
being, in fact, an aw^wfer scale of equal parts. It 
is made of different forms ; 
the simplest and commonest ^*^- ^^' 

being that of a brass semi- 
circle ABB, fig. 28. The 
Qentre C is marked by a 
small notch; the circum- 
ference ABB is divided 
into 180 degrees, which are 
numbered ; at least, every tenth degree is num- 
Wed. If the instrument is large enough, these 
degrees are subdivided into two, or three, or five 
equal parts, as the case may be. 

To measure any angle, P QR, fig. 29, put the 
protractor flat on the paper, 
maJking the diameter A D coin- ^*^- ^^' 

cideQt with the line Q P, and the jt 

centre G with the angular point 
Q. Then look where the line Q R 
meets the graduated circumfe- 
rence ABBy and the number of 
degrees between the two lines Q P and Q R will 
be seen. If, for instance, the line Q B meets the 
graduated circumference at the division numbered 
27, the nvajother of degrees between the twoYvivei^ 
wiU Ih 87, and therefore the angle P Q. R ^"^ 
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We have not space to describe the other kinds 
of protractor, some of which are extremely conve- 
nient and accurate. 

(98.) Other Instruments, — Parallel Rulers for 
drawing parallel lines, and T Squares for drawing 
perpendiculars, may be useful in a number of 
cases, but they are not absolutely necessary. A 
triangular ruler of wood or metal ABC, having a 
right angle at Ay is very useful in laying down 
right angles, and drawing perpendiculars, and 
ought to be procured for the solution of mechanical 
problems, in which it is very often necessary to 
lay down right angles, and draw perpendictdars. 
The method of using this ruler is obvious : if we 
lay it on the paper, making A B coincide with any 
particular line, and then with the pencil draw 
another line along AG, the two lines will be at 
right angles to each other. 

Of course, a good flat rulery for drawing straight 
lines, is necessary in almost every case. With a 
good drawing-board, on which the paper is pro- 
perly strained, a straight flat ruler, a pair of hair 
compasses, a diagonal scale, a moderate sized pror 
tracter, accurately divided, and a triangular ruler, 
it is wonderful what diflScult mechanical problems 
may be solved, with considerable exactness, by the 
graphical method. Engineers and practical men 
often employ this method in preference to the 
mathematical. 

DIVISION OF THE MECHANICAL SCIENCES. 

(99.) The fundamental Mechanical Sciences are, 
'aticSf Dynamics, Hydrostatics, including Pneu- 
itics ; Hydro-dynamics^ including Hydraulics. 
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These might be very conveniently divided into 
two general classes^ one of which might be called 
MechanicSy and the other Hydro-Mechanics. Me- 
chanics would include Statics and Dynamics, and 
Hydro -Mechanics would include Hydrostatics, 
and Hydro-Dynamics. We shall say a few words 
in a general way respecting each of these sciences. 

(100.) Statics. — Forces acting in combination 
often produce no motion, in which case they are 
said to balance each other, or to destroy each other, 
or to keep each other in equilibrium. The word 
equilibrium means a poising or balancing of forces, 
being derived from the Latin word signifying a 
balance, or pair of scales, combined with the word 
equiy denoting equality. That part of mechanics 
which treats of the equilibrium, or balancing of 
forces, is called Statics, from the Greek word 
signifying to stand still. All cases in which we 
investigate the effects of forces without reference to 
motion, come under the head of Statics. Thus, 
those propositions in which we find the single 
force to which a set of other forces, acting together, 
are equivalent, belong to statics ; and a variety of 
other investigations, in which there is no equi- 
librium or balancing supposed, belong to statics, 
because there is no reference to motion in them. 

(101.) Dynamics. — This word is derived from the 
Greek, signifying force or power; it is by no 
means a good and distinctive term, as it is applied 
at present, because it really applies to every case 
where force is considered. It is, however, used 
to denote that part of mechanics in which the 
various kinds of motion produced by forces are 
considered, with a view to determine what motion, 
will result from the action of given forces, ^cciiSl, 
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'dice Tersdy what are the forces by which a specified 
motion is produced. 

(102.) There is a: very important part of me- 
chanics in which motion i8<x)n8idered geometricaUy5 
as it W6re> without any reference whatever to force. 
This includes everything relating to the various : 
forms and movements of machinea^ the construc- 
tion of the teeth of wheels, of link work, dock 
work, &C. Professor Willis of Cambridge has 
written a valuable treatise on this part of me- 
chanics, which he designates by the title. The 
Principles of Mechanism. Another name has been 
proposed, derived from the Greek word signifying 
to movcy namely, Kinematics, 

(103.) HydrostaticSy including Pneumatics. — The 
first part, HydrOy of liiis word, is derived from the 
Greek, signifying VMter ; the second part, Statics^ 
we have already explained. Hvdrostatics, there- 
fore, means that science in which forces acting 
upon water and other fluids bxq supposed to. ia/a;2<^ 
each other. Air and gases are here considered as 
fluidsy though it was formerly usual to separate all 
investigations relating to the action of forces on 
air and gases from hydrostatics, and include them, 
together in the science called Pnmimaticsy derived 
from the Greek signifying wind or air. 

(104.) Hyd/ro^ynamicsy including Hydraulics. — 
Hyd/roy in combination with Dynamics^ has the 
same signification as when in combination with 
Statics. Hyd/ro-dynamics therefore, is that science 
in which forces acting upon water, and other fluids, 
are supposed to produce motion. Hydraulics relates 
to the mechanism of water works of every kind, 
such as pipes, pumps, water-wheels, &c. It might 
be, perhaps, properly called Hydro^kinematicsy or 
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the science relating to the motion of fluids without 
reference to force. 

(105.) Tfliese are the fundamental mechanical 
sciences^ upon which so much depends in all other 
sciences, both practical and theoretical. We might 
add another mechanical science to these, — ^namely, 
that which treats of mbratory motion and wates ; 
for everything relating to this kind of motion is 
now assuming great importance and interest, in 
consequence of the theories of soundy light, and 
heaty in which a great number of phenomena are 
evidently proved to be effects and modifications of 
Tibrator^ motion. 

(106.) We shall divide the mechanical sciences 
into three, namely. Statics, Dynamics, and Hydro- 
mechanics. In Dynamics we shall include Kine- 
matics, or the Principles of Mechanism. In 
Hydro-mechanics we shall include Hydrostatics, 
Pnetimatics, Hydro-dynamics, and Hydraulics. Our 
space, however, and the nature of the instruction 
we wish to convey, will prevent us from entering 
much into Kinematics and Hydro-dynamics; in 
fact, as far as these sciences are concerned, we shall 
only allude to points of special practical interest. 

In nearly all the investigations and propositions 
which follow, the student is supposed to be un- 
acquainted with technical mathematics. When 
anything, mathematical is introduced, it will be 
done in such a way as not to interfere with the 
progress of the non-mathematical student. 
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CHAPTER L 
PRELIMINARY STATEMENTS. 

(1.) In commencing a scientific treatise it is 
generally necessary to give some preliminary 
statement respecting the terms and principles 
afterwards to be made use of. This includes in 
most cases^ certain definitions^ axioms^ and prin' 
ciplesj upon which all the propositions and inves- 
tigations of the treatise are made to depend. A 
definition is a shorty but exact explanation of the 
meaning of any term that is to be made use of. 
An amom is a self-evident truth stated , formally, 
for the purpose of being appealed to in future 
demonstrations. A principle is a truth of the 
same nature as an axiom, or nearly so, which, 
from its great importance in subsequent reason- 
ings, deserves to be brought prominently forward, 
and called by a special name. In many cases, a 

*inciple is not quite self-evident, and requires to 
proved, though always the proof is very simple. 

ben the proof is derived from experiment or 
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observation, but not from mere abstract reasoning, 
the principle is said to be an experimental or physical 
principle. Axioms also, though really self-evident, 
often require something more than a mere state- 
ment to make their truth obvious. We shall now 
state and explain those definitions^ axioms^ and prin- 
cipleSf which are required in conunencing the study 
ot Statics, reserving all that are not immediately 
necessary for the occasion on which they may be 
wanted. 

Many of the following definitions and axioms 
relate to what is called a resultant^ which is a term 
of great importance in mechanics generally ; in- 
deed, a considerable part of Statics consists in rules 
for finding the resultant of forces in various cir- 
cumstances. The other definitions and axioms 
chiefly relate to the balancing or equilibrium of 
forces. 

STATICAL DEFINITIONS. 

(2.) Resultant. — When two or more forces acting 
together produce the same effect as a single force, 
that single force is said to be their resultant : that 
is, the force which results from, and exhibits the 
efiect of the joint action of two or more forces, is 
called the resultant of those forces. 

Thus, if P and Q, (fig. 30,) be two forces acting 
at the same time upon a particle A, pig.zo. 
they must tend to move A in some 
particular direction, which shows that 
they produce the same effect as a, single ^ 
force ; for the effect of a single force is 
to produce a tendency to motion in 
some particular direction. What that 
direction is, we shall hereafter determine', \\,\a 




78- MECHANIOAT^ SCIENCES. 

sufficient now to observe, that It must lie somewhere 
between the directions of the two forces. For, if 
Q alone acted, the partite would move in the 
direction of Q, and therefore, when P acts along 
with Qy the effect must be to move the particle 
somewhat to the left of the direction or Q ; in 
like manner, if P alone acted, the particle would 
move in the direction of P, and therefore, when 
Q acts along with P, the effect must be to move 
the particle to the right of P. It appears, then, 
that when P and Q act together, the particle must 
move in a direction to the right of P, and to the 
left of Q ; that is, in a direction between P and Q. 

We have represented the unknown direction in 
which the particle will move, when P and Q act 
together upon it, by the dotted arrow J?. The 
effect of the joint action of P and Q is then the 
same as that of some single force, acting in the 
direction B ; that force is the resultant of Pand Q. 

(3.) If more than two forces acted upon the 
particle, we might be shown, in a similar manner, 
that they produce, by their joint action, the same 
effect as a single force : that single force is their 
resultant. When two or more forces act, not on 
a single particle, but at different points of a body, 
they do not always produce the same effect as a 
single force, as will presently appear. In such a 
case there is no resultant. 

(4.) There are many familiar instances of two 
or more forces producing the same effect as .a 
single force, of which we may advantageously 
mention a few here. A common kite is act^ on 
by the pull of the string and the force of the 
wind ; these two forces together produce the effect 
of a single upward force, equal to the weight -of 
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the kite, and'the result is, therefore, that the kite 

is supported in 'the air. The pressure of the 

wind upon the sails of a ship, and the Te- 

sistaiiice of'the water against the rudder, keel, 

and side t of it, are two forces, which make the 

ship mote in a direction different to that of either 

of them. If we hang a weight W Fig, si. 

by two strings, ^J?, ACy (fig. 31,) jj, 

■the plying forces or tensions ex- ^ 

erted by the strings, which are 

represented by the arrows P and Q, 

t pix)duce the same effect as a single 

•upward force equal to the weight 

Wf and thus W is supported. 

(5.) Gomporition mid Resolution of Forces, — A 
set of forces, whose joint action is estimated, and 
resultant determined, are said to hQ impounded 
into their restiHant The process of finding the 
■ resultant of a set of forces, is called the compo- 
sition of those forces. With reference to this 
mode of speaking, the forces are said to be the 
components of* their restdtant These terms are of 
constant use in Statics. 

•The process of finding the components, whose 
joint action produces a certain resultanjk, is called 
the resolution of forces. A resultant is said to be 
resohed when its components are found. 

-Thus, referring to fig^ 30, art. 2, the forces P 
and ^ are the components of the force E; and if, 
in 'afly investigation, we were to substitute E in 

• place of P and Q, as we might do, that would be 

• ealled' t^mpoundinff the forces P arid Q into their 

• re^idtatit. On the other hand, if we were to 
eah&Attlte'P and Q in place o{ Ey that would be 
eaJikd'im/ohinff it into its components. 
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(6.) Rigidity. — Particles are said to be rigidly 
connected, or, in other words, to form a rigid body, 
when it is impossible to alter the distances between 
them by any amount of force. If, therefore, two 
or more particles be riffidly connected, they can- 
not be made to approach towards, or recede from 
each other, by forces of any magnitude. 

No body in nature is absolutely rigid, but, for 
the purposes of demonstration, the existence of 
such bodies may be supposed, in the same way 
that the existence of a perfectly straight line 
without length or breadth, is supposed in geometry, 
though it is not possible to draw such a line. 
Practically speaking, a body is said to be rigid, as 
we have observed m a former chapter, when no 
ordinary amount of force can alter the distances 
between its particles, or make them approach 
towards, or recede from each other. 

(7.) Freedom and Constraint. — A particle is said 
to be free when there is nothing to prevent its 
moving in any direction, or, in other words, when 
the least amount of force acting upon it in any 
direction, will move it. 

A particle is said to be constrained when there 
is some particular direction in which it cannot 
move, or some other kind of limitation to its motion. 

Thus, if a particle P, (fig. 32,) be suspended by 
Fig,s2. ^ string PA from a fixea point -4, it may 
move to the right or to the left, or upwards, 
but it cannot move downwards; it is con- 
pi strained to move any way but downwards. 
Again, a particle in a tube, in which it fits, 
like a bullet in a gun, is capable of moving one 
way or the other along the tube, but it cannot 
move at right angles to the tube ; it is constrained 
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therefore to move along that particular line or 
curve which the tube forms, and in no other direc- 
tion. Again, if a particle be placed upon a plane, 
whether it be a horizontal or inclined plane, it 
may move freely in any direction along that plane, 
or upwards, but it cannot penetrate through the 
plane. It is constrained therefore, so that it can- 
not move in one particular direction, namely, per- 
pendicularly through the plane, but it may move 
m any other way. 

(8.) The Beaction of Constraint, — We have 
already stated that a reaction is a force of resist- 
ance brought into action by another force. When 
a particle is pressed against an obstacle by any 
force, the obstacle returns the pressure, and that 
return pressv/re is called the reaction of the obstacle. 
In all cases of constraint there must be a resisting 
force brought into play, in a greater or less degree, 
and that force may be called the reaction of con- 
straint. 

(9.) Thus, in fig. 32, which represents a particle 
P suspended by a string PA from a fixed point 
-4, the weight of the particle tends to pull it down, 
but the string resists this tendency by exerting an 
upward pull or tension ; this upward pull of the 
string is a force called into action by the weight 
of the particle pulling it in a direction in which 
it cannot move; that is, there is a reaction of 
constraint exercised by the string in this case. 

(10.) Again, suppose that a particle Fig.zz. 
is placed upon a plane represented by ^ 




the line AB, and suppose any forces ^..^ 
act upon it and press it with a force A- 
P against the plane, then the plane, because it 
does not suffer the particle to move throu^ iX,, 

a 
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will resist tliat pressure, and the force of resist- 
ance B thus brought into action agidnst the force 
P is, in this case, the reaction of constraint. 

(II.) Direction in which the Redction of Constrain t 
acts. — When a particle is constrained^ it is pre- 
vented from moving in a particular direction, and 
therefore the force of resistance which so con- 
strains or lunits its motion, must act in the con- 
trary direction. The reaction of constraint, 
therefore, always acts in the contrary direction to 
that in which the particle is not allowed to move 
by the constraint. 

(12.) Thus, in the case supposed in Article 9, 
the particle is not allowed to move downwards, 
and therefore the tension of the string, which is 
the reaction of constraint, must act upwards. 
Again, in Article 10, the particle is not allowed 
to move in the direction P at right angles to the 
plane, and therefore the resisting reaction of con- 
straint acts in the direction B, which is also at 
right angles to the plane, but contrary to P. 

(13.) In every case where there is constraint, 
there will be a reaction of constraint resisting the 
motion of the particle in a particular direction. 
It i8 always necessary to remember this in me- 
chanical problems, and to make due allowance for 
it. The thing to be determined in most cases is 
the direction of the reaction of constraint, and for 
this purpose the following statements may be 
useful to the beginner : — 

1. When the constraint is produced by the puU 
^on of a stringy the reaction of constraint 
yg the string. 

len the constraint is produced by a smooth 
thin tubes ^ which the particle is placed, 
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the reaction of constraint is at right angles to the 
groove or tube. 

3. When the constraint is produced by a smooth 
hard plane or surface, on which the particle is 
placed, or against which it is pressed by any forces, 
the reaction of constraint is at right angles to the 
plane or surface. 

4. When a smooth body, such ^'9- 84. 

as A BC, (fig. 34,) is pressed against ^^^ \c 
an obstacle, such as i>, a force of /^ ^Ky 
constraint B is exercised by the i^-g—HP' 
obstacle upon the body at right 
angles to the smooth surface ABC oi the body. 

(14.) Definition of Smoothness. — The statements 
just made will be made more evident when we 
explain precisely what is meant by the word 
smooth* A surface is said to be perfectly smooth 
when it has no power of resisting m the least 
degree the motion of a body along it. Thus, a 
sheet of ice is nearly a perfect smooth, for the 
least force will make bodies slide along it. On 
the contrary, a surface of wood or metal is by no 
means smooth; if a body be placed on such a 
surface, it will not slide along it, as in the case of 
ice, but will require a certain amount of force to 
push it on. This, then, being the nature of a 
perfectly smooth surface, that it can exert no force 
of any kind to resist the motion of a body sliding 
along it, it is clear that the only kind of force it 
can exercise is a perpendicular resistance, that is, 
a resistance acting at right angles to the surface. 

Accordingly, we define a smooth surface to be 
one whieh cannot exercise any resistance or force 
of ccmitraint, except at right angles to itself 

(15.) Hence^ if smooth surfaces^ such as A B C, 
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DJSF9 (fig. 35,) be in contact at the point C, 
Fig. 35. and be pressed against each other 

by any forces, and if P represent 
r.the pressure of ABC against 
DEFy and B the return pressure 
or reaction of DEF against ABCy 
the directions of P and B must 
lie in the common perpendicular to 
^he surfaces at the point where they touch, or, as it 
is called, the point of contact. We speak of the 
common perpendicular, because, whatever line is 
perpendicular to one surface, must also be perpen- 
dicular to the other, at the point G where the two 
surfaces touch; otherwise the surfaces would not 
touch but cut each other at the point C. In fact, 
when two bodies touch each other, their surfaces 
must be coincident in the immediate vicinity of the 
point of contact, and therefore a line at right angles 
to one surface at the point of contact, must also 
be at right angles to the other surface. 

STATICAL AXIOMS. 

I. 

We may always remove a set of forces, if we 
put their resultant in place of them. 

Also we may remove a force, if we put in place 
of it a set of forces of which it is the resultant. 

(16.) The truth of this axiom is manifest, since 
the resultant produces the same effect as the 
forces, (see definition of "r^5«rf^a/i^,") and therefore 
maj be substituted for them at pleasure, or they 
br the resultant 
This axiom amounts to t\i\By— tSasA. \?^ m-a:^ 
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compound forces into their resultant^ or resolve a 
force into its components^ at pleasure. 

IL 

Forces which balance each other may be re- 
moved or applied at pleasure. 

(17.) If forces balance each other, they produce 
no effect ; and therefore, if they be removed from 
acting on a body, no change can be produced by 
their removal ; or, if they be applied to the body, 
no alteration can result from their action. In 
fact, balancing forces virtually destroy each other, 
and it is therefore immaterial whether they act on 
a body or not, so far as the motion or rest of that 
body is concerned. 

III. 

When a set of free and unconnected particles 
have no tendency to approach towards or recede 
from each other, we may, if we please, suppose 
them to become rigidly connected with each other, 
without thereby disturbing or producing any 
motion among them. 

(18.) The truth of this axiom is evident if we 
consider that, since the particles have no tendency 
to approach towards or recede from each other, it 
is of no consequence whether we suppose them 
capable of such motion or not. We may therefore 
suppose them to be incapable of such motion, or, 
in other words, we may suppose them to become 
rigidly connected with each other. 

(19.) According to this axiom, we may supT^o^e 
any flexible or Suid body, which is in a stale oi 
equilibrium, to become a rigid body 'witVvowt 
tberebjr disturbing it in any way. For, i? it, be 
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in a state of eqailibrlum, its particles have no 
tendency to approach towards or recede from each 
other ; and therefore we may suppose them to be 
incapable of such motion without disturbmg their 
equUibrium. 

IV, 

If any point of a free body has no tendency to 
move, we may suppose it to become a fixed point 
if we please. 

(20.) For, since the point has no tendency to 
move, it is of no consequence whether we suppose 
it to be capable of motion or not. We may there- 
fore suppose it to become incapable of motion, 
that is, a fixed point, without thereby producing 
any effect on, or change in, the concution of the 
body. 

V. 

Generally, if particles be capable of moving in a 
certain manner, but have no tendency to do so, we 
may, if we please, suppose them to become inca- 
pable of so moving. 

VI. 

The resultant of two or more forces acting on a 
particle in the same direction^ is equal to the sum 
of them, and acts in the same direction. 

(21.) Thus, if the particle be pulled vertically 
downwards by three forces, one, 4 lbs., another, 
6 lbs., and the third, 9 lbs., it is clear that the whole 
force pulling the particle downwards is 4 + 6 + 9, 
or 19 lbs. ; that is, the resultant of the forces is the 
sum 19 lbs. acting in the same direction as the 
forces* 
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VII. 



The resultant of two forces acting on a particle 
in opposite directions, is equal to their diffefrence^ 
and acts the same way as the greater of the two 
forces. 

(22.) Thus if the particle be pulled vertically 
downwards^ by a force of 10 lbs., and upwards by 
a force of 6 lbs., it is clear that there is an un- 
balanced force of 10 — 6, or 4 lbs. acting down- 
wards ; that is, the resultant of the two forces is the 
difference, 4 lbs., acting downwards, or in the 
direction of the greater of the two forces. 

VIII. 

The resultant of two equal forces, acting on a 
particle at an angle to each other, is a force whose 
direction bisects the angle made by the two forces. 

(23.) Let P and Q, fig. 36, be the Fig. se. 
two forces acting on the particle J., j,^ 

and let R represent the resultant: 
then, since P and Q are equal, their 
joint effect must be to produce a 
tendency to motion in a direction as 
much inclined to P as to Q, or, if we may so 
speak, half-way between P and Q. In other words, 
the resultant M must lie half-way between P and 
Q, and therefore divide the angle PAQ, into two 
equal parts, or, as it is termed, bisect it. 

IX. 

Two equal forces acting in opposite directions o\i 
a particle^ balance each other. 
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Fig. 37. 





Two equal forces, P and 
Q, acting at the points A 
and By fig. 37, of a rigid 
body, in exactly opposite di- 
rections, balance each other. 

XI. 

Two equal forces, P and Q, 
pulling a string AB, fig. 38, in 
opposite directions, balance each 

other; the string being supposed to be inex- 

tensible. 

XII. 

In the three foregoing cases (Axioms IX. X. 
XI.) the forces P and Q will not balance each 
other, except they be equal and opposite. 

(24.) These Axioms are of perpetual use in 
Statical propositions, and ought to be specially 
attended to. Others might be added, but we defer 
them till they are reqmred, in order to avoid too 
much of this kind of statement at first. 



STATICAL PRINCIPLES. 
I. 

Principle of the transmission offeree through a 
rigid body. 

If a force act upon a rigid body, it is transmitted 
by the rigid body along its line of direction, and 
may be supposed to act at any pomt of that line. 

(25.) This principle is often regarded as an 
^/tperimental principle^ but it may T)e easily ex- 
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plained and proved, without appeal to experiment, 
as follows : — 

Let P, fig. 39, be the force acting at the point 
A of the rigid body; let the dotted line AB be 
the direction of P pro- ^tg, 39. 

dnced, and let (7 be any ^ 

point of that line. We ^::::j£— — -» ^>^<Og 
may, by Axiom II., Z^ " ^ ^^^:^ 
apply at C two forces, Q * * ^ — y^ 

Q and ^, each equal to ^ ""^'^ 

P, and acting along Fig-io. 

the line AB, in opposite directions ; for these two 
forces balance each other, by Axiom IX. Suppose 
this to be done ; then we have three forces, P, Q, 
and -B, acting along the line AB on the rigid body. 
But li and P are equal and act in opposite direc- 
tions : they therefore balance each other, by 
Axiom X., and we may consequently remove 
them if we please, by Axiom 11. Now, supposing 
this to be done, there remains only the force Q, as 
is shown in fig. 40. Hence it follows that we 
may remove P, and put Q in its place : in other 
words, we may suppose P to be transferred, along 
its line of direction, so as to act at C instead of ^. 
This is what is meant when we say, that P is 
trammitted along its line of direction, and may be 
supposed to act at any point of that line. 

(26.) In what has just been 
said, tnere is nothing that sup- ^*^' ^^' 

poses the rigid body to be of yZZ^-\\ 

any particular shape: it may, ^/y^ \\ 

for instance, be of any bent '^^^- ^ \ £ . 

form, as is shown in fig. 41. In ^ 

other words, the line A G may fall outside the 
body or not, as the case may be. AH tVial \^ 
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necessary is, that the points A and C should be 
rigidly connected with each other, which is equally 
the case in figs. 39 and 41. 

This principle is made use of with great advan- 
tage in a number of important problems, 

11. 

Principle of the concurrence of three balancing 
forces. 

When three forces, acting on a rigid body, 
balance each other, their directions, produced if 
necessary, must meet at the same point, or not at aU. 

(27.) Let P, Q, and JB, be the 
Fig, 42, three balancing forces, acting at 
the points ABC, fig. 42, and let 
the directions of P and Q meet at 
the point 0. Then P and Q have 
some resultant, which, of course, 
acts at the point 0, for, by Princi- 
ple I. we may suppose P and Q to 
act there. Let S represent that 
resultant, whatever it may be ; and let 8 be put 
in place of P and Q, which may be done without 
disturbing the equilibrium, (Axiom L) 8 and B, 
therefore, balance each other, and must, conse- 
quently, be equal and opposite forces, (Axiom 
XII.) Therefore, B lies in the same line as ;8> 
and therefore the direction of JB, produced if 
necessary, must go through the point 0, and the 
three directions consequently meet there. 

We have here supposed, in starting, that the 

directions of two of the forces meet; if this be 

not true, that is, if no two of the directions can be 

made to meet, it is clear that ttie \\Mcee SSx^oXAsyasa. 

lust be pamllel lines ; oihetwiae, t^o o4 ^^m 
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would be sure to meet somewhere. This is the 
reason that we have introduced the words, ^'or not 
at all^^ in the enunciation of the principle. In 
fact, it amoimts to this, that if the three directions 
be not parallel lines, they must all meet at the 
same point. 

(28.) The shape of the rigid body is of no con- 
sequence in this principle ; it may be straight, or 
bent, or round, or flat. Nor is it necessary that 
the point C, where the forces meet, should be 
inside the body, or form a part of it. For, sup- 
pose a hole to be made in the body all round the 
point Ci or the body to be scooped out in any way 
so as to cut away the portion which contains G 
altogether, this will not affect the action of the 
forces, provided we do not interfere with the 
points Jf, jB, and C, where the forces really act. 
All that is really necessary is, that these points be 
rigidly connected, or, in other words, that the 
rigidity of the body be neither destroyed nor 
sensibly weakened, by cutting away the portion 
containing the point C, or otherwise altering the 
sh ape of the body. 

Whatever, then, be the shape of the body, the 
directions of the three forces, produced if neces- 
sary, must meet in the same point, or be parallel to 
each other ; otherwise, there cannot be equilibrium. 

(29.) We may observe, that, though this con- 
dition is necessary^ it is not sufficient for equili- 
brium ; that is, the three forces mmt meet in the 
same point, if they balance each other : but they 
may meet in the same point, and yet not balance 
each other; for it is necessary for eq\n\i\)T\\m\, 
that a9 and JP shall he equal, as well as ae,\, \a 
opposite directions; which may not be t\ie caa^. 
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though the condition of the three forces meeting 
in the same point be satisfied. 

III. 

Principle of the eqtialitt/ of action and reaction. 
Where two bodies are pressed against each 
other by the action of any forces, the reaction of 
one body is equal and opposite to the action of 
the other body against it 

Let A and jB, fig. 43, be the two 
Fig.is, bodies, which are supposed to be 
pressed against each other by the ac- 
tion of any forces ; let P represent 
the pressure, or action^ which A exer- 
cises against B, and B the return 
pressure, or reaction, which B exercises 
against A ; then P and B must be 
equal forces, and act in opposite directions. 

(30.) This is an experimental principle ; and all 
that we can say in proof of it is, that it is found 
to be invariably true, whatever may be the nature 
of the bodies, and whatever may be the manner 
in which the mutual action and reaction between 
them takes place."*^ It extends also to the mutual 
attractions of the heavenly bodies upon each 
other ; for instance, though it may seem strange 
to persons commencing the study of Mechanics, 
the force which the sun exercises upon the earth, 
in virtue of the attraction of gravitation, is ex- 
actly equal to the force which the earth exercises 
upon the sun, though the earth be so small com- 
pared with the sun. 

^31.) We shall conclude this chapter with some 

bis principle is one of Newton's Lw?a ot Hotlow, it la 
ly to introduce it in Statics, Vjecauafe i\. m>a&\. \i^ <5.wi- 
assumed in statical problema. 
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problems and examples^ illustrative of what has 
, been said, and especially of the use of Principle IL 

PROBLEMS AND EXAMPLES. 

(32.) Ex. 1.— What is the resultant of the 
forces 4, 7, 9, and 15,* acting vertically upwards 
on a particle ? (See Axiom VI.) 

Ex. 2. — What is the resultant of a force 17 
acting on a particle towards the right, and a force 
10 in the opposite direction ? (Axiom VIL) 

Ex. 3. — What is the resultant of the forces 7 
and 5 acting upwards, and the forces 8, 3, and 12 
acting downwards, on a particle ? 

In this example, the upward forces 7 and 5 are 
equivalent to an upward force 12, and the down- 
ward forces to a downward force 23; therefore, 
by Axiom VII. the resultant of the whole set is 
23 — 12, or 11 acting downwards. 

Ex. 4. — ^What is the resultant of the forces 6 
acting upwards, 4 downwards, 3 downwards, 7 
upwards, and 2 downwards ? 

Ex. 5. — What single force will balance the fol- 
lowing forces acting together, namely, 4 acting 
upwards, 3 acting towards the rights 14 in the 
opposite direction, 6 downwards, and 2 upwards ? 

Ex. 6. — Assuming, (what is mani- 
fest,) that, if P, Q, and R, fig. 44, be ^*^- ^' 
three equal forces acting on a particle 
Ay and making the angles P A Q, 
QAR, BAP, each equal to 120^ 
they will balance each other ; find the 
resultant of P, Q, and By supposing 
that P J8 20, g 10, and jR 16. 

'TiL ^f^ ^f^P^^ of forces 4, 7, 9, &c. we mean forces oi 4\\>ft., 
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Ex. 7. — In the same case, find the resultant 
when P is 5, Q 3, and R 5. 

Ex. 8. — Find the resultant of two forces, each 
equal to 5, acting on a particle, and making an 
angle of 120° with each other. 

/ r 

(33.) In the following examples are cases of 
bodies suspended or supported at some particular 
point; in such cases, the centre of gravity (see 
page 31) must lie vertically beneath the point of 
suspension or support. That this must be the 
case is evident from Axiom XII. ; for the body 
is acted on by two forces, namely, the weight of 
the body acting vertically downwards, and the 
supporting force acting at the point of support. 
Now, by Axiom XII. these two forces must act 
in exactly opposite directions, which cannot be, 
unless the direction of the former force, produced 
if necessary, passes through the point of support ; 
that is, the centre of gravity (at which this force 
acts in a vertical direction) must be vertically 
beneath the point of support. 

Ex. 9.— A square A BCD, fig. 45, 
Fig. 45. is suspended from the point Ey whose 
distance from A is one-fourth of A B, 
find what angle A B makes with the 
vertical. 

In this example, the square must be 
drawn carefully on paper, and a line 
from E through the centre of gravity 
Gy which is at the intersection of the two diago- 
nals. The line EGmx\&\, be vertical when the 
square is suspended at the point E; and there- 
fore^ if we measure the angle GEB,yfQ find the 
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angle which AB makes with the vertical^ as 
required. 

Ex. 10. — ^Where must the point of suspension 
be in the side A By so that A B may make an angle 
of 30^ with the vertical ? 

Ex. 11. — A triangle, whose sides are respect- 
ively 3, 4, and 5 feet long, is suspended by the 
angular ppint where the sides 3 and 4 intersect : 
find at what angle the side 5 is inclined to the 
horizon. 

The centre of gravity of a triangle is at the 
point of intersection of the lines drawn from any 
two of the angles to the middle points of the 
opposite sides. 

Ex. 12. — A rectangle, whose sides are 4 and 9, 
is suspended by one of the angles: what angle 
does tne side 4 make with the vertical ? 



Fig. 46. 



(34.) The following problems and examples are 
solved by means of the principle of the concur- 
rence of three balancing forces, which is applicable 
in a great number of cases without the aid of any 
other statical principles. 

Problem I. 

A Bi fig. 46, represents a smooth 
rod or beamy which rests upon a 
smooth prop Cy and the extremity 
A rests against a smooth vertical 
plane or wall EF: it is required 
to determine how long the beam 
must be in order to make a given 
angle mth the vertical, 

(35.) Let G be the centre 
of gravity of the beam (that is, the middle pom\;^\ 
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draw AL perpendicular to the wall EF^ CL 
perpendicular to the beam A B, and GL vertically 
downwards. Then the beam rests upon the prop, 
and against the wall, and, therefore, in virtue of 
its weight, it must exercise a certain amount of 
pressure on the prop and wall : consequently, the 
prop and wall will exercise corresponding reactions 
on the beam, (see page 92.) Hence, ^the forces 
which act on the beam are, first, its weight acting 
at G vertically downward, along the une GL ; 
secondly, the resistance, or reaction, of the prop 
acting at C at right angles to the beam A B, that 
is, along the line L G produced ; and thirdly, the 
resistance or reaction of the wall at A acting at 
right angles to the wall, that is, along the line 
A L. We say that the reactions of the prop and 
wall are at right angles to the beam and wall 
respectively, because the beam, prop, and wall are 
supposed to have smooth surfaces. On this point, 
see what has been said on the subject of smooth* 
ness above, (page 83.) 

Now, by Principle II. these three forces must 
meet in the same point ; or, in other words, since 
L is the point where two of the forces meet, 
namely, the reaction of the wall and prop, the 
third force, that is, the weight acting along G L, 
must pass through Z. It follows, therefore, that 
the line G L, which is drawn verticallv downwards 
from the middle point GoiAB, must pass through 
Ly the point of intersection of the line A L (which 
is perpendicular to the wall), and the line OZ, 
which is perpendicular to the beam. 

(36.) If, therefore, we draw the line A B, 
iking the proper angle whatever it may be with 
3 wall, and then the perpendiculars AL and 
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Fig. 47. 



C Ly in which way we find the point L where 
they meet; all we have to do is to draw L G 
vertically to meet AB m Gy and G must be the 
middle point of A Bi Wherefore, if we measure 
A Gy we shall know the half, and consequently the 
whol^ length of A B, We shall now give some 
numerical examples. 

Ex. 1. — If the prop is one foot horizontally 
iipom the wall, how long must the beam be, so as 
to rest at an angle of 30** to the vertical ? 

Draw a line EFy fig. 47, to 
represent the wall, and K C per- 
pendicular to EFy measuring KO 
equal to 1, (see what has been 
said respecting the diagonal scale 
in Part I. page 69 ;) then draw 
through C a line A M, making 
the angle K AM equal to 30°, or, 
what is easier, and comes to the 
same thing, the angle KCA equal 
to 60° ;* this line represents the 
direction of the beam. Having 
done this, draw AL perpendicular to K Ay and 
G L perpendicular to CAy to meet at L, and 
draw L G vertically to meet A M n.t G: then 
measure the length of A G with the compass and 
diagonal scale, and twice the length so found will 
be the length of the beam, as required. 

(37.) We shall stop to make some remarks 
of importance here relative to this and similar 
constructions, and which, if properly attended to, 




* KG represents a horizontal line, and JE" ^ a vertical ; and 
it AB makes an angle of SO® with the yertical, it. m»s^ \i^ 
inelined at 60° to the horizon. 
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will often greatly simplify the solution of pro- 
blems by the graphical method. 

Simplification of constructions in the graphical 
solution of problems. — In the example we have just 
treated, there are some lines drawn which are not 
really essential to the determination of the result, 
though they tend to make the principle on which 
the solution depends more obvious. Our object 
is, to find the length of the line A Ghy measure- 
ment ; and what we have given for this purpose 
is, that the line C K i&\, and the angle OAK 
30". Now, it is easy to see that the angle CAL 
Fig. 48 is 60° ; and that, if we draw G Hy as 
■^ in fig. 48, at right angles to A //, 
A H will be equal to 1. 

Hence, we may make the con- 
struction as follows : draw two lines 
A M, A L, fig. 48, making an angle 
of 60** with each other, and measure 
a portion A H equal to 1 ; draw HG 
at right angles to -4 ^ to meet A M 
at G ; draw C L at right angles to ^ C to meet 
-4 Zr at Zr ; draw L G at right angles to ^ Z to 
meet A M s.t G; then measure A G, and twice 
the measured length will be the result required. 

(38.) This mode of construction is really 
simpler than that which we gave before ; though 
so much is not gained in the present case, in the 
way of simplicity, as in many other cases, where 
the difference between a simplified construction 
and a non-simplified construction is considerable. 
The rule for simplifying the construction in any 
problem is simply this : draw a roii>gh figure^ to 
represent all the different lines, angles, &c. requi- 
site, and consider what parts of this figure are 
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really essential to finding the result, and what 
are not. Then draw a correct figure^ leaving out 
all non-essential parts, and determine the result 
required by measurement. 

In many eases, some little alteration in the way 
of drawing the figure may simplify the process, 
as, for example, the drawing the line C H^ in 
fig. 48, instead of having to draw the lines E F 
andaXinfig. 47. 

Ex. 2. — If the beam make an angle of 60** with 
the wall, instead of 30°, find its length. 

Ex. 3. — If the angle be 45**, find the length of 
the beam. 

Ex. 4. — If the prop be 6 feet horizontally from 
the wall, find how long the beam must be, to rest 
at an angle of 60** to the wall. 

Ex. 5. — How far horizontally must the prop 
be from the wall, when the length of the beam 
is 10 feet, and its inclination to the vertical 45° ? 

Fig. 48 will solve this example. Begin by 
drawmg A M and ^4 -ff at an angle of 45° to each 
other; then make A G equal to. 5, and draw in 
succession G L, LGy G H. 

Ex. 6. — If the beam be 16 feet long, and rest 
at an angle of 60° to the vertical, find the dis- 
tance of the prop. 

Problem II. 

If the fjcaU in the preceding problem be inclined to 
the vertical at a certain angUy to determine the same 
things as before. 

(39.) In this problem the principle of solution 
is exactly the same as before, and the same lines 
are to De drawn ; only the line E JP, le^x^- 
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senting the wall, is to be drawn at the proper 
angle to the vertical ; and, therefore, the angle 
which the beam makes with the wall will no 
longer be the same thing as the angle the beam 
makes with the vertical. Attending to these 
points, and taking care to draw A L not hori- 
zontally, but at right angles to the wall, there 
will be no difficulty in solving the following 
examples. 

Ex. 1. — The wall makes an angle of 30** with 
the vertical, the beam inclines on the other side of 
the vertical at an angle of 30<» also, and the prop 
is 2 feet horizontally from the wall; find the 
length of the beam. 

Fig. 49 shows the construc- 
Fig.\^. tion; in this case, the dotted 

line represents the vertical, and 
the letters mean the same as 
before. 

Ex. 2. — The wall makes an 
angle of 30° with the vertical, 
the beam inclines on the same 
side of the vertical at an angle 
of 60** to the vertical, and the 
length of the beam is 10 feet ; 
find the distance of the prop from the wall hori- 
zontally. 

Ex. 3. — The beam is inclined at 20° to the 
vertical, the prop G touches the beam half-way 
between A and G ; find the inclination of the wall 
to the vertical. 

(40.) The following is the simplified construc- 
tion in this case, and it affords a good instance of 
what may be gained by such simplification. Draw 
any line A (?, divided into two equal parts at C, 
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fig. 50 ; draw G i, making the angle AGL equal 
to 20°, to meet GL^ which is perpendicular to 
-4. G^, at 2/ ; join L and A, and draw the Fig- so. 
dotted line at right angles to A L. Then 
A G represents half uie beam, G L the 
vertical, and the dotted line the wall. 
The angle which the dotted line makes 
with GL produced, is the angle re- 2^^ 
quired : but it is not necessary to draw 
the dotted line at all ; for, since A L \% 
perpendicular to the wall, and GL is 
vertical, the angle GLA must exceed by 90° the 
angle at which the wall is inclined to the vertical ; 
and therefore, if we measure the angle GLA, and 
deduct 90°, we obtain the result required. 

Problem III. 

A B,jig. 6\^is a beamy of which one end A is held 
up by a string, A G; and the other end, B, rests 
against a smooth vertical wall, G D ; it is required 
to determine in what direction the string must pull so 
as to keep the beam at rest. 

(41.) The forces which act on the Fig.5\. 
beam are — its weight acting vertically 
downwards, at its middle point G ; the 
reaction of the wall at right angles to 
the wall, that is, horizontally ; and the 
tension of the string along the string. 
Hence, by Principle II., if we draw BE 
horizontally, and G E vertically to meet ^^ 
at jB, the string must pass through the point i^. 
This determines in what direction the string must 
pull, as required. 

Ex. 1. — What angle must the string mak^ m\)ti 
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the vertical, so that the beam may rest at an 
angle of 45° to the vertical 

The simplified construction in this case only 
requires the portion AEB of the figure to be 
drawn. 

Ex. 2.— The angle A CD is 30°, ^(7 is 10 feet; 
find how long ^^ must be so as to remain at rest. 

In this example it is important to notice that E 
is always the middle point of A Gy because G is 
the middle point of J. 5, and the lines GE and 
B G are parallel. 

Ex. 3.— If the wall be inclined 30° to the right 
of the vertical, and the beam 45° to the vertical, 
as in Ex. 1 ; find the angle which the string must 
make with the vertical. 

In this example B Eh not horizontal. 

Ex. 4.— The string is inclined at an angle of 
30** to the vertical, and the beam at an angle 60** ; 
find what must be the inclination of the wall In 
order that the beam may rest. 

Problem IV. 

AB and BG are two smooth planes inclined to the 
horizony and EF is a beam resting with its ex-' 
tremities on the planes ; hating given the inclination 
of one of the planesy and of the beamy to find what the 
inclination of the other plane must be to keep the beam 
at rest. 

(42.) The forces which act 
on the beam are — its weight, 
acting vertically downwards 
at its middle point G ; the re- 
action of the plane BAy acting 
at jE at right an^^a to B A\ 
and the xeacitioiL o^ \5cl^ ^^xia 
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B G acting at jP, at right angles to B C. Hence, 
by Principle IL, if we draw a vertical line, G ff, 
through G, a line EH perpendicular to B A 
through Ef and a line FH, perpendicular to B C, 
through F ; these three lines must meet at the 
same point, H, as we have represented in the 
figure, otherwise the beam will not remain at rest. 

Now suppose that the inclination to the vertical 
of the plane B A^ and that of the beam are given, 
and it is required to find the inclination of the 
other plane B C ; we may easily do so as follows : 
draw a line HG to represent the vertical, and 
through any point G of it draw a line E F, 
making GE equal to GF^ and the angle HGF 
equal to the given angle of inclination of the beam 
to the vertical ; through E draw the line A B, 
making an angle with H G equal to the given 
angle of inclination of the plane to the vertical ; 
through E draw EH at right angles to A B, to 
meet G H at //; join // and F, and draw C B 
through jP at right angles to H F'^ then, by 
measuring what angle G B makes with // G^ we 
determine the required inclination of the plane 
B C to the vertical. 

(43.) Simplified construction, — This construction 
may be greatly sim])lified ; for in fact we need only 
draw the lines E F, H G, HE, and HF in the 
following manner : draw a line H G to represent 
the vertical, and E F through G, making the 
angle HGF equal to the given angle of inclina- 
tion of the beam; draw from H the line H E, 
making the angle G H E equal to the compJemeiit"^ 

* The complement of an angle is the number of dogTeea^\i\cVi 
must be added to that angle to make up, or complete, 90 dcgxtee^, 
Sno^^^i^oko ^^^^' ^^° ^ *^® complement oi 60*^ , \3eevv.\x^e 
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of the given angle of inclination of the plane^ A B 
to the vertical, and let this line meet GEy pro- 
duced if necessary, at E; make GF^ produced if 
necessary, equal to E G^ and join HF ; then 
measure the angle GHF: the complement of this 
angle will be the required angle of inclination of 
the plane B C io the vertical. 

(44.) All that we assume in thus simplifying 
the construction is, that if a line, such as J jB, 
makes a certain angle with the vertical, the line 
E Hi which is perpendicular to A By makes the 
complement of that angle with the vertical. This 
follows from the 32d Proposition of the 1st Book 
of Euclid; for, by that proposition, the three 
angles of the triangle E H K make together two 
right angles, or 180°; but the angle at E is 90**; 
therefore, the angles at H and K make together 
90° ; or, in other words, either one of these angles 
is the complement of the other. If the student 
is not acquainted even so far with Euclid, he may 
convince himself of the truth of what is stated by 
drawing a proper figure oi E H Ky and measuring 
the angles at H and K. 

Ex. 1. — The inclination of A B io the vertical 
is 70° ; What must be the inclination of B C, so 
that the beam may rest at an angle of 40° to the 
vertical ? 

Ex. 2. — The inclination of A B io the vertical 
is, 60°; What must that of B C be, so that the 
beam may rest at an inclination of 45° to the 
. vertical ? 

^ Ex. 3. — Show that it is not possible for A B io 
be inclined at angle 60° to the vertical, and the 
beam at an angle of 30°. 

Ex. 4.^— Show generally that the inclination of 
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the beam to the vertical cannot be equal to the 
inclination of either of the planes to the horizon. 

Problem V. 

Hating given the inclinations of the two planes, in 
the preceding problems, to the vertical, it is required 
to find the inclination of the beam. 

(45.) In this case the angles GHJE and GHF, 
being the complements of the given inclinations 
of the two planes to the vertical, are known ; we 
may therefore draw the lines HE BJid H F, but 
we do not know where the points E and F ought 
to be. Now it is clear that all we have to do, to 
determine these points, is, to draw the line FF so 
that it shall be divided into two equal parts at 
G; and this may be done in the following manner: 

In fig. 53, draw three lines 
H P,HQ,H It, from the point 
Hy making the angles PHQ and 
BHQ equal to the complements 
of the given inclinations of the 
planes to the vertical ; take any 
point Q in H Q, draw Q F and 
Q F parallel respectively to HR 
and HP, and join EF\ then ^i^ is so drawn 
that the point G where it meets HQis half way 
between FF and F.^ The line FF thus drawn 
represents, therefore, the inclination of the beam 
to the vertical HG, and we have only to measure 

• Yox E H F Q is by construction a parallelogram (or figure 
bounded by two pairs of parallel lines), and it is obvious that the 
diagonals (the lines joining the opposite corners) of such a figure 
bisect each other, as may be proved by measurement, if l\i^ 
student has not read Euclid^ Trop, 3i, Book L 
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the angle HG Fy which is the required angle of 
inclination. 

(46.) It may be objected to this mode of con- 
struction, that we have not attended properly to 
the length of the line EF^ so as to make it repre- 
sent the length of the beam; but the length of 
the beam is not, and need not be given, lor the 
result will be always the same, whether the beam 
be long or short, as it is easy to see ; besides, in 
the figure the length of the beam is represented, 
not actually, but in miniature, as it were, with 
reference to a certain scale of small equal parts ; 
and, as we may choose any scale we please 
(whether the units be inches, or half inches, or 
quarter inches, or otherwise), the line E F may 
be of any length we please, and still correctly 
represent the length of the beam. 

Ex. 1. — The inclinations of the planes to the 
vertical are respectively 30** and 60° ; find at what 
inclination the beam will rest. 

Ex. 2. — The inclinations being 45** and 75°, find 
that of the beam. 

Ex. 3. — If the planes be inclined at an angle of 
90° to each other ; show that the inclination of the 
beam to the vertical is always double the incli- 
nation of one of the planes to the horizon. 

In this example, the student who does not 
know Euclid, Book L, must prove what is stated 
by showing it to be true in one or two particular 
cases. By the help of Euclid, Book I., it may 
be very easily proved to be true in all cases. 
Observe : the inclination of the plane to the hori- 
zon is the complement of its inclination to the 

T-tical. 

5x. 4. — If JS C be a vertical plane, and A B 
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inclined at 45** to the vertical, find at what incli- 
nation the beam will rest. 

Ex. 5. — The two planes are inclined at an 
angle of 60<* to each other, and the beam rests at 
an inclination of 30® to the vertical ; find at what 
angle each plane is inclined to the vertical. 

Observe, here the angle ERF must be 120^ 
This is rather a difl&cult example, and requires a 
knowledge of the 3d Book of Euclid. 

Problem VI. 

A beam AByfg.64:y of given 
lenffthy is held up by two strings Fig.si. 

A C and B C, also of given length, 
fastened to a point G : find at 
tthat inclination to the vertical the 
beam rests, 

(47.) If G be the middle point 
of the beam, the vertical line 
through G must pass through the point Cy for C 
is the point where the two forces or tensions 
exercised by the strings on the beam meet, and 
therefore the direction of the third force, namely, 
the weight of the beam acting vertically at Cr, 
must also pass through C. 

Hence, if we construct a triangle ABG^ having 
its sides of the proper lengths, as given in the 
problem,* and if we draw a line from G to the 

* The way to do this is as follows : draw one side, say A B, of 
the proper giyen length ; with A as centre, describe a circle, 
having its radius equal to the given length of A V ; with B as 
centre, describe another circle, having its radius equal to the 
given length of BC ; let G be one of the points where the 
two circles meet; then, joining C with A and B^ ABC ro 
formed wiU be the required triangle. 
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middle point G o{ AB, GG will represent the 
vertical, and GB the angle of inclination to the 
vertical at which the beam rests. 

Ex. 1. — A beam, whose length is five feet, is 
suspended by its extremities from a point by two 
strings, one 3 feet long, the other 4 feet: find 
the inclination of the beam to the vertical. 

Ex. 2. — The strings are, one 4 feet, and the 
other 8 feet long, and the beam is 10 feet: find 
the inclination of the beam. 

Ex. 3. — The beam hangs at an inclination of 
45°, and the strings are, one 3 feet, and the other 
5 feet long : find the length of the beam. 

Problem VII. 

A smooth beamy A B, fig. 55, 
Fig. 55. y,^gfg ^^ ^ smooth prop 0, one end B 

being held up by a string B D : it 
is required to state what is necessary 
for equilibrium in this case, 

(48.) Draw GH perpendicular 
to A B9 and Gfl" vertically through 
the middle point of A B, to meet 
G H at Hi then the pressure of 
the prop acts along the line GRy 
(see Art. 35,) and the weight of the beam along 
G H. The directions of these two forces, there- 
fore, meet at H ; hence, the direction of the third 
force — the pull or tension of the string — must 
also pass through H; and therefore, if we join 
H and i?, the string must pull along the line H B 
produced. 

Ex. 1. — G is half way between A and (?, and 
the beam rests at an inclination of 45® to the 




STATICS. 109 

vertical ; find the inclination of the string to the 
vertical. 

Ex. 2. — If A C is double C G, and the beam's 
inclination to the vertical is 30**, find that of the 
string. 

Ex. 3. — The beam is 10 feet long, /and its incli- 
nation to the vertical, and that of the string, are 
30° and 60° respectively ; find the length of G C. 

Ex. 4. — C is half way between A and ff, and 
the angle AB Dis 150°; What is the inclination 
of the beam to the vertical? 



MATHEMATICAL SOLUTION OF THE PRECEDING 

PROBLEMS. 

(49.) For the sake of those who have advanced 
in Mathematics as far as trigonometry, we shall 
briefly show how the problems we have just given 
may be solved by the aid of mathematical for- 
mulas ; from which the examples in each case may 
be easily deduced, if the student has trigono- 
metrical tables, and knows how to use them. 

Problem L Let K C, fig. 47, be denoted by a, 
and the angle KA Chj 6; then 

L CLA=:90''-LCAHy9Xidd:=:90^-iLCAH; 

.-. Z. CLA^e. 
Also, 



Z CC?i=90°-. L GLG,9JiiL CLA=:90^^ L CLG; 

.'. LCGL^e. 
Hence, if we denote AGhj b, we find 
- KC=:A C sin. 0y A C^AL sin. 6, AL=^ AG sin. f 
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That \Sy a=^AG sin. 6 = AL sin. *5 = b sin. '5. 

2a 



Whence 2 6 = 



Bin.35 



This equation gives 2 6, the length of the beam^ 
in terms of o and 6, and by it any of the examples 
may be solved. 

Problem II. may be solved similarly to Problem 
I., but is more troublesome when treated mathe- 
matically. 

Problem HI. E, fig. 51, must be the middle 
point of A C, because G is the middle point of 
AB ; also, CB must equal 2 EG^ wherefore, if 6 
and a denote the angles which the beam AB and 
string AG make respectively with the vertical, we 
have, observing that /_ E CB = a, lEGB^Q^ 

^ ^ EB ^ EB EB 

*^°-^= ^G'*^^-^= C^ = 2EG' 

Wherefore tan. 5 = 2 tan. a. 

This equation will solve any of the examples 
with the help of trigonometrical tables. 

Problems IV. and V. Let a and j3 be the angles 
of inclination of the two planes to the horizon, 
that is, the complements of their inclination to 
the vertical; also, let 6 be the angle which the 
beam makes with the vertical in its position of equi- 
librium. Then, in fig. 53, we have Z. EHG^=a^ 
L FHG^^, and L HGF^d. Wherefore, we 
find 

EG 2 HG :: sin. a : sin. (5 — a); 
FG : HG :: sin.^ : sin.(e + /3); 



hence, Knee EG = FG, we find 

ein. a sin. /3 ' 

from which we may easily show that 
cot. ^ = J (cot. a - cot. 0). 

This equation gives B in terms of a and /3, and 
by it anyof the examples may be solved. 

(50.) We shall not delay to solve the remalniug 
problems in this manner, as what has been done 
is enough to show how the geometrical conBtruc- 
tion, from which the problem may be solveJ 
graphically, also enables us, by the rules of trigo- 
nometiy, to find a mathematical solution with con- 
siderable ease. 



CHAPTER II. 



OP THE PRINCIPLE OF THE LEVER, 

(51.) After the preliminary statements and expla- 
nations given in the preceding chapter, the natural 
course to pursue would be, in the first instance, to 
prove and explain the various rules for the compo- 
sition and resolution of forces, so as to be able to 
find the resultant of any two or more forces, or 
the components of which any force is the result- 
ant. It will be advisable, however, to defer this 
to the next chapter, and to devote the present 
chapter to the consideration of the mechanical 
power or instrument called the lever ; for the prin- 
ciple upon which questions relating to the lever 
are solved, admits of a very simple and intelligible 
demonstration; and a variety of probletns and 
examples deducible therefrom may be easily solved, 
and with considerable advantage to a beginner. 
Besides, the fundamental proposition relating to 
the composition and resolution of forces, called 
the Parallelogram of Forces^ which we shall give 
in the next chapter, is deducible from the prin- 
ciple of the lever. For these reasons, and in 
rder to make the student's progress more easy, 
will be advisable to introduce the consideration 
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of the lever here, though it is not exactly in its 
proper place. 

(52.) Definition of a L&eer. — A rigid body in 
which there is a fixed point or axis, round which 
it may freely turn, is caUed a l&oer. 

Fulcrum. — The fixed point or axis about which 
the lever mSy turn, is called li^fukrum. 

(53.) Different kinds of Lexer. — The name lever 
is derived from the Latm word, signifying to raise 
or eletate ; it is generally appliedf to any strong 
bar, such as a crow-bar, used for the purpose 
of raising great weights, or displacing obstacles. 
There are three kinds of lever, distinguished from 
each other by the position of the fulcrum with 
reference to the power employed to move the 
lever, and the resistance to be overcome by it. 
Fig. 56 shows a lever of the first kind; AB i& the 
bar, and F the fiilcrum ; W Pm- se, 57, 58. 

is the weight to be raised or \ 

resistance to be overcome, ^\ — a 1 ^ 

and P is the power employed ^rg ^ 

to move the lever. In this f 

kind of lever the fulcrum is ^ T ~p\ 

always between the power tf@ ' 

P, and the weight or resist- ^ 
ance W. Fig. 57 shows a ^ ]p "ym 

lever of the second kind, in 
which the power P and resistance W are on the 
same side of the fulcrum, and the power is further 
from the fulcrum than the resistance. Fisr. 58 
shows a lever of the third kindy in which, as in 
those of the second kind, the power P and resist- 
ance W are on the same side of the fulcrum, but 
the power is nearer to the fulcrum than the re- 
sistance. 
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(54.) In levers of the first and second kind^ 
power is gained and speed is lost ; that is, the power 
(P) necessary to move the weight ( W) is smaller 
than the weight, but the speed with which the 
weight is moved is proportionally less than that 
at which it is necessary that the power should 
move. For example, if P be 10 times further 
from the fulcrum than W^ and if W be 10 lbs., 
P need only be barely over 1 lb. to move W, but, 
at the same time, P must go over a space of 10 
inches to make W move an inch. 

In the case of levers of the third kind, the 
reverse is the case, power is lost and speed is gained; 
that is, the power necessary to move the weight 
is greater than the weight, but the speed of the 
latter is proportionally greater than that of the 
former. 

(p^>) It is an important law in Mechanics, that 
whatemr is lost in power is gained in speed, and 
whatever is gained in power is lost in speed. The 
levers of different kinds afford a good example of 
this, as has just been explained; but the law is 
not restricted to levers, it applies equally to every 
kind of machine or contrivance, as may be proved 
by what is termed the Principle of Work, to which 
we shall call the student^s attention hereafter. 
From ignorance of this principle, or from inatten- 
tion to it, many persons have wasted their time 
and money in trying to invent machines for gain- 
ing power without losing speed; for all the con- 
trivances proposed for producing a perpettml motion 
resolve themselves into this error, or something 
nearly akin to it. 

(56.) Ewamples of the different kinds of Leeer. — 

crow-bar employed to raise a stone is a good 
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example of a lever of the first kind ; the stone 
to be lifted is the resistance^ the man exerts the 
power by his hand, and the fulcrmn is the stone 
on which the bar is rested, or the purchase^ as 
workmen call it, about which the lever is turned. 
A spade used for digging the ground is also a 
lever of the first kind ; in fact, it is the same 
thing as a crow-bar, but used for a different pur- 
pose, the resistance to be overcome being however 
much smaller. A pair of scissors is a double lever 
of the first kind, the joint being the common 
fulcrum of the two levers, and the material to be 
cut, the resistance. Pincers, and other similar 
instruments, the steel-yard used for weighing by 
butchers, and a variety of implements, are levers 
of the first kind. 

A crow-bar used in the manner represented in 
fig. 57, becomes a lever of the second kind; here 
the extremity is rested on the ground, and so 
becomes the fulcrum, or purchase, about which 
the bar is turned. The resistance Wy and the 
power P, are both on the same side of the fulcrum, 
the latter being further from it than the former. 
A wheelbarrow is a good example of this kind 
of lever ; the centre of the wheel is the fiilcrum, 
and the weight acts at the centre of gravity of 
the load. A nut-cracker is a double lever of the 
second kind, the joint being the common fulcrum 
of the two levers, and the nut to be cracked, the 
resistance. The oar of a boat is a lever of the 
second kind, the water being the fulcrum or 
purchase against which the blade presses. 

In all these instances of the use of levers, the 
object is to gain power, and not speed ; where 
speed is to be gained, the lever of me XSoit^ \l\xv$^ 
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must be employed. The limbs of animals afford 
many instances of this kind of lever ; thus, the 
fore-arm of a man is turned about the elbow-joint, 
by the contraction of a muscle which exerts an 
upward pull at a point near the elbow-joint. 
Here the joint is the fulcrum, the power acts 
near the fulcrum, and the weight on the hand, 
which is much further off. The muscles are 
capable of exerting considerable force, and there- 
fore they are made to act at a disadvantage as 
regards power, in order to gain speed, and'com- 
municate rapid motion to the limbs. The chief 
reason, however, why levers of the third kind are 
employed in the limbs of animals, is to give com- 
pactness of form to their bodies, and make the 
limbs project from them in such a way as to be 
capable of moving with convenience. The treadle, 
or foot-board, used by a knife-grinder, is a lever 
of the third kind ; the foot exerts the power, the 
string the resistance. A pair of tongs is a double 
lever of the third kind, and is analogous to the 
pair of scissors, which exemplifies the first kind, 
and the nut-crackers the second kind. 

(57.) It is easy to see from these examples, 
that the lever is an instrument, or mechanical 
power y of which there are many familiar uses: 
it is also of constant application in machines. 
There is a very simple rule for calculating what 
power will balance a given weight by means of a 
lever, and this rule is applicable to other me- 
chanical powers besides the lever; indeed, there 
are few mechanical problems or investigations in 
which it may not be employed. It is commonly 
called the principle of the lecer^ and it is on 
\ccount of its general utility in Mechanics, and 
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its simplicity both as regards proof and appH- 
cation^ that we have selected the lever, of all the 
mechanical powers^ and given it a place at the 
commencement of the treatise. We shall now 
prove this principle by a very ingenious method, 
and one of great interest, inasmuch as it was 
given by Archimedes, the great mechanician, and 
employed by him as the foundation of all his 
mechamical demonstrations. 



Principle of the Lever. — Proposition I. 

If AB he a straight levery C the fulcrum^ and W 
and P two forces acting at Fig. 59. 

A and B^ at right angles to p 

AB^W and P will balance ' 



each other if they he proper- ^^ '^ ^^ 

tional to the lines B C and A G respectively y or^ as it 
is saidi if they he inversely proportional to the arms 
at which they act. 

(58.) To prove this we must first suppose the 
foDowing case, viz. : Let BE, fig. 60, be a straight 
rod,* C its middle 
pointy F any other Fig.eo. 

point, A the middle ^ ^ jp c j 3 

point of BF, and B I~ ' '^ 

the middle point of 
JEF* 

Now, the weight of the whole rod is, or may be 
supposed to be, exerted at its middle point (or 

• We shall always, when we speak of a rod or beam, suppose 
it to be of uniform weight and thickness, unless the contrary be 
ezi^reflsed, and we shall therefore assume that itaceiilteoi ^t^^VVs 
\r is At its middle point 
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centre of gravity) C, and if we put a support or 
fulcrum at C, the rod will rest horizontally upon 
it, without any tendency to turn one way or the 
other. If, however, we consider separately the 
effects which the portions DF and EP of the rod 
produce by their weights, we may suppose the 
weight of 1> jP^ to act at its middle point A^ and the 
weight EF at its middle point B. 

Hence it follows, that a weight equal to that of 
Fig, 61. DF^ acting on the 

lever at A^ and a 
weight equal to 
that of EF acting 
at B^ as is repre- 
fU sented in fig. 61, 

produce the same 
effect as the weight 
^ of the whole rod 

acting as it really does ; that is, the two weights 
suspended from A and By have no tendency to 
turn the rod one way or the other, and therefore 
they balance each other. 

Now let AD (fig. 60) be denoted by a, and BE 
by h; then, since A is the middle point of DF^ 
and B that of EFy it follows that 

DF=^2a , EF=^2b, 
and therefore 

DE = DF + EF=^ 2a + 2 J, 
whence 

halfofi>^=a + J. 

But, since C is the middle point oi DE^ DC is 
halt o{ DE, md D C =: DA + AC =^ a + AC : 
Hence 

a +AC^a + b^ 
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and therefore, taldng away a from both, we find, 

In like manner we have 

£(7=halfofi>^=a + &; 
but 

^a = J?a+ J?S=J?(7+i,• 
therefore 

hence, taking away h from both, we find 

Now the weight 2>i^ acting at A (fig. 61) is 
the weight of a length 2 a of the rod, and the weight 
MiF acting at B is the weight of a length 2 J of the 

irod; and, since the rod is uniformly thick and 
weighty throughout, these weights are respectively 
proportional to 2 a and 2&, or, what is the same 
thing, to a and h. But we have proved that 
4 C = a, and BC ^ b; hence it appears, that the 
weights acting at A and B are proportional to BG 
and A C. If therefore TV and P, in fig. 59, be 
proportional to BG and A (7, they will balance each 
other. 

Now, A G and B C are called the arms at which 
the forces ^and P act, the word arm meaning dis-- 
tance from fulcrum ; hence, when the proportion of 
the two forces to each other is the inverse of that 
of the arms at which they act, they balance each 
other ; that is, when the force at A is to the force 
at £ in the same proportion, not sl& AG is to B C, 
but as SC is to J.C, (for this is the meaning of 
the word inverse,) the forces balance each other. 
Which was to be proved. 
(59.) A numerical example may be useful to 
y^ the student who is not accustomed to de;XxvoTi^\x^- 
I tiozw of this kind, and we shall tliexeioxe ^vs^ \Xi^ 
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following: Suppose DE to be 20 feet long, and 
that each foot weighs 1 lb. \ also, let DF be 6 feet, 
and therefore EF 14 feet ; then, since A is the 
middle point of DF, B that of EF, and G that 
of DEy it follows that i>C is 10, AD is 3, and 
ACy which is found by subtracting AD from 
DC, is therefore 7. In like manner, BC ia found 
by subtracting EB, the half of EF, from E (7, 
the half of DE, that is, the half of 14 from the 
half of 20 ; therefore, BCiaS. 

Now, the rod will rest horizontally upon a prop 
or fulcrum at C; also, the weight of the portion 
DF, 6 lbs., may be supposed to act at its middle 
point A, and the weight of the portion EF, I4lbs.^ 
may be supposed to act at its middle point B. 
Whence we have the case of a lever, C being the 
fulcrum, AC being 7 feet, and BG 3 feet, the 
weight acting at A being 6 lbs., and that at B 
14 lbs. ; these weights balance each other, and 
(since 14 is to 6 as 7 is to 3) they are in the 
same proportion to each other, not sua AC is to 
B C, but as jB C is to A C, that is, inversely as AG 
to BC. 

(60.) Corollary. Pressure on Fulcrum^ how found. 
— it is evident that the whole weight of the rod 
DE reata upon the fulcrum C, and therefore the 
pressure on the fiilcrum produced by the weight 
of the rod, or, what is the same thing, by the 
weights of the two portions DF and CF, is 
equal to the weight of the rod : that is, the pres- 
sure on C is the sum of the weights of DF 
and CF. 

Hence we conclude, referring to fig. 59, that 
the pressure produced on the fulcrum by the two 
forces P and Wy acting on the lever AB^ is the 
eum ofJP and fF* 
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Proposition II. 

tfihe iwoforcesy W and P, act upon a bent lever ^ 
A G By fig. 62, and at right angles to the arms^ C A 
and GBy C being the fulcrum^ the forces will balance 
each other when they are inversely proportional to 
the arms. 

(61.) By a bent lever we mean a lever in which 
the arms are inclined at an angle to each other. 
To prove this proposition, ^ Fig- 62. 

suppose the line 50 to be y^^' 
produced to A' so far ^that 
CA' shall be equal to CA; Jt\ jl . -r 

and imagine GA' to be a | ^ f 

third arm of the lever, so 
that AG^ A (7, and EG form one rigid body ; then, 
if there were a force W* equal to W acting at A\ at 
right angles to CA\ as represented in this figure, it 
is easy to perceive that W' would produce the same 
effect as IF, in tending to turn the lever round the 
fulcrum G ; for, as far as rotation about G is con- 
cerned, and with reference to 0, the two forces, W 
and TF', are situated in precisely the same manner, 
and would exert the same power on the lever. 

Hence, since W would produce the same effect 
in turning the lever as TF, we may conceive W 
to act in place of W ; and then we have a straight 
lever with two forces, W and P, acting upon it> 
as in Proposition I. Hence, if the forces balance, 
TF' is to P inversely as J! G to EG ; or, since W 
is equal to W\ and A C equal to A'C, TF" is to P 
inversely sls AC to EG. The forces, therefore, if 
they balance each other on a bent lever, acting at 
right angles to the arms, must be inversely pro- 
portional to the arms. Which teas to he proved. 
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Proposition IIL 

If two foreesy W and Py act on a lever of any 
shape, as in fig. 63, and if perpendicularsy CA^ CBy 
be drawn from the fulcrum Cy upon the directions of 
W and Py produced if necessary ; the two forces will 
balance each other when they are inversely propor- 
tional to the perpendiculars so drawn. 

(62.) For, by the principle of the transmission 

of force through a rigid body, we may suppose the 

Fig, 63, forces to act at any 

points of their respec- 

*tive lines of direction^ 

and therefore we may 




conceive them to act 
at A and B, as is re- 
presented in the figure. 
Thus we may call A CB a bent lever, and there- 
fore, by the preceding proposition, the forces will 
balance each other if they be inversely propor- 
tional to the two perpendiculars, AC and BC. 
Which was to be proved. 

Proposition IV. 

To estimate the effect of a force acting on a lever y 
we must multiply the force by the perpendicular upon 
it from the fulcrumy that isy we must multiply the 
number of pounds in the force by the number of feet 
in the perpendicular. 

(63.) This is easily deduced from the previous 
proposition, as follows: Let BCy in fig. 64, be 
the perpendicular let fall from C upon the force 
^^ acting on a lever of any shape, C being the 

arum ; let W be the weight which, acting at an 

» unitj, balances Py that is, let the perpen* 
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dicular CA upon W be always 1 ; which will be 
the case if we suppose TF to be a weight hanging 
from a wheel ADEy attached Fig.u. 

to the lever^ and having its 
centre at the fulcrum C, as 
shown in the figure. Then^ by 
the previous proposition, we 
know that TF is to P in the 
same proportion as CB to GA^ 
or, as it is usually and conve- 
niently expressed by means of 
dots, observing that CA is 1, 

W : F :: CB : I. 

Therefore, by the Bule of Three, or, as it is often 
called, the Bule of Proportion, we have the follow- 
ing result, 

W=P X CB. 

Hence it appears, that, if we multiply a force 
P by the perpendicular A C, let fall upon it from 
the fulcrum, the result expresses the amount of 
weight, acting at an arm 1, which P is capable of 
balancing. 

Thus, suppose that P is 10 lbs. and CB 4 feet; 
then W is 40 lbs. ; that is, P can balance 40 lbs. 
acting at an arm 1. Again, suppose that P is 
15 lbs. and CB 6 feet ; then W is 80 lbs. ; that is, 
P can balance 80 lbs. acting at an arm 1. In the 
latter case, therefore, P has double the effect it 
has in the former. Thus we may see that W is 
a proper measure of the effect of P, because W 
always acts at the same arm, whereas P may 
not; for, in estimating the effect of a force on a 
lever, we must consider two things, namely, first, 
the magnitude of the force, and secondly, t\ie^ ^xm^ 
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or perpendicular distance from the fulcrum, at 
which it acts. If the magnitude of the force be 
increased, the effect on the lever is of course also 
increased in proportion; and if the arm be in- 
creased, the same may be said. If, however, the 
arm be always one given invariable length, the 
effect of the force will depend simply upon the 
magnitude of the force, and we need not then 
think of the arm. Now this is the case with TF", 
which always acts at the same arm 1 ; and there- 
fore the effect of W will be proportional to the 
magnitude of W simply, without reference to its 
arm. 

Hence, since P balances TF, the effect of P is 
equal and opposite to that of W, and therefore the 
effect of P is proportional to the magnitude of W; 
in other words, the number of pounds in W repre- 
sents, we may say, the energy or power with 
which P tends to turn the lever, and therefore the 
effect of P is measured and estimated by that 
number. 

(64.) We might have supposed that W acted 
at any other known and invariable arm, but we 
naturally assume 1 foot as the simplest arm we 
can fix upon. 

(65.) This is a very important proposition, and 
it may be considered as embodying the principle 
of the lever in its most general form. We see by 
it, that the effect of a force, P, on a lever, that is, 
the energy or power with which it tends to turn 
the lever about its fulcrum, varies with the mag- 
nitude of the force and the arm at which it acts, 
jointly, and is estimated by the product of the 
force into the arm; because that product shows 
'le amount of the force which, acting at the 



f 
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invariable arm unity, has the same energy or 
power on the lever as P. 

(66.) Moment — The product of a force (acting 
on a lever) into its arm or perpendicular distance 
from the fulcrum is usually called the Moment of 
the force. Hence the moment of a force acting 
on a lever expresses the energy or power with 
which the force tends to turn the lever about its 
fulcrum. 

(67.) Like and Unlike Moments. — If there be 
two forces acting on a lever, and tending to turn 
it opposite ways round the fulcrum, they are said 
to have unlike moments ; but, if they tend to turn 
it both the same way, they are said to have like 
moments. Forces, therefore, whose moments are 
unlike^ resist each other ; and those whose moments 
are like^ assist each other. 



Proposition V. 

To estimate the effect of several forces acting on a 
lever^ we must find their moments^ add the moments 
tending to turn the lever one way hito one sum^ and 
the moments tending the opposite way into another 
sum; then the difference between the two sums will 
express the total ^ect of the forces. 

(68.) This is immediately evident, since the 
moments are the weights, which, acting at the 
arm 1, produce the same effect as the forces ; and 
these weights, since they act at the same arm, may 
be all put together by addition or subtraction, as 
the case may be, so as to form a single welglat. 

For example, let the forces be as foWovj^; 



u IDS. at an arm 6 \ ^ xu i. ;i 

»2 VL A f- one way, as the hands 
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10 lbs. at an arm al ^^^ *° turn the lever 

one way, as the handf 
of a watch, suppose.* 

8 lbs. at an arm 71 . i. .^ •. 

Qiu Q >-tendmg the opposite way. 

Then the moments of the first pair of forces are 
30 and 28 ; that is, these forces are equivalent to 
the weights 30 and 28, each acting at an arm 
unity, and tending to turn the lever the way the 
hands of a watch go round ; and the weights 30 
and 28 thus acting, are equivalent to a weight 58. 
In like manner the moments of the second pair 
of forces are 56 and 10, or 66 altogether, tending 
the opposite way. Now the forces 58 and 66, 
both acting at an arm 1, but tending to turn the 
lever opposite ways, are together equivalent to 
the difference between them, which is 8, tending 
the same way as the greater force. Hence the 
effect of the whole set of forces is expressed by 
the number 8 ; and they tend to turn the lever 
contrary to the hands of a watch. 

(69.) The first and last of the propositions here 
proved have been each caUed the Principle of the 
Lever. Proposition I. is the principle in its sim- 
plest form ; and Proposition Y • in its most general 
form. 

(70.) In speaking of rotation, we shall often 
employ the method just adopted of specifying the 
two different kinds of rotation, by reference to 
the familiar case of the hands of a watch. For 
brevity, we fjhall say, when the body turns round 

* This is a convenient way of speakmg of rottation, hi order 
to dlatingiiiBh between the two different ways ip which a body 
may tun. 
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the same way as the hands of a watch^ it is a for- 
ward rotation ; but when the opposite way, it is 
a backward rotation. Thus, to a person looking 
towards the north, the sun, moon, and stars have 
a backward rotation round the pole; but, to a 
person looking towards the south, they have a 
forward rotation: in one case the heavens turn 
about the pole backtvards^ in the other case, for- 
wards. 

PROBLEMS AND EXAMPLES. 

Ex. 1. If Wsmd P be two forces which balance 
each other, acting on a lever A By at right angles 
to A By C being the fulcrum (see fig. 59), and if 
Tr= 10 P; what part oi AB is AC? 

Ex.2. If ^C=10, BC = Sy and Tr=40; 
find P. 

Ex. 3. If AB = 20, and W^= 4P; find ^C. 

Ex. 4. If the pressure on the fulcrum be 50, 
and jBC = 4.AC; find P and W. 

Ex. 5. Supposing that P does not act at right 
angles to AB, but is inclined to A B at an angle 
which we shall denote by a ; find P, when W = 100, 
AC =lyBC^4:y a = S0\ 

To do this we must draw a proper figure, ac- 
cording to the numbers here given, and measure 
the perpendicular from C upon the direction of P 
produced, if necessary. We shall find that the per- 
pendicular is 2 ; and then we have, by Prop. III., 

2 : ^C(or 1) :; W(pT 100) : P; 

and therefore, P = s = 50. 

Ex.6. K W^lOO, ^C = 2, BC^4:, and 
= 60°; find P. 
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Fig. 65. 




Ex. 7. If P = 20, ^C = 10, BC = 10, and 
a = 45« ; find W. 

Ex. 8. If W^ = 100, 
^C = 1, 5C = 4, and 
P = 75 ; find a. 

In this example, let 
CD, fig. 65, be the per- 
pendicular let fall from C 
upon D J5, the direction of 
P y then, by Prop. III., 

P(or 75) : W{pT 100) :: AG {on 1) : CD ; 

'• ^^- 75 ""3' 

Hence, In the right-angled triangle CD By we 

4 
know that C-B is 4, and CD - , and we can thence 

find the angle CBD, or a ; for, measure a line CB^ 

equal to 4, and on it describe a semicircle CDB;"*" 

4 
then with Cas centre, and - as radius, describe a 

circular arc cutting the semicircle at D, and draw 
the lines CD and DB ; then DB C is the angle a, 
and we find a by measuring the angle DB C. 

It is important to remember this method of 
construction, as it is often useful. It depends 
upon the principle (proved in Euclid, Book III.) 
that the anple in a semicircle is always a ri^ht angU^ 
that is, that the angle B DO 18 always a right 
angle, whatever point of the semicircular circum- 
ference D may be. Bearing this principle in 
mind, it is evident, that, by this method of con- 

* By finding the middle point of CB, and describing a half- 
circle with that point as centre, and half of C^ as radius. 
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struction, we have formed a triangle BDG^ in 

which one angle, Z>, is a right angle ; the opposite 

4 
side, BC^ is 4; and the side DC^ -. This is 

exactly the triangle required to be constructed, 
and therefore DBG is the angle required to be 
found. 

Ex. 9. If W= 50, AC =2, 5C= 7, and 
P = 60; find a. 

Ex. 10. If P makes an angle 45° with AB, and 
W an angle 30% and if TT = 10 P ; find what part 
AC IS of AS. 

Ex. 11. If P and W make equal angles with 
AB^ and P = 10^; find what part AG is of 
AB. 

Ex. 12. If P= 10, and is inclined to AB at an 
angle 60'', and if GB = 4:; find the moment of P. 

Ex. 13. On the same supposition, except that 
CB is not known, find CB when the moment of 
P is 400. 

Ex. 14. There are three forces, P, Q, and B, 
tending to turn a lever the same way, and two 
forces, S and y, tending to turn the lever the 
opposite way ; also, the perpendiculars from the 
fulcrum upon these forces are respectively p, q, 
r, 8y and t Supposing that P = 3, Q = 4, ^ = 6, 
8=9, T=4:, p = l, q = S, /• = 2, s=l, ^=10, 
find the moment of each of the forces. 

Ex. 15. On the same supposition, find the 
total moment of all the forces. 

Ex. 16. Supposing P, Qy and Sy alone to act 
on the lever, and that they balance each other, P 
being 4, Q=:10,/?=l, <7 = 2, « = 7; find >S^. 

Ex. 17. On the same supposition, if P = 4l, 
Q^IO, 8=6, p=2, 8=^3; find j. 
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Problem VIII. 

If A By fig. 66, be a rod or beam, in a horizontal 
p. gg position, having at one end 

A, a hinge or fulcrum, and 
the other end B supported 
by a weight P, hanging by 
a string which passes over a 
pulley C, and is fastened io 
the beam at B ; it is required 
to determine the condition of 
equilibrium* 

Let a perpendicular, AD, be drawn from the 
fulcrum A to BD, the direction of the string pro- 
duced; then, the forces which act on the beam 
are, first, its weight W vertically at its middle 
point 6r, and secondly, the tension of the string 
in the direction B C, which tension is equal to the 
weight P. Also, the perpendicular distances of 
these forces from the fulcrum are AG and AD. 
Hence, by Prop. III. we have, 

P : W M AG I AD, 

which is the condition of equilibrium required. 

Ex. I. If fr= 20, and the angle ABD = 30°; 
find P, 

In this example draw a proper figure, according 
to the numbers given, and so find ADhj measure- 
ment ; then the proportion obtained in the Pro- 
blem will give P by the rule of proportion. The 
^ of ABiQ not given, because it is not neces- 
t it should be, but it may be assumed of 
renient length, say 10, m \?\)iAv Qa&^ AG 
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Ex. 2. If W— 10, and the angle ABB = 60%- 
find P. 

Ex. 3. If P = 10,and the angle -4jBi) = 45°; 
find JF. 

Ex. 4. If JF=z 10, and P==8, find the angle 
ABB. 

Here, by the proportion, assuming JB =10 , 
we find 

S : 10 :: AG : 10; 

and therefore A = 8. 

Hence we must, as in a former case, measure a 
line AB, fig. 67, equal to p,^, 67 

10, on it describe a semi- 
circle; also, with A as 
centre and 8 as radius, 
describe a circular arc 
cutting the semicircular 
circumference at B: then, 
drawing the lines AB^ BBy the triangle ABB 
will be properly constructed to represent the 
triangle ABB in fig. 66. Wherefore, if we 
measure ABB, we shall find the required angle. 

Ex. 5. If 3 W= 4 P, find the angle ABB. 

Ex. 6. If W=2F, find the angle ABB. 

Ex. 7. If Tr=3P, why cannot the angle 
^5Z> be found? 

Problem IX. 

AFyfff. 68, is a horizontal line, AB is a beam 
hatinff a hinge at A, and supported in an inclined 
position by a string ABC, passing oter a pulley C, 
and ^am'n^ a teet^^t JP suspended; also, anotTicr 
ur^j^j^ Q is suspended from B, and the iceight of tlie 
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Fig. 68. 




beam is balanced by these two. It is required to 

express the condition of equi- 
librium. 

Let a perpendicular AD 
be drawn from the fulcrum 
A to BDi the direction of 
the string CB produced; 
also, let the vertical lines 
drawn downwards from G 
and J5, meet the horizontal 
AF Rt iJ and F. Then the mome^U of TT is 
WxAE, and that of Q is QxAF; and these 
two forces tend to turn the lever downwards about 
A. Also, the moment of the tension of CJ5, which 
tension is equal to P, is P X, AD^ and this tends 
to turn the lever upwards about A. 

Hence, by Prop. V., the total effect of these 
forces is the sum of the two downward moments, 
WxAE+QxAF, deducting the upward 
moment^ PxAD. But if the lever be held at 
rest by the forces, this effect must be nothing : 
wherefore, the opposing moments must be just 
equal to each other, that is, we have 

WxAE + QxAF=^PxAI), 

which is the condition of equilibrium required. 

Ex. 1. If W^==10, Q= 10,angle5^i^=30°, 
angle ABB = 30° ; find P. 

Ex. 2. On the same supposition, only that 
angle ABB = 60° ; find P. 

Ex. 3. On the same supposition, only that 
le ABB =^4.5% and Q=^20; find P. 
3x. 4. If Q=»^, P^SJF, and angle 
LjF'^20°; find angle ^:B2>. 
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Ex. 5. If Q = 2W, 2P = 5W, and angle 
5^jP=60°; find angle -^ if i>. 

Ex. 6. On the same supposition, only that 
angle ABD is given to be equal to 60°; find 
angle BAF. 

MATHEMATICAL SOLUTIONS OF THE ABOVE 

PROBLEMS. 

Problem VI I L Let angle ABD = 9; then, 
AD = AB sin. $ ; wherefore, 

P : W :: AG : AB sm. 9. 
W.AG W 



Whence P = 



A B sin. 9 2 sin. 9 



This equation gives P in terms of W and 0, 
and by it we may solve any of the examples above 
given. 

Problem IX, Let angle ABD = 0, and angle 
BAF=a; then A D= AB sin. 9, AF= AB cos,ay 
and AF:=A G cos. a : wherefore, 

W.AG COS. a + Q. AB cos. a = P. AB sin. ft 

Whence, observing that AB = 2AG^ we find 

(^+2 0) cos. a 



P = 



2 sin. 9 



This equation gives P in terms of W, Q, a, and 
0, and by it any of the examples may be solved. 



CHAPTER III. 

THE COMPOSITION OF FORCES ACTING AT THE 

SAME POINT. 

(71.) One of the most important parts of me- 
chanics is that which teaches how to find the 
resultant of two or more forces acting at the same 
point, for, by means of the rules for the composition 
of such forces, a considerable number of mechanical 
investigations are carried on. Indeed, this part 
of the subject is, properly speaking, the beginning 
and foundation of the whole range of the mecha- 
nical sciences, though, for the sake of making the 
student's progress more easy, we have introduced 
the principle of the concurrence of three forces, 
and the principle of the lever, previously. We 
shall in the present chapter enunciate and prove 
the celebrated rule, or principle, called the paraHelo- 
gram of forces^ which enables us to find the result- 
ant of two forces, and thence, of any number of 
forces, acting at the same point. This rule may 
be deduced from the principle of the lever, and 
we shall show in what manner ; but we shall also 
prove it independently of that principle, as most 
nters on the subject of mechanics consider that 
parallelogram of forces should be made the 

adation of the subject, and therefore be proved 

jpendently of any other principle. 
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PRINCIPLE OF THE PARALLELOGRAM OF FORCES. 

If two forces^ represented by the lines AG^ ADy 
Jig. ^^ , act at the same point p. gg 

Ay and if a parallelogram 
A GBD be formed upon AC 
and ADy the diagonal AB 
of that parallelogram will 
represent the resultant of the 
two forces, 

(72.) In this enunciation the student will re- 
member the meaning of the word representy as 
explained at length in page 64. The forces repre- 
Bented hj AC and A By are forces acting in the 
directions in which these two lines are drawn, and 
containing each as many pounds as there are units 
in the lines A C and A B respectively ; and the 
same may be said of the force represented by A B. 
Hence, according to the principle here stated, if 
we wish to find the resultant of two forces acting 
at the same point Ay all we have to do is, to draw 
from A two lines, J. Cand A By in the direction in 
which the two forces act, and measure them accord- 
ing to any convenient scale, (see page 68,) so that 
there shall be as many units m AG as there are 
pounds in the force acting in that direction, and as 
many units in ^D as in the force in that direction. 
Then we must construct upon A C and A B the 
figure called a parallelogramy which we do by 
drawing GB parallel to A By and BB parallel to 
A C, to meet at B ; and, having drawn the diagonal 
A Bf we must measure it and find how many units 
it contains. Then the resiiltant of tlae t\JO ^oxe.^'^, 
JC and AD, is a force of as maiiy 'gowxAa ^^ 
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Fig. 70. 



there are units In A jB, and it acts in the direction 
in which AB is drawn. 

We shall prove the truth of the principle of the 
parallelogram of forces, in the following two pro- 
positions, of which one shows that the direction 
of the resultant is that in which AB is drawn, 
and the other, that the magnitude of the resultant 
is represented by the length of AB^ that is, that 
there are as many pounds in the resultant as there 
are units in A B, 

Proposition VI.* 

The diagonal A B of the parallelogram AGBD^ 
represents the direction in which the resultant of the 
forces A C and A D acts. 

Let A CBD, fig. 70, represent a rigid body 

in the shape of 
a parallelogram, 
and let us sup- 
pose that the 
side A C con- 
tains a certain 
number of units, 
say two, viz. 
^^and £JC, and that the side AD contains, say 
three units, viz. AG, GI, and IB, Draw the 
lines HG and KI parallel to A C, and the line EF 
parallel to AD, crossing the two former lines at 2/ 
and M. The parallelogram is thus divided into 
6 small parallelograms, 1, 2, 3, 4, 5, 6, and every 
side of each of these parallelograms is unity. 

Let us suppose that four forces, each a pound, 
act along the sides of parallelogram 1, two at A, 
and two at Z, as is represented in the figure. 

♦ For a different proof of this propocdtion, founded on the 
principle of the hrer, see page 141. 
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Let us also suppose that four such forces act along 
the sides of parallelogram 2, two at jE> and two at 
JST, as is shown in the figure. And likewise, along 
the sides of each of the parallelograms, 3, 4, 5, 
and 6, let us suppose that four forces, each a 
pound, act, two at G and two at My two at L and 
two at jBT, two at / and two at F^ two at M and 
two B,t B ; as is shown in the figure. 

Now, the diagonal AL of parallelogram 1 
bisects the angle EAGy and the angle ELG also, 
because the sides of the parallelogram are all 
equal ;"'^ and the resultant of the two equal forces 
at A also bisects the angle EAG,hy Axiom VIII. ; 
therefore the resultant of the two forces at A acts 
along the line AL. In like manner, it may be 
shown that the resultant of the two forces at Z, 
(acting along LE and LG,) acts along the line 
LA. These two resultants, therefore, act in 
opposite directions, and they are manifestly equal, 
because the forces at A and at L are equally in- 
clined to each other. Hence, by Axiom IX., the 
two resultants, and therefore the two pairs of 
forces at A and L, balance each other. 

In like manner it may be shown, that the four 
forces acting along the sides of parallelogram 2, 
two at E and two at 11, balance each other, and 
the same may be said of the other parallelograms 
3, 4, 5, and 6. It appears, then, that the whole 
set of forces represented in the figure balance 
each other, and that the whole rigid parallelogram 
under their action has no tendency to move. 

* This may be shown by Euclid, Book i. or by measurement, 
if the student does not know anything of Euclid. By Euclid, 
Book i. Z EA L = /. E L A, because E A = EL ; also, 
A E L A = z. OA Li because A E is parallel to QL : there- 
fore /. EAL= LOAL. 
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Fig. 71. 



But the forces acting along the lines EF, GH, 
IK, all balance each other, for they consist of 
pairs of equal and opposite forces, as is evident 
by inspecting the figure ; for instance, along EF 
there are a pair of equal and opposite forces acting 
on the line ELy another pair on the line LM, and 
another pair on the line MF. All these pairs of 
forces, since they balance each other, may, by 
Axiom II. be removed, and then there remain only 
the forces acting along JCy JD, BGy and BDy as 
is shown in fig. 71. 

It appears, then, that the forces represented in 

fig. 71, balance 
each other with- 
out the assistance 
/ / / /of the forces on 

^A / -A /^ the lines EF, EG 

and KI repre- 
sented in fig. 70. 
The rigid paral- 
lelogram, therefore, has no tendency to move when 
the forces shown in ^g, 7 1 act upon it, and by the 
principle of the transmission of force through a 
rigid body, we may suppose the forces along A 
to act all at A ; those along AD at A, those along 
£C at B, and those along BD at B. 

Now, these forces are represented by the sides of 
the parallelogram ; for, along A (7, which is 2 
units long, we have 2 pounds acting; along AD, 
which is 3 units long, we have 3 pounds acting ; 
along BD, which is 2 units, we have 2 pounds ; 
and along BC, which is 3 units, we have 3 pounds. 
We have proved this to be true on the supposition 
+^at the sides of the parallelogram are 2 and 3 
actively ; but if they had been 4 and 5, 6 and 
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11, or any other numbers whatever. It is manifest 
from the nature of the case, that the same conclu- 
sion and result would have followed. 

Hence, we conclude in general, that if AGBD, 
fig. 72, be a rigid body in Fig.n, 

the shape of a parallelogram, 
and if four forces represented 
by its sides act upon it, two, 
namely AC and AD^ at A^ 
and the other two, namely 
£ C and BD^ at jB, the paral- 
lelogram will not have any tendency to move. 

Let R represent the resultant oi AG and AD^ 
and ^that of BC and BD, then, since the forces 
A C and AD balance the forces B C and BD, it 
follows that B must balance S> Therefore, by 
Axiom XII., B and aS must be exactly equal and 
opposite, which cannot possibly be the case ex- 
cept both act along the line AB, 

It follows then that B, the resultant of the 
forces AC and A]), acts along the line AB ; in 
other words, the resultant of the two forces repre- 
sented hy AC and AD acts in the direction repre- 
sented by AB. Which was to be proved* 

Proposition VII. 

The diagonal AB represents also the magnitude 
of the resultant of the forces represented by AG 
and AD. 

li AB does not represent the resultant in 
magnitude, suppose, if possible, that some other 
length, AGi fig. 73, does; draw DE parallel to 
ABy to meet GA produced in Ey thus forming the 
parallelogram ABDE; draw CfJP' parallel to AE^ 
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and join AF: AE is evidently equal to AC, for 
both are equal to BD. 

Fig.n. Then, let us sup- 

pose that the three 
forces represented by 
AG, AD, and AE, 
act at A. Of these, 
the two forces A D 
and ACsTG equivalent 
to their resultant AG; 
therefore, the three forces AD, AC, and AE, 
produce the same effect as AG and AE together; 
but these two forces also produce the same effect 
as their resultant, which, by Prop. VL, must act 
along the diagonal {AF) of the parallelogram 
AGFE; therefore the forces AD, AC, and AE 
together produce the same effect as a force acting 
along AF. 

Now we may consider the three forces AC, AD, 
and AE somewhat differently ; iot AC and A E, 
being equal and opposite forces, may be removed ; 
therefore AD alone must produce the same effect 
as the three forces, that is, as we have proved, the 
same effect as a force acting along AF. But this 
cannot be true unless AF and AD lie in the 
same direction with each other, in which case the 
points F and D, and therefore the points G and 
B, must coincide, so that AG and AB must be 
one and the same line. 

Hence A G must be the same length as A B, 
and therefore the magnitude of the resultant of 
A C and AD is represented by A B. Which was to 

^ have now completely proved the principle 
t parallelogram of forces, by independent 
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reasoning. To deduce it from the principle of the 
lever, we must substitute for the demonstration of 
Proposition VI. above given, the following, de- 
pending on Proposition III. 

Proposition VI. (otherwise proved.) 

Let A GBD, fig. 74, be Fig. n. 

supposed to be a lever in ^z^"" .. 

the shape of a parallelo- "••-.. 

gram, B being the fill- ^ "— 

crum, and suppose that / ^^-^^^^/ 

two forces represented / ^..-^'^^ / 
hj AC and A D act upon ^/^-"^^"^ / 

it. Draw B P and B Q J> ^ 

from the fulcrum, upon the directions of the two 
forces produced, and join A and B. 

Then, by the first and second books of Euclid, 
the area of the triangle ABD is equal to 
AD xBQ^ and the area of the triangle ACB is 
equal to AOxBF; also, the two triangles are 
equal to each other : therefore we have 

ACxPB=^ADxBQ. 

And therefore, by the rule of proportion, 

AC : AD :; BQ : BP. 

Hence the forces are to each other inversely as 
the perpendiculars upon them from the fulcrum, 
and therefore they balance each other, by Propo- 
sition III. 

Now, if the two forces balance each other, their 
resultant cannot have any tendency to turn the 
lever about the fulcrum, therefore it must act 
along the line AB, for if it fall on one side or the 
other of this line, it would not pass thxou^ \)ei^ 
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fulcrum, and would be therefore sure to turn the 
lever about the fulcrum. 

Hence the resultant of AC and AD acts in the 
direction represented by the diagonal AB. Which 
was to be proved. 

Proposition VIIL 

If three forces, acting at the same point, balance 
each other, they must be proportional to the sides of 
the triangle formed by any three lines parallel to their 
directions. 

Fig. 75. Let AC, AD, and 

AE, fig. 75, represent 

the three forces; draw 

/ CB parallel to AD^ 

2> and DB to Ad and 




—-^ 



-^^ 




join A and B> Then, 
since AE balances AC 
and AD, AE must 
balance the resultant 
oi AC and AD ; but 
AB represents that resultant by parallelogram of 
forces; therefore AE balances AB, and conse- 
quently AE and AB must be equal and opposit^^. 
(Axiom XII.) wherefore AE and AB lie in the\ 
same straight line, and are of the same length. 

Hence the sides of the triangle ABD represent 
the magnitudes of the three balancing forces, A C, 
AD, and AE ; for BD is equal in length to A C, 
and A B, as we have proved, is equal to A E. 

Now form a triangle HK L by drawing any 
three lines, HKL, parallel to the three forces, 
A C, AD, AE; or, what is the same thing, parallel 
to the sides BD, DA, AB, of the triangle ABD. 
Then the triangle HKL will be exactly similar in 
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form to the triangle ABD^ differing from It only in 
size;* in fact, HKL will be a copy, either en- 
larged or diminished as the case may be, of the 
triangle ABD; so that the corresponding sides of 
the two triangles will be proportional to each 
other. For example, if AD be twice BDy and 
AB three times BD, KL will be twice HKy 
and ZJy will be three times HK. 

Hence, since BD^ AD^ and AB represent the 
magnitudes of the three balancing forces, and 
since these lines are proportional to HKy^ KLy 
and LHy respectively; it follows, that the three 
balancing forces are proportional to the sides of 
the triangle HKL formed by any three lines 
drawn parallel to the forces. 

Observe, each force is proportional to that side of 
the triangle which is parallel to it. Thus AC is 
proportional to HKy AD to KL, and AE to LH. 

Corollary 1. — If a triangle be formed by three lines 
at right angles to the directions of three forces which 
balance each other ^ the forces are respectively pro* 
portional to the sides of the triangle so formed. 

If we draw lines AB, BC, and CA, fig. 76, 





parallel to the forces B, P, and Q, which balance 
each other, the sides of the triangle so formed are 

I » The student who has read the Sixth Book of Y^McW^mW 
onderstand clear^ what ia meant by similar triangles m\\iQ\i\> 
; thig expiMnMtioiL 
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proportional to the forces respectively. Now let 
AS G be a triangle of exactly the same shape 
and size as ABC^ only in a difiFerent position, 
beina^ turned round through 90** from the position 
of ABC; then -4' 5' will be at right angles to 
AB, ACf to AC, and B C to BC. Also, the 
sides of the two triangles being equal to each 
other, the forces, which are proportional to the 
sides ot ABC, must also be proportional to the 
sides of jfB C. 

Now A'C B' is a triangle formed by lines at 
right angles to the forces, and its sides are pro- 
portional to the forces ; namely, each side is pro- 
portional to the force to which it is perpendicular. 

Corollary 2. — The same would be true if A' B* C 
had been turned round through any other angle 
besides 90** from the position oi AB C. 

This is a very important proposition in the 
solution of problems. 

Proposition IX. 

To find the resultant of any number of forces acting 
at the same point. 

JjQi AByAG, AD, and 
AE, fig. 77, represent the 
forces ; on AB and A C form 
the parallelogra/m ^5 i^C, 
and draw the diagonal AF; 
on AF and Ajp form the 
parallelogram 
draw the dia 
on j4 6r and A 
parallelogram 
draw the di 
Then AH re 
resultant req 



Fig. 77. 



---?'^\ 



J* 




i^GAand 
nal AG; 

form the 
6? iff J5, and 
onal AH, 
esents the 

d 
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For, by the Parallelogram of Forces, the force 
AH h equivalent to the forces AE and AG; 
therefore, since AG ia for the same reason equi- 
valent to AD and AF^ AH is equivalent to AE^ 
AB^ and AF ; therefore, since AF is in like 
manner equivalent to -4C and AB^ A His equi- 
valent to AEyAD, AC, and AB ; in other words, 
AH ia the resultant required. Which was to be 
done. 

It will not be necessary to draw all the lines in 
the figure in order to find the resultant AH; it 
will be suflScient, as in fig. 78, Fig. 78. . 

to draw B ^parallel and equal ^ 

to ACy FG parallel and equal 
to ADy ffiy parallel and equal 
to AEy and then, by joining 
the points A and H, we find d* 
the resultant AH: for this 
evidently comes to the same 
thing, as if we constructed 
each of the parallelograms as 
above, and so found AH, ^ *b: 

This proposition, showing 
how to determine the resultant of a set of force 
by means of a polygon, is often called the Polygon 
of Forces. 




Proposition X. 

To determine whether a given set of forces applied 
to a point are in equilibrium or not. 

Let ABy ACy ADy and AEhe the given forces 
(fig. 78, previous Proposition), and find their re- 
sultant (AH) in the manner just explained ; then 
the given forces produce the same effect as A " 
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and therefore, if A JST turns out to be nothing, i. e. 
if the point H coincides with A^ the forces pro- 
duce no effect ; or, in other words, they balance 
each other. Hence the forces will be in equi- 
librium, if the point H coincides with A ; other- 
wise they will not. Which was to be determined, 

MATHEMATICAL FORMULA. 

Before we proceed to give examples and pro- 
blems illustrative of the propositions just proved, 
we shall briefly deduce the mathematical formulae 
which are applicable in the composition and reso- 
lution of forces. This is intended of course only 
for those students who have some acquaintance 
with Algebra and Trigonometry. 

Proposition XI. 

To express the parallelogram of forces y and the 
condition of equilibrium of three forces acting at the 
same point, by mathematical for muloe, {Page 135.) 

Let us represent the two forces A D and A G 
by P and Q, and the resultant A B hj B; also, 
let a denote the angle CA D which P and Q make 
with each other; then, referring to fig. 69, we 
have, in the triangle AB D^ 

DA=P, BI>=z.AC=Q, AB = R, 
^^i)J9=180°- A CAD =180'' — a. 

Now, by trigonometry, we have 

AB' = AI)' + BD'-2AD.BDco8.JDB. 

Whence, since cos. (180** — a) = — cos. a, we 
find 

B'^P'-h Q' + 2PQco&.a. . . . (1.) 



i 
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This formula gives B in terms of P, Q, and a, 
and, in fact, expresses the parallelogram of forces 
mathematically. 

Again, referring to Proposition VIII. p. 142, iSg. 
75, we have, by trigonometry, from the triangle 

ABDy 

AB BD AD 



AslABB Bin. BAB Bm.ABB 

Now, lABB=:180'-jLCAD, lBAD^ 
180°- LEAD. 

And LABD^ L CJ.5=180»- l CAE. 

Wherefore we find, observing that B D ^ AG^ 
9xAAB^AE, 

AE AC AD ^ ^ (^2.) 



ein. CA D sin. EA D sin. CAE 

In other words, the three forces AEy ACy AD^ 
which balance each other, are respectively propor- 
tional to the sines of the angles they make with 
each other ; that is to say, each force is propor- 
tional to the sine of the angle made by the other 
two forces ; ^ ^ to the sine of the angle made by 
A C and AD^ AC to the sine of the angle made 
hj AE and A i), and AD to the sine of the angle 
made hj AE and A C, 

This is the condition of equilibrium of three forces 
acting at the same point expressed mathematically. 
Which was to be done. 

Proposition XII. 

To find the formuUe for resolving and compounding 
forces rectangularly. 
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Fig. 79. 



Let X and Y be two forces represented hj AD 

and AG^ fig. 79, the angle 
CAD being a right angle, and 
let B be the resultant oi X and 
r, which will of course be re- 
presented by the diagonal A B 
of the rectangle ACBD; also, 
let 6 denote the angle BAD, which B makes with 
X. Then we have, (observing that BD iszAC^s^Y^ 
AD^X,9xAAB:=^By) 




^2> 



x=^cos. e, r=i?sin. e 

tan. ^ =s ^ 



. . (3.) 



These formulae give X and Y in terms of R and 
6, B in terms of X and F, and 5 in terms of X 
andF. 

Now, X and F are called rectangular components 
of ^, and when we find X and F in terms of B 
and ^, we resolve B into rectangular components, 
and if we find B and in terms of X and F, we 
compound the rectangular forces Xand Finto their 
resultant B. Which was to be done. 



Proposition XIII. 

To determine mathematically the resultant of a 
given set of forces acting at the same pointy and the 
conditions of their equilibrium. 

Let the forces be represented by B^ B\ B' ', 
&c., and suppose that they make angles ^, 0\ 0'\ 
fee. with a given line AD^ fig. 80. Resolve 
these forces rectangularly into forces acting along 
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and at right angles 
to AD; then the 
forces Ry R\ B'\ 
&C. will, bythe pre- 
ceding proposition, 
be equivadent to the 
foUo wingacting along 
ADy viz. : — 

B COS. 0y B' COS. 0\ B" COS. 6", &c.; 

together with the following acting at right angles 
io ADy viz. : — 

i2 sin.^, B' sin. 0\ B" sin. d'\ &c. 

Wherefore, the whole set of forces, B, B\ B'\ 
&c, are equivalent to the two total forces, which 
we shall for brevity denote by X^ and F^, 
namely, 

X, = B COS. + B' COS. 0' + B" cos. 0" + &c. 
acting along A D. 

And Y,^B sin. + B' sin. ^ + JS" sin. 0" + &c. 
acting at right angles to A D. 
. Let B^ be the resultant of X and F, , and 
therefore of JS, B'^ B'\ &c. ; and let 0, denote the 
angle which R, makes with AB ^ then, by Prop. 

tan.0,= J' r ^^'^ 

The first of these equations gives R, the resul- 
tant of the forces, and the second gives the angle 
©, at which B, is inclined to ^ Z>. Thus the 
resultant is determined completely. 
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If the forces be in equilibrium, their resultant 
R must be zero, and therefore we have 

which, since squares are always positive, and can- 
not therefore cancel each other, requires that X^ 
and Y, shall be each of them equal to zero. We 
have therefore, putting for X, and Y^ their values, 

B cos. + iZ' COS. 0' + R" COS. 0" + &c. =0*1 f^. 
^sin. 0+ ^sin. 9 + ^"sin. 9' + &c. =0/ ' ^^'> 

These equations express the two conditions 
necessary for the equilibrium of the forces JS, R \ 
R ' ', &C. Which was to be done. 

This proposition is nothing more than Proposi- 
tions IX. and X. expressed mathematically. 



PROBLEMS AND EXAMPLES. 

Examples of the Parallelogram of Forces. 

Simplified Constrtiction. — When we employ the 
parallelogram of forces graphically, it is only neces- 
sary to draw the triangle AB D, fig. 69; for the 
two forces, and their residtant, and the angles 
which they make with each other are all contained 
in this triangle. Suppose then that the two forces 
and the angle which they make with each other 
are given, and it is required to find the resultant 
graphically ; we may proceed as follows : — 

Draw a line AF, fig. 81, measure upon it a 
portion A D, containing as many units as there 
are pounds in one of the given forces; draw £> G, 
making the angle GD F equal to the given angle 
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at which the two forces are ^^* ®^- 

inclined to each other, and 
measure upon JDFb. portion 
D By containing as many 
units as there are pounds in 
the other force. Then join 
A and -B, and A B will re- 
present the required resultant ; so that, by measur- 
ing the number of units in AB^ we shall know 
how many pounds there are in the resultant; and by 
measuring the angle B AD^we shall know at what 
angle the resultant is inclined to one of the forces. 

That this is so may be shown by completing the 
parallelogram ACBD by drawing the dotted lines 
A C and C B ; for it is evident that A C and A D 
are the two given forces, and that they make the 
proper angle OAD with each other; AG\^ equal 
to BDy and the angle CAD is equal to the angle 
GDFy because ACBD is a parallelogram. It 
is clear then that AB thus constructed is the 
proper resultant. 

The following examples may be easily con- 
structed by the triangle ABD. 

Ex. 1. — Find the resultant of the forces 3 lbs. 
and 4 lbs. when they are inclined to each other at 
an angle of 90°. 

Ex. 2. — Find the resultant of the same forces 
inclined at an angle of 45"" to each other. 

Ex. 3. — Find the resultant of the same forces 
inclined at an angle of 135** to each other. 

Ex. 4. — What is the least and what is the 
greatest resultant that two forces, 8 lbs, and 24 lbs., 
can have ? 

Ex. 6. — At what angle do the forces 4 and 7 
act when their resultant is 9 ? 
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In this case the three sides of the triangle 
ABD, fig. 81, are given, viz. AD = 7, 52) = 4, 
AB^9; and it is required to find the angle BDFy 
which, as we have shown, is equal to the angle 
at which the two forces act. To do tliis, draw 
A F, and measure a portion ^ D on it equal to 
7 ; with centre A and radius 9 describe an arc of 
a circle, and also with centre D and radius 4 de- 
scribe another arc of a circle. Then the point 
where these two arcs intersect will be the point 
fi, and we have only to draw the line BD, and 
measure the angle BDFy and we shall so find the 
angle at which the two forces act. 

This is a case where three sides of a triangle are 
given, and it is required to construct the triangle 
and measure one of its angles, or rather one of 
what are called its exterior angles. 

Ex. 6. — At what angle must the forces 6 and 8 
act in order that their resultant may be 10 ? 

Ex. 7. — Two forces, one of which is 7, and the 
other unknown, act at an angle of 60** ; what must 
the unknown force be, in order that the resultant 
of the two may be inclined at an angle of 45° to 
the known force ? 

In this case AD, fig. 81, is 7, L BDF = 60% 
and L B AD =^ 45° ; it is required to find 
DB. 

Ex. 8. — On the same supposition, what must 
the unknown force be, in order that the resultant 
may be inclined at an angle of 30° to the known 
force ? 

Ex. 9. — On the same supposition, what must 
the unknown force be, in order that the resultant 
may he 14 ? 
Fx, 10. — On the same B\lp^JO«^^AO\i, ^\^\. m\3a\» 
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the resultant be, in order that it may be inclined 
at an angle of 20^* to the unknown force ? 

Ex. 11. — The resultant of two forces is 10, and 
it makes an angle of SC* with one of the forces, 
and of 90** with the other; find the two forces. 

Ex. 12. — Kesolve a force 10 into two other 
forces at right angles to each other, one of them 
making an angle of 60° with the force 10. 

Ex. 13. — Kesolve a force 12 into two others 
at right angles to each other, and both equally 
inclined to me force 12. 

Ex. 14. — A force 10 acts obliquely at an angle 
of 60° to the horizon ; resolve it into two forces, 
one horizontal and the other vertical. 

Ex. 15. — The horizontal and vertical com- 
ponents of a force are 6 and 3 ; what is the force, 
and at what angle is it inclined to the horizon ? 

When we speak, as we do here, of the horizontal 
and vertical components of a force, we mean the two 
forces into which it may be resolved, of which one 
acts horizontally and the other vertically. When 
a force is resolved horizontally and vertically in 
this manner, the horizontal component is often 
called the horizontal effect of the force^ and the 
vertical, the vertical effect, 

Ex. 16. — What horizontal effect does a force 
10, inclined at 60° to the horizon, produce ? 

Ex. 17. — The horizontal component of a force 
is double its vertical component ; at what angle to 
the horizon is the force inclined ? 

Ex. 18. — The vertical component of a force is 
half the force ; at what angle to the horizon is the 
force inclined ? 
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Examples of the Polygon of Forces. {Prop, IX.) 

Ex. 1.— If the forces AB, AC, AD, and AE, 
fig. 77, be respectively 4, 6, 8, and 10, and if the 
angles BAG, CAD, bxADAE, be respectively 
90% 60% and 30% find the resultant. 

Ex. 2. — Supposing that there are but three 
forces, ^ J? = 10, ^(7= 10, AD = 8, and that 
the angles BAC and CAD ^e each 120**; find 
the resultant. 

Ex. 3. — Making the same supposition, except 
that AG=sS and AD = 4 ; find the resultant. 

Ex. 4. — Making the same supposition as in Ex. 
2, except that AD is imknown; find what AD 
must be, in order that the resultant may be 6. 

Ex. 5. — If the angles BAG and GA D be each 
45°, and the forces each 10, find the resultant. 

Ex. 6. — Making the same supposition, except 
that -42) is unknown ; find what AD must be, in 
order that the resultant may be inclined at an 
angle of 60° to AB. 

Ex. 7. — On the same supposition, what is AD 
when the resultant acts in the same direction 
as^C? 

Examples of the Equilibrium of Forces. 
{Props. VIIL and X.) 

Ex. 1.— Three forces, ^dC, AD, AE, (fig. 75,) 
balance each other, the angles CAD saidDAE 
being 90° and 40% and AG is 10; find AD 
and AE. 

Ex. 2. — Three forces, 4, 8, and 12, balance each 
other ; at what angles are they inclined to each 
other ? 



f 
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Ex. 3. — What force will balance the forces 
1 6 and 10 acting at an angle of 60°? 

Ex. 4. — Four forces, as in fig. 77, balance each 
other, of which AB=^ 10, -4 C = 10, ^ D = 15, 
and ^^=20; also /L BAG— 120^- find the 
angles CAD and DAE. 

Ex. 5. — Making the same supposition, except 
that AE ia unknown, and CAD is 60**; find 
AK 

Problem X. ' 

If a weight W be suspended from two points by 
ike strings A B and A Cy fig. 82, to determine the 
tensions on the strings. 

Let the vertical line DA Fig.s2. 

represent the weight, and draw 
the lines DE and DF parallel 
to the strings. Then the force 
DA is equivalent to the two 
forces represented by EA and 
EA, which are therefore the 
tensions on the strings, as re- 
quired. 

Simplified Construction. — Draw only the lines 
ADy AEy and DE; observing that EAD and 
EDA are equal to the angles which the strings 
make with the vertical. 

Ex. 1. — fr= 10, AB and AC are inclined at 
angles of 30° and 60° respectively to the vertical ; 
find the tensions. 

Ex. 2. — CB is a horizontal line and equal 
to 4, ^ J9 = 3, ^ (7 = 2, and W= 10; find the 
tensions. 

Ex. 3. — CB is horizontal, and -40 = AB ; ^\A 
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the angle CAB, so that the tension on each string 
may be twice the weight. 

Ex. 4. — The strings are not strong enough to 
bear a tension of more than 6 W each ; find how 
great the angle CAB may be without their 
breaking. , 

Ex. 5.—li BAChe one string, A being a little 
smooth pulley from which W is suspended; find 
the tensions when W^= 10, and L B A C=45°. 

In this case the tensions on each side of the 
pulley must be equal, because, if one were greater 
than the other, the pulley being perfectly smooth 
and capable of turning freely, would be set in 
motion by the preponderating tension. 

Ex. 6. — On the same supposition, if the tension 
be 15 on each string, and Z. BAC^ 60*" ; find W, 

Problem XI. 

In the case supposed in Prob. I. p. 95, the weight of 
the beam being given, to find the pressure the beam 
exercises against the waU at A and on the prop at C, 

The forces which keep the beam at rest being 
its weight, the reaction of the wall at A, and the 
reaction of the prop at C, fig. 46, these forces, as 
we have shown, must meet in the point H; and 
therefore we have the case of three forces, balancing 
each other, acting at the same point. Now the 
sides of the triangle C L H, fig. 48, are parallel to 
the directions of these forces, namely, C Hto the 
weight of the beam, LH to the reaction of the 
wall, and C L to that of the prop. Wherefore by 
Proposition VIIL the forces are proportional to 
the corresponding sides of the triangle. If, there- 
fore, W denote the weight of the beam, B the 
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reaction of the wall, and P that of the prop ; we 
have, 

R I W :: LH : CH; 
P : W :: CL : CH. 

liWhQ given, and if GL, HC and LH be de- 
termined by measurement, we may find R and P 
from these proportions by the Rule of Proportion. 
Now R is equal and opposite to the pressure of 
the beam against the wall, and P to the pressure 
of the beam upon the prop ; consequently these 
two pressures are determined, as required. 

Observe, LLGH is the complement of the 
angle of inclination of the beam to the vertical, 
because C 2/ is at right angles to A C. 

Ex. 1. — If PF= 10, and the beam is inclined at 
60° to the vertical ; find R and P. 

Ex. 2. — If W=^ 10, and the beam is inclined at 
30"* to the vertical ; find R and P. 

Ex. 3. — If the beam presses against the wall 
with a force equal to double its weight ; find the 
inclination of the beam. 

Ex. 4. — If the pressure against the wall is half 
the pressure upon the prop ; find the inclination of 
the beam. 

Problem XII. 

In the case supposed in Problem II. the weight 
being given, find the pressure of the beam against the 
waU and upon the prop. {Page 99.) 

The line drawn from A at right angles to 
the wall, the line from at right angles to 
the beam, and the vertical line tlvtoxi^ 6, 
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form a triangle C L H^ whose sides are propor- 
tional to By P and TF, as in the preceding propo- 
sition^ and we have therefore the same proportions, 
viz. 

Bx Wi: LH: CH; 
P : Wii CL : CE; 

by which the problem may be solved. 

Observe, in the triangle CLH^ lHC L\% the 
complement of the inclination of the beam to the 
vertical, and L CHL is the complement of the 
inclination of the wall to the vertical. 

Ex. 1. — 1^=10, the wall makes an angle of 
20°, and the beam an angle 20® also with the ver- 
tical ; find P and B. 

Ex. 2. — The weight of the beam, the pressure 
against the wall, and the pressure upon the prop, 
are all equal to each other ; find the inclination of 
the beam and that of the wall. 

Ex. 3.— Find the same when P = /? = 3 ^T. 

Ex. 4. — When the beam rests in a horizontal 
position, what is the amount of the pressure against 
the wall, and of that on the prop ? 

Problem XIII. 

If A B^ jig, 83, he a heaniy one end of which ^ A, is 
kept fixed by a hinge or fulcrum^ and the other end. 
By supported by a string B C fastened to the fixed 
point ; to find the magnitude and direction of the 
pressure which the beam exercises on the fulcrum A. 

Draw GD through the middle point G of the 
beam to meet the direction of the string pro- 
duced at 2), join AD^ and draw GE parallel to 
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I AD. Then the forces which ^'^•®^' 

j keep the beam at rest are, its ^ . 

, weight, the tension of the / 

i string, and the reaction of the ^ 

; fulcrum; of which forces, the 
former two meet at D. Where- 
fore the reaction of the fulcrum 
must also pass through D, and 
must therefore be a force acting 
in the direction of the line DA, 
Let P represent this force, and 
TTthe weight of the beam: then, in the triangle 
GDEy GD is parallel to W, GE to P, and 
D E to the tension of the string ; therefore, by 
Proposition VIII., we have, 

P : W :: GE : GD. 

Which proportion, when W is known, and G E 
and G D determined by measurement, will give P, 
as required. The pressure of the beam on the 
fulcrum is of course equal, and opposite to P. 

It is not necessary to draw the line GE ; for, 
since G is the middle point of A B, GE is half of 
AD: wherefore, to find G E we have only to 
measure A D and take half of it. 

Ex. 1. — The beam is horizontal, and the string 
is inclined at 30** to the vertical ; find P. 

Ex. 2. — The beam is inclined at 30° to the hori- 
zon, and the string at 45** to the vertical ; find P. 

Ex. 3. — The beam is horizontal, and P is half 
of W; what is the inclination of the string ? 

Ex. 4. — Find the same, on same supposition, 
except that P= PT. 

Ex. 5. — P= W, and the string makea an wv^<fe 
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of 45® with the vertical ; find the inclination of 
the beam. 

MATHEMATICAL SOLUTIONS. 

The Examples of the Parallelogram of Forces, 
and those that follow, may all be solved by the 
formulae given in Propositions XL XII. and XIII. 

Problem X. The same may be said of this 
problem. 

Problem XI. If Q be the angle which the beam 
makes with the horizon, we have, 

LH : CH :: sin. 6 : cos. 6 ; 

CL : GH :: 1 : cos. 6. 

Wherefore the proportions obtained become, 

B I W 11 sin. ^ : cos. ^, and ,\ B= W tan. ; 

P : W :: 1 : cos. 0, and /. P = TT sec. 0. 

Problem XIL In this case, if a be the angle at 
which the wall is inclined to the horizon, and if 
we assume to be the angle at which the beam is 
inclined to the horizon, we have, in the triangle 
LHGy LLGH^e, L GHL^a; an4 therefore, 

E : W :: LH : CE :: sia.e : sm* (a + O); 

I 

P : W i: GL I GH :: sin. a : sin] (a + 0). 
Wherefore 



_ sin. ^„ ^ sin. a 



n^W. 



sin. (o 4- 0) ' sin. (a + 

Problem XII L Let lAGD^ the an^le at which 
the beam is inclined to the vertical, be) denoted by 



I 



STATICS. 161 



I 

I 

ay and L GDBy the angle at which the string is 
I mclined to the vertical, by : then. 

Pi W :: GE : GD :: IAD : G D. 

AD 



Therefore P=;r 



2GD 



Now in the triangle DGB, if we denote &' D 
. by ;r, we have, 

GB : X :: sin. : sin. (a — 0); 

... g^ = a? , ^'f- ^ . find A G=^GB. 
sm. (a — 0) 

Also in the triangle AG Dy 
AD'=^AG'+GD'-2AG, GD cos. a; 

or, ^i)» = xX^^^)\x^-2x^ sinj^a^ 

Vsin. (a — 0)'^ sm. a — 

Hence, 

p_ ™ -4 2) ^\/( sin. Vj-1 2 sin. cos. a. 
'^•2'G^=2 K \sin.(a-0)/ ■^^■" sin. (a-0) 



METHOD OF SOLUTION BY RESOLVING FORCES 

RECTANGULARLY. 

In a great many cases the mathematical solution 
of mechanical problems is considerably facilitated 
by making: use of the conditions of equilibrium 
obtained in Proposition XIII., namely, the two 
equations numbered (5). These conditions may 
be stated thus : — 

If a set of forces acting at the same point balance 
each other, and if we find the rectangular componeTita 

M 
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of each force^ by resohing each force into two others^ 
one of which acts in a certain direction, which we 
may coil the Primary Direction, and the other at 
right angles to that direction; then the sum of all the 
components in the primary direction must be zero, 
and the sum of those at right angles to the primary 
direction mtist also be zero. 

Observe that the rectangular components of any 
force Ry which makes an angle with the primary 
direction, are, 

B COS. along the primary direction ; 

B sin. at right angles to it. 

Also in adding together the components, say for 
instance those in the direction A Z>, we must give 
each component its proper sign, according as it 
tends in the primary direction, or in the opposite ; 
that is, we must consider all the components which 
tend in the primary direction as positive, and thos^ 
in the opposite direction as negative. 

Bearing these observations in mind, we may 
solve the preceding problems in the following 
manner. 

Problem XI. Taking the primary direction to be 
horizontal, the force B acts in that direction, W at 
right angles to it, and therefore B has no compo- 
nent at right angles to the primary direction, nor 
has W a component in that direction : also P 
makes an angle 90° — with the primary direc- 
tion ; the components of P are therefore, P cos. 
(90°— 0), or jP sin. 0, horizontally; and P. sin. 
(90° — 0), or P COS. 0, vertically. Hence we have, 

horizontal components . . B — P sin. = 0; 

vertical components .... — TF-)- P cos. = 0. 
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Here we put P sin. B negative, because we 
assume the direction of B to be the positive direc- 
tion, and it is clear that the horizontal effect of P 
is contrary to B. Also we put W negative be- 
cause we assume the upward to be the positive 
direction. 

Problem XIIL Denoting the tension on the 
string by 7, the horizontal components of the 
forces are, P sin. ^{^ lGDA^:^^^ and T sin. 
; and the vertical components are W^ P cos. 0, 
and Tcos. 0; observing, that 90° — Q and 90°— ^ 
are the angles which T and P make with the hori- 
zon. Hence, giving the components their proper 
signs, viz. P sin. ^ and ^negative, and the others 
positive, we find 

— Psin. + ycos. = 
-^Th-P cos. 0H-r sin. ^ = 

From these equations we may find P by elimi- 
nating 0, but we must also find j^, which may be 
done thus : — 

AG : GB :: sin. : sin.(aH-0) {LAGD—a)\ 
EG ; GD :: sin. : sin. (a-0). 

Wherefore «M?_±*) ^ «^"' f ° " ^^ ; 

sm. sm. ^ 

from which may be found in the terms of a 
and B. 



CHAPTER IV. 

COMPOSITION AND EQUILIBRIUM OF FORCES ACTING 
ON A RIGID BODY AT DIFFERENT POINTS. 

Having in the former chapter explained the 
method of compounding forces which act at the 
same pointy we shall proceed to consider forces 
acting at different points of a rigid body, and 
investigate the rules for finding their resultant, 
and the conditions of their equilibrium. The 
simplest case of such forces is when they are 
parallel to each other, and we shall commence 
with this case. 

COMPOSITION AND EQUILIBRIUM OF PARALLEL 

FORCES. 

Proposition XIV. 

Fig, M. IfAD.BF, and EC, fig. 

84, be ikree parallel forces y 
acting on a rod A B, or on a 
rigid body, they toil! balance 
each other when they are re- 
presented in nmgnitude by the 
lines BCy AiCy and AB re- 
spectively; m^i what is the 
same thing , hjchen AD, Bty 
and EC are\ proportional to 
^ (7, and AB respectively. j 
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This may be proved immediately from the 
Principle of the Lever stated in Proposition L, 
as we shall show in p. 166 ; but as many persons 
object to that principle as the foundation of 
Statics, and prefer the Parallelogram of Forces, 
we shall deduce the present proposition from 
the latter principle, or rather, from Proposi- 
tion VI. 

Let A By fig. 85, be any Fig. as. 

line, and C buy point of it ; sr m. l 

draw any parallel lines HD^ j 1 / 

KGy and LFy through A^ C, 
and B respectively ; make 
C^= CBy CG = AC; and J 
draw the lines HL and GF 
paraUel to AB through K 
and G respectively. 

Suppose this figure to be 
rigid, and that it is acted on by the equal forces 
represented by KH, AG, GO, and BF; then 
these forces balance each other, by Proposition 
VI., because they are equal forces, and act along 
the sides of the parallelogram CBLK, which are 
all equal; for AC and GC act at C along the 
sides CB and OK, and we may suppose KH and 
BF to act at L along the sides i^ and LB. 

Furthermore, if we produce CG to Ey making 
GE^CKy and HA to D, making AD^AH; 
and if we apply, in addition to the former forces, 
the two pair of equal and opposite forces repre- 
sented by ^iTand ADy KC and £(?, as is shown 
in fig. 86 ; the equilibrium will not thereby be 
disturbed. 

But, by Proposition VI., the forces AH^ AG^ 
KHy KC, balaoce each other, and we shslY ^Jast^- 
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Fig. 86. 




fore suppose them to be removed : also E G and 
GO make one force, represented by EC. We 

have then remaining only 
the forces AD^ EC, and 
B Fy as shown in fig. 84. 
These forces, therefore, ba- 
lance each other. 

Now, by our construc- 
tion, AD=^AH^KG^ 
CBy BF^ GG^AC, and 
EC = EG + GG=:KC + 
GC=^AC+ GB =AB: 
hence, the three balancing 
forces AD, BF,SLnd EC, 
are represented in magni- 
tude by the lines BCy ACy and AB respectively; 
or, what is the same thing, the forces ADy BFy 
ajid EC, are proportional to the Mnea BG, ACy 
and A B> Which was to be proved. 

Corollary, — If P and Q denote the forces AD 
and BFy and R the force EC, the conditions of 
equilibrium may evidently be stated thus, viz. 

P : Q :: BC : AC, 
and P + Q= J?. 

Proof of this Proposition deduced from the Principle 

of the Lever. 

By Proposition I. it appears that, if A'B' be a 
lever, the fulcrum being C (fig. 87), and if the 
forces P and Q act perpendicularly to A'B' at the 
points A' and B'y the lever will be kept at rest 
when P : Q :: B'C : A'C. Also, by the Corol- 
lary to the same Proposition, it appears that the 
pressure on the fulcrum is a force P+Q acting at 



STATICS. 



167 



Fig. 87. 




right angles to A'B' ; and consequently, the 
reaction of the fulcrum is 
an equal and opposite 
force. 

Now, the lever is acted 
upon, and kept at rest, by 
the three forces P, Q, and 
the reaction of the ful- 
crum, which call B; and 
these three are parallel 
forces, such that P : Q :: 
B!C : A'CyandP-^Q=B. 
Also, if we draw any line 
AB through C, meeting the directions of P and Q 
at A and B, we have, by similar triangles, 
B'O : A'G :: BC : AC, and.-. P : Q :: BC : 
AC. 

Hence it appears, that, if P, Q, and B be 
parallel forces acting on a rod AB (for we may 
suppose P and Q to act at A and P), the con- 
ditions of their equilibrium are — 

P : Q :: BC : AC, 

andP+Q = P. 
Which was to be proved. 



Axiom XIII. 

If several forces keep a body at rest, any one of 
them must be equal and opposite to the resultant of 
all the rest. 

If P, Q, B, 8, &c. be the forces, P balances 
Q, B, S, &c., and therefore P destroys the joint 
effect of Q, B, 8, &c. : consequently, P mw%t \i^ 
equal and opposite to the resultant of Q, R^ S, %ca« 
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Proposition XV. 

» 

To find the resultant of two parallel forces acting 
in the same direction on a rod or rigid body. 

Referring to the preceding proposition and fig. 
84, it appears by Axiom XIII. that, since P, Q, 
and R balance each other, the resultant of P and 
Q must be a force equal and opposite to B. Now, 
it is shown in the proposition that 5 = P+ Q, and 
BC I AC 11 Pi Q ; hence, the resultant of the 
two parallel forces P and Q, acting in the same 
direction at the points A and J5 of a rigid body, 
is found as follows : — 

Find the point C which 
Pi^.88. divides the line A By in the 

j^^ a B inverse proportion of P and Q, 

that is, which makes BC : 
AC i: P : Q; then the re- 
sultant of P and Q is a force 
P + Q acting at C, parallel 
to, and in the same direction 
as, P and Q; as is shown in 
fig. 88. 
Corollary 1. — If P=Q, the resultant of P and 
Q acts at the middle point of AB. 

Corollary 2. — To resolve a force acting at C, 
fig. 88, into two parallel forces, one of which shall act 
at A, and the other at B. 

This amounts to finding P and Q, when i2, A C, 
and B C are given. To do this, divide A B into 
as many equal parts or units as there are in B, so 
as to make A B represent B in magnitude ; then 
the number of these equal parts or units contained 
in AC will represent Q, and the number in B C 
wiU represent P. Thus, let ^ C = 20, P C = 15, 
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and iJ = 7 ; then AB = 35 ; which, being divided 
into 7 equal parts each of which contains 5, will 
represent E. Now, A C, which is 20, contains 4 
of these equal parts, and B C, which is 15, con- 
tains 3 ; wherefore, P is 3, and Q is 4. In other 
words, the force 7 acting at C, is resolved into 
two parallel forces, one equal to 4 acting at By 
and the other equal to 3 acting at A, 
To do this mathematically, we have, 

F : Q:: BC : AC; 

.\P:P+Q(pvB)::BC:B C + A C {or AB) ; 

''^^ AB^' 

And in like manner we may show, that 

Which formulas give the values of P and Q. 

Proposition XVL 

To find the resultant of two parallel forces acting 
on a rigid body in opposite directions, 

Eeferring to Proposi- 
tion XIV. and fig. 84, it ^^- »^- 
appears by Axiom XIII. 
that the resultant of P 

and ^ is a force equal J "'/ /Mc^^q 

and opposite to Q. Now, 
since P, Q, and B are 
represented in magnitude 
by the lines BCy ACy 
SLudABy respectively, it 
follows that Q=^-P, and ^C : AB :: P : P 
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hence, the resultant of the two parallel forces P 
and Ry acting in opposite directions at the points 
A and (7, is found as follows : — 

Produce the line A C to B &o far that the line 
may be, what is called, divided externally by B in 
the inverse proportion of P to B; that is, find 
that point B which makes BG : AB :: P : B; 
then the resultant of P and JK is a force B --P 
acting at B parallel to P and B^ and in the same 
direction as ^ as is shown in fig. 89. Which teas 
to be done. 

Observe here that B is the greater of the two 
forces P and B, and that the resultant is on the 
same side, and in the same direction, as B. The 
line A G must be produced, not at the extremity 
Ay but at Gy that is, at the extremity where the 
greater of the two forces acts. 

Corollary 1. — If P = By no resultant can be 
found, or, in other words, the two forces do not 
jointly produce the same effect as any single 
force whatever. 

For, if the two forces P and B were equal, 
the lines B C and A By which represent them in 
magnitude, would also be equal ; which is absurd, 
inasmuch bs A B always exceeds B G. Hence, 
when P= By the reasoning in the proposition is 
inconclusive, and the rule deduced is of course 
inapplicable. The fact is, two equal parallel 
forces acting in opposite directions cannot be 
balanced by a third force, as is evident from Pro- 
position XIV. ; for neither AD and EGy nor B F 
and EG could possibly be equal: and if two such 
forces cannot be balanced by a third force, they 
do not jointly produce the same effect as any 
single force. 
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Two equal parallel forces acting in opposite 
directions are called a Couple. There are various 
theories relating to couples, which form what is 
called the Theory of Couples, and which are of 
great importance in the higher parts of Me- 
chanics. 

Corollary 2. — To resolve a force acting at By fig, 
89, into two parallel forces^ one of which shall act at 
A, and the other at C. 

This amounts to finding P and R, when Q, 
ji£, and CB are given. To do this, divide AC 
into as many equal parts or units as there are in 
Q, so as to make AC represent Q in magnitude; 
then the number of these equal parts or units 
contained in -^^ will represent JR, and the 
number in B C will represent P. Thus, let A C 
= 20, 5 (7 = 15, Q = 4 ; then A (7, which is 20, 
being divided into 4 parts each of which is 5, will 
represent Q. Now AB, which is 35, contains 7 
of these equal parts, and B C, which is 15, con- 
tains 3 ; wherefore, R is 7, and P is 3. In other 
words, the force 4 acting at B is resolved into two 
parallel forces, one equal to 7 acting at C, the 
other equal to 3 acting at A. 

N.B. In this case, observe that the two compo- 
nents, R and P, into which Q is resolved, act in 
opposite directions^ and that the greater of the two 
components, namely jB, acts the same way as Q. 

Mathematically, we have, as before, 

i? = ^Q,andi'=§^Q. 
Which formulae give the values of P and R, 
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Proposition XVII, 

To find the resultant of any number of parallel 
forces acting upon a rigid body. 

Let P, Q, R^ and S^ fig. 90, be the parallel 
forces, acting at the points Ay B^ (7, and i> of a rigid 
body ; it is required to find their resaltant. 




Find r, the resultant of P and Q, by Proposi- 
tion XV., and substitute T for P and Q / then 
find TJy the resultant of T and iZ, and substitute 
JJ for T and R ; again find F, the resultant of V 
and S : then V is evidently the resultant of all 
the forces P, Q, R, 8, as required. The point 
of application of T will be some point E on 
the line drawn through A and B; the point 
of application of IT will be some point F on the 
line drawn through E and C; and the point of 
application of V will be some point G on the line 
drawn through F and D. These points {E, P, 
and (?) are to be determined by the rule given in 
the preceding propositions, i.e. B E and A E are 
to be taken in the same proportion as P and Q, 
OF and EF 2& T and P, 2>G and P(? as ?7 
and S. 

Corollary 1. — If the forces P, Q, P, S act in the 
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same direction, their resultant V will be equal to 
their sum ; for then T will be the sum of P and Q, 
U the sum of T and Ry V the sum of U and S3 
and therefore V the sum of P, Q, Ry and /SI 

Corollary 2. — If the forces P, Q, i?, >S be made 
to act in the directions represented by the dotted 
arrows (being still parallel to each other), the 
forces Ty Uy and V will also be similarly altered 
in directiouy but the points of application Ey Fy and 
Gy mil not he alteredy as is manifest by referring to 
the rule for finding the resultant of the parallel 
forces. 

Hence it appears, that if we alter the directions 
of a set of parallel forces (P, Q, R, S), keeping 
them still parallel to each other, we do not thereby 
alter the position of the point of application {G) of 
their resultant. In other words, if we suppose the 
forces to turn round their respective points of 
application {Ay P, C, D), still keeping parallel to 
each other, their resultant will turn round its 
point of application ((?), always, of course, keeping 
parallel to the forces. 

Definition of the Centre of Parallel Forces, — 
When a set of parallel forces act at certain defi- 
nite points, {Ay By Cy By supposc,) of a rigid body, 
their resultant will also act at a definite point, &, 
the position of which depends solely upon the 
positions of the points Ay By Cy Z), and upon the 
magnitudes of the parallel forces, but not upon the 
direction in which they act ; so that if the forces be 
made to act in a different direction, the position 
of the point G will not be altered thereby, pro- 
vided no change has been made in the points of 
application. Ay By Cy Z), of the forces, or in their 
magnitudes. 
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The point G is, for this reason, and under these 
circumstances, called the Centre of the Parallel 
Forces. 

Definition of the Centre of Gravity of a Body. — 
The weight of a body is not really a single force, 
but is the aggregate or resultant of a set of 
parallel forces ; for the force of gravity, that is, 
the attraction of the earth, is exercised on every 
particle of the body : thus every particle is pulled 
vertically downwards by its own weight. The 
body therefore is acted upon by a set of parallel 
forces, namely, the weights of its diflPerent par- 
ticles, and the resultant of these forces is the 
total weight of the body. 

Now, by what has just been proved, these 
parallel forces have a centre where their resultant 
always acts; that centre is called the Centre of 
Gravity of the body. 

By holding the* body in different positions with 
respect to the horizon, we change the positions of 
the different particles with respect to the direction 
in which the force of gravity acts ; or, what is the 
same thing, we change the direction of the force 
of gravity with reference to the positions of the 
different particles. But we do not thus change 
the weight of the particles, that is, we do not 
change the magnitudes of the parallel forces ; nor 
do we in any way alter the relative positions 
of the particles, that is, we do not alter the rela- 
tive positions of the points where the parallel 
forces act. Consequently, the position of the 
centre of the parallel forces, that is, the position 
of centre of gravity in the body, is not altered by 
holding the body in different positions, or turning 
it round in any way. For instance, if the centre 
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)f gravity of a body in the sha^e of a parallelo- 
gram A BCD be at the intersection of the diago- 
nals A C and 52) fas it may be proved to be) when 
the parallelogram is held in the position shown in 
6g. 91, it will also be at the intersection of the 



Fig, 91. 



Fig. 92. 





diagonals when the parallelogram is held as in 
fig. 92, or in any other position. 



Proposition XVHI. 

The weight of a body is a force proportional to the 
quantity of matter in the body, and we may suppose 
it to act at a certain invariable point of the body^ 
namely^ the centre of gramty. 

By the term weight we mean, strictly speaking, 
the set of parallel forces which the attraction of the 
earth exerts upon the different particles of a body. 
These forces all act in the same direction, namely, 
vertically downwards ; therefore, as we have shown 
above, the resultant of these forces is equal to 
the sum of them. Now the quantity of matter 
in a body depends upon the number and nature 
of its particles. If the substance of which the 
body is composed be of the same nature and 
quality throughout, as we of course aupipo^^ \\. \.o 
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be, the particles will all be of equal weight. 
Consequently, the sum of the forces exerted 
on the different particles by the attraction of 
the earth, will be proportional to the number of 
the particles, that is, to the quantity of matter 
in the body. The resultant, then, of all these 
forces, is proportional to the quantity of matter 
in the body. 

It appears, then, that the weight of a body, 
meaning thereby the set of parallel forces exerted 
by gravity on its different particles, is equivalent 
to a single force or resultant which is proportional 
to the quantity of matter in the body ; and since 
this resultant acts, as we have shown, at that in- 
variable point of the body called the centre of 
gravity, the truth of the proposition is manifest. 
Which was to be proved. 

Corollary, — ^If the centre of gravity of a body is 
supported, the body remains at rest For then the 
weight, which we may consider to be a force act- 
ing at the centre of gravity, is destroyed by the 
reaction of the support. 



Proposition XIX. 

To find the centre of gravity of a number of given 
bodies, supposed to be rigidly connected with each 
other, the centre of gravity of each body being 
known. 

Let J, ByCyD, fig. 93, be the known centres of 
gravity of the bodies, at which points respectively 
we may suppose their weights act. Then, drawing 
the line AB, divide it at JS, so that the proportion 
oi AE to EB may be the same as that of the 
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weight B to the weight A : 
E will be the point of ap- 
plication of the resultant 
of these two weights (see 
Prop. XV. )> and we may 
suppose the two weights to 
act at E. Again, drawing 
the line EG, divide it, so 
that the proportion of EF to 
FC may be the same as that 
of weight G to weights A and 
B toffether : then the three weights. Ay By and G, 
may he supposed to act at F, Lastly, drawing 
DF^ divide it, so that the proportion of FG to 
GD may be the same as that of weight D to 
weights A, By and C together ; then the four 
weights may be supposed to act at Gy and there- 
fore G is the centre of gravity required. 



Proposition XX. 

The centre of gramty of a set of equally heavy and 
equidistant particles, rigidly connected togethery and 
forming a straight liney is the middle point of that 
line. 

Let Ay By Cy By E, Fy fig. 94, be the par- 
ticles, and M the middle point of the line AF, 
Then^ because the particles are equidistant from 
each other, M is half-way between A and Fy 
between B and jB, and between C and Z) / there- 
fore, since the particles A and ^. g^ 
F are equally heavy, their 
weights produce the effect of a 
force acting at M. (Prop. XV. 
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Cor.) In like manner the weights of B and E 
produced the effect of a force at JIf ; and the same 
may be said of C and D. Therefore, the weights 
of all the particles produce jointly the effect of a 
force acting at My and therefore M is the centre 
of gravity of the particles. Which teas to be 
proved. 

Corollary 1. — Hence the centre of gravity of a 
rod or beam of uniform weight and thickness 
throughout, is its middle point. For such a rod 
may be supposed to consist of a set of equally 
heavy and equidistant particles forming a straight 
line. 

Corollary 2. — Hence we may always suppose, 
that the weight of a uniform straight rod or line 
of particles is, so to speak, collected at its middle 
point. 

Corollary 3. — By reasoning as above, we may 
show that the centre of gravity of a flat body in 
the 8lia[je of a circle is the centre of the circle ; 
for we may conceive the whole body to be com- 
posed of pairs of equal particles, and each pair to 
have the centre of the circle midway between 
them. If the body were in the form of a square, 
we might in the same way prove that its centre of 
gravity would be its middle point. In like manner 
we might show that the centre of a uniform sphere 
is its centre of gravity; and, in fact, the centre of 
every body, which has a centre properly so called, 
mufit be also its centre of gravity. 

When we speak of a body having a centre^ we 
mean, that its particles are so arranged, that the 
whole may be supposed to consist of pairs of par- 
ticles, each pair having the same point midway 
between them, which point is called the centre. 
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ThuB, in fig. 95, if the body be com- j^^ gj 
posed of the particles ^A', BS, 
GC, DD', and if these be eo die- "^ S 5 
tributed that the point G is half- c a c 
ray between and in the line joining • • • 
,^and^',al8ohaIf-way betweenand % ° ^' 
in the line joining B and B", also 
umilarly situated with respect to and C, and 
with respect to D and D' ; then the body is 
said to have a centre, namely, G. 

It 18 clear from this, that the centre of a body 
wtiidt has a centre must be its centre of gravity. 

Peoposition XXI. 

IfACBD,fy. 96, he a fiat body or thin board 
of uniform Keigkt and thinness throughout ; and if 
it b« of such a shape with reference to two lines 
AB and CD, that CD, and all the linee that can 
be drawn on the board parallel to CD, are bisected 
bif AB ; the centre of gravity of the hoard liet some- 
vihere in the line AB. 

For we may conceive the board to be composed 
of uniform lines of particles parallel to CD ; and if 
CD, and all the lines that can be »,. „ 

drawn on the board parallel to CD, 
are bisected by A B, the centre of 
gravity of every one of these lines 
IS at the point where It is intersected 
by AB. Now we may suppose the CK 
vretght of each rod to be collected 
into and act at its centre of gravity : 
. therefore, the weight of the wliole 
board is equivalent to a series of 
wdightfl acting at different points along \^&^'^^ 
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AB ; wherefore it Is obvious, that the resultant of 
these weights, and therefore of the whole weight 
of the board, must act at some point of the line 
A B. In other words, the centre of gravity must 
be somewhere in the line A B. ■. Which teas to be 
proved. 

Corollary 1. — To find the centre of gravity of a 
triangUy that is, of a fiat body or board in the shape 
of a triangle. 

Let ABCy fig. 97, be the triangle ; bisect A C 

in, Z), and join B and Z). 
Then it may be easily 
shown,"^ that every line 
drawn in the triangle 
parallel to ACy as for 
instance HKy is bisected 
by BD. Wherefore, the 
centre of gravity of the 
triangle lies somewhere in BD. 

In like manner, if we bisect BC nt E, and join 
A and Ey we may show that the centre*of gravity 
lies somewhere in A E, Consequently, the point 
Gy when BD and AE intersect, must be the 
centre of gravity of the triangle. 

We may prove by measurement that DG is 
always one-third of DB, E G one-third of EA. 
We may show this by Euclid, Book VI., as 
follows: — 

Draw CF parallel to D-B to meet AE produced 
in E ; then, by the second Proposition of Euclid, 
Book VL, since (tZ) and jP (7 are parallel, we have. 




* By Euclid, Book YL, or by measurement. By Euclid we 
may show that the line Bl) cuts both A C and HK in the same 
i proportion; and therefore, since it bisects A C, it must bisect 
' jVASIso, 
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FG : DG :: GA : DA :: 2 : I, 
and FC : GB :: C^ : JE'^ :: 1 : 1; 

therefore FC = 2 DG,2indGB == FC := 2 DG; 
consequently DB ^DG + GB = 3 2> ff. q. e.d. 

Corollary 2. — If the board be in the shape of a 
parallelogram AB CD^ 
fig. 98, and if we draw 
EF bisecting AD and 
BCy and GH bisecting 
^ j& and GD^ we may show 
in the same way that the 
centre of gravity is at K^ ^ 
the point of intersection 
of £jPand GH. K is the point of intersection 
oi AC and BD also. 

We have now given the rules for the composi- 
tion oi parallel forces, and we have dwelt particu- 
larly on the case of the system of parallel forces 
which act upon every body in consequence of the 
attraction of the earth on the particles of matter. 
We shall now proceed to investigate the rules for 
the composition of forces not parallel, acting at 
different points of a rigid body. 

COMPOSITION AND EQUILIBRIUM OF FORCES NOT 

PARALLEL."^ 

It will be necessary here to employ the principle 
we have stated in Proposition V. relative to the 
effect of a set of forces acting on a lever, but as 
we have not given a rigorous proof of that prin- 
ciple, we must do so now. The student will 
remember the meaning of the terms employed in 
the chapter on the lever, namely, arm, moment^ 

♦ J^,B, In all that followa, the forces are suppoae^ \.o ^^^ "^^ 
iJte game plane. 
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like and unlike moments : the arm of a force is the 
perpendicular upon its direction from the fulcrum ; 
the moment of a force is the product of the force 
multiplied by its arm ; forces which tend to turn 
the lever the same way round the fulcrum are 
said to have like moments, and those that tend 
opposite ways, unlike. 

Proposition XXII. 

If P be a force acting on a lever^ the moment cf 
P expresses the magnitude of that force whichy a^ing 
at an arm unity, produces the same effect as P in 
tending to turn the lever. 

Let j4y fig. 99, be the fulcrum, and B A the 

Fiff- ^^' arm of P, produce B A to 

Qk C, making A C equal to 

unity ; suppose for a moment, 

that AB contains 5 units, 

and apply (as we may) two 

I ^ — opposite forces, Q and E, 

I each of which is parallel to 

^ ? P, and equal to 5 times P. 

Now, since Q is 5 times P, and AB 5 times A (7, 

the resultant of P and Q is a force acting at A 

(Prop. XV.) ; but this force cannot produce 

motion, since ^ is a fixed point, and consequently 

P and Q balance each other; we may therefore 

remove P and Q, and then there remains only jR, 

which is a force acting at an arm unity, and equal 

to 5 P. In like manner, if AB were 10, we 

should have ^ = 10 P, and if ^ P were 15, we 

shfB))d have It = 15 P; and in general, whatever 

^ajrshow^ ^£ jg^ Jl ^ill be equsi to P tovjXSv^^ 

ff^Taho^ '^^ber. In other word», R ^*^\\^^ ^^^ 

''. whicli is the momenii oi P* 



O! 



t 



STATICS. 183 

Hence it appears that we may remove P, and 
apply in place of it a force acting at an arm unity, 
and equal in magnitude to the moment of P ; in 
other words, the moment of P expresses the mag- 
nitude of that force which, applied at an arm 
unity, produces the same effect as P. Which was 
to be proved. 

Proposition XXIII. 

Two equal forces acting on a lever at equal armsy 
and tending to turn it the same way^ produce the 
same effect^ and may he substituted one for the other. 

Let P, fig. 100, be any force acting on a lever, 
and A B its arm, A Fig. loo. 

being the fulcrum ; draw ^ 
any line A C equal to 
A By and at C apply 
two opposite forces Q 
and jR, each equal to 
P and perpendicular to i \ 

AC ; let the directions \ \ / 

of these forces be pro- '^V 

duced to meet in D, and ^ 

join D A, Then, since A B and A C are equal, 
it is clear that DA bisects the angle BDG ; there- 
fore, by Axiom VIII., since P and Q are equal, 
their resultant is a force acting along D J., which 
force can produce no motion, A being a fixed 
point. Hence P and Q balance each other, and 
may be removed, and then B alone remains. 

Wherefore it appears that we may remove P 
and put J? in its place; in other woxda, \,\^o ^o^A 
forces^ B and Fy acting at equal arma, axi^ \fc\iX«v^ 
to turn the lever the same way, produce \5cLe ^^assv^a 
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effect, and we may substitute one for the other. 
Which teas to be proved. 

Corollary 1. — From this proposition and the 

preceding it appears, that, if P be any force acting 

Fig. 101. ^^ 3, lever, we may remove it, 

and apply in its place a force 

jR, fig. 101, which is equal to 

the moment of P, and acts in 

any direction on the lever at an 

arm equal to unity. Of course 

R must tend to turn the lever 

the same way as P. 

Corollary 2. — Hence, two forces whose moments 

are equal and liJce^ produce the same effect upon a 

lever, and may be substituted one for the other. 

For, let P and Q, fig. 102, be the two forces, 

„. ,.„ and let ^ be a force acting 

Fxg. 102. '^ J S 

at an arm unity, and equal 
to the moment of P, and 
therefore to that of Q 
also. Then, by what has 
been proved, P produces 
the same effect as i2, and 
the same is true of Q 
also: therefore P and Q 
produce the same effect. 

Corollary 3. — Hence two forces whose moments 
are equal and unlike^ balance each other. 

For, in the above figure, suppose that Q is 
reversed in direction : then, instead of producing 
the same effect as i2, it will produce the same 
effect as a force equal and opposite to R ; there- 
fore, since P produces the same effect as Ry it is 
clear that P and $ will balance each other. 
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Proposition XXIV. 

To estimate the effect of a given set of forces acting 
on a lexer. 

Let the forces be P, Q, R, and aS; fig. 103, A the 
fiilcrum, and BF any line Fig.x^z. 

drawn in the lever at a dis- 
tance unity from the fulcrum: ^ ^\\ 
on this line measure the por- / 
tions BC, C B, BE, and 
EF, equal respectively to the ^'^ 

moments of the forces P, Q, R, 



— o 



y 

x. 



and S. Then, by the first \ 

Corollary of the previous Pro- \ . 

position, we may remove P, Q, 

JK, and /S, and put in their place 

the forces represented by B (7, 

OB, BE, and EF. Now -d^ ^^ 

taking the sum of the forces 

B C and G B, and the sum o( BE and EF, and 

subtracting the lesser sum from the greater, the 

difference will be the resultant of the forces, and 

it will act in the direction of those composing the 

greater sum. Thus we have compounded P, Q,R, 

and S into a single force acting along the line BF, 

Hence we have the following Rule for estimating 
the effect of a given set of forces on a lever, viz. : 

Fi9id the sum of the moments of the forces which 
tend to turn the lever one way, and the sum of the 
moments of those which tend the opposite way, and 
subtract the lesser sum from the greater ; then a force 
equal to the difference, acting at a distance unity from 
the fulcrum, and tending the same way as the forces 
whose moments compose the greater sum, will prodiJLce 
the same effect upon the lever as thegiten set of forces. 
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Corollary, — If the two suras be equal their dif- 
ference will be nothing, and the forces will then 
balance each other. Hence we have the following 
Rule for the equilibrium of forces acting on a lever. 

A set of forces acting on a l&eer will balance each 
other, when the sum of the moments of the forcek 
tending to turn the lerer one way is equal to the sum 
of the moments of those tending the opposite way. 

This Rule is often called the Principle of thi 
Lever^ or the Principle of the Equality of Moments 

Proposition XXV. 

When a lever is kept at rest hy given forces^ tofina 
the pressure they exert upon the fulcrum. 

Let C be the fulcrum of the lever, and P, Q, \ 

and R the given ■ 
forces acting along 
the lines A P, A Qy 
andjBi^, fig. 104. 

Suppose (as we 
may) that P and Q 
act at A, take the 
lines AD, A JE to 
represent them, and 
complete the parallel- 
ogram ADFE; then 
P and Q are equiva- 
lent to the force re- 
presented by A F. 
Produce AF to meet 
the direction of R in 
B, suppose (as we 
may) that R and the 
force AF act at J?, 
take the lines £G and 
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BH to represent them, and complete the parallelo- 
gram BGKH ; then the forces R and AF are 
equivalent to the force represented by BK» 

Hence the given forces P, Q, and R are together 
equivalent to the single force B JT, and therefore 
B K must keep the lever at rest. Now a single 
force acting on a lever, in a direction not passing 
through the fulcrum, cannot keep the lever at 
rest ; hence the direction of the force B K must 
pass through the fulcrum G, and consequently we 
may suppose C to be the point of application of 
this force. 

It appears, therefore, that the effect of the forces 
P, Qy and R, is, to exert on the fulcrum a pressure 
represented in magnitude and direction by the 
line .B K. Which was to he determined. 

Corollary. — The force B K, supposed to act at 
Cy may be resolved into two forces respectively 
parallel and equal to BG and BHy or (what is the 
same thing) to R and A F ; and then, the force 
parallel and equal to A F may be resolved into 
two forces respectively parallel and equal to AD 
and A JS> or (what is the same thing) to P and Q, 
Hence the force B Ky supposed to act at (7, may 
be resolved into three forces respectively parallel 
and equal to the forces P, Q, and R. 

Thus the given forces P, Q, and R^ are equivalent 
to the force B Ky and B K i& equivalent to three 
forces, which act at the point (7, and are respect- 
ively parallel and equal to P, Qy and R ; in other 
words, we may suppose that the forces P, Qy and 
R are removed to the point C, and that they act 
upon that point, in directions respectively parallel 
to their original directions APy AQy and BR* 

Hence, tirA^/i a set of forces keep a leroer at rest. 
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we may suppose them to be removed to the fulcrum^ 
making them to act ttpon that point, each parallel 
to its originai direction. 

This IS a principle of great use in various cases. 



Pboposition XXVL 

To determine under what circumstances a set of 
forces acting on a perfectly free rigid body, toill keep 
it at rest. 

Let P, Qy E, and 8, fig. 105, be a set of forces 
Fig.iob. acting on a rigid body 

and keeping it at rest; 
then, though the body is 




A ^ perfectly free, we may 

/ ^v^ (Axiom IV.); in other 



, r^ \^ suppose any point of it, 
^ir ^^ s^y ^9 *^ become fixed. 




/ 



^ "^ words, we may suppose 

the body to become a 
lever, A being the ful- 
crum. This Deing the- 
case, if we find the sum 
of the moments of the forces which tend to ttCrn 
the body one way round A, and the sum of those 
which tend the opposite way, the two sums must 
be equal, by Cor. Prop. XXIV. Furthermore, 
by Cor. Prop. XXV. we may remove the forces 
P, Qy My and 8 to the point J., and suppose them 
to act on that point, each parallel to its proper 
direction ; the forces thus removed must balance 
each other at Ay for, if they do not^ Ay which is 
— "- -^ ^ree point, will not remain 






t rest 
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Hence the following are the conditions necessary ^ in 
order that a set of forces may keep a free body at 
rest. 

1. The forces must satisfy the principle of the 
lever, with reference to any point of the body 
considered as fulcrum ; that is to say, the sum of 
the moments of the forces, which tend to turn the 
body one way about that point, must be equal to 
the sum of those tending the opposite way. 

2. The forces must balance each other, on the 
supposition that they all act at the same point, 
each parallel to its proper direction. 

These are called the conditions of equilibrium of 
a free rigid body. 



or 
u 



y 



Proposition XXVII. 

To determine the centre of gravity of a given set of 
particles forming a rigid body, by means of the pre- 
ceding Proposition. 

LetP, Q,andi^,fig. 106, be the given particles, A 
any given pig, loe. 

point, A X 
a horizontal 
line drawn 
through Ay 
and P By 
Q C, and 
BD verti- 
cal lines; let 
8 be the 
centre of 
gravity of 
the parti- 
cles, and S^ J? a vertical line ; then the weights of 
-the particles are forces acting downwards alon 



K 




t 



T 



C JB 



i 
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the lines P B^ Q Cy and B 2), and the resultant of 
these forces is a force ec^ual to the sum of the 
weights acting downwards along 8Jb\ Hence, a 
force equal to the sum of the weights P, Q, and 
B, acting upwards along JE 8y will balance P, Q, 
and B. Therefore, by the preceding Proposition, 
the sum of the moments of the three weights, A 
being considered as fulcrum, must be equal to the 
moment of a force equal to the sum of the weights 
acting upwards along E8 ; in other words, if we 
multiply the weight of P by ^ B, that of Q by 
A C, that oi B hj A Z), and add the products 
together, the result must be equal to the sum of 
the weights multiplied by ^ ^ ; or, in symbols, 

PxA B+QxA C + BxA I)={P-{-Q+B)xAI!; 

and therefore, 

PxAB+QxAC+BxAD 



AE=: 



P-^-Q + B 



Hence, if we dnide the sum of these prodticts by 
the sum of the weights, we find A E, 

Again, let ^ F be a vertical line, and P K^ 
QL, B M, and S N horizontal. 

Now we do not alter the position of the centre 
of a set of parallel forces by turning them round 
their points of application through any angle ; we 
, may therefore suppose the forces above considered 
to act horizontally, as shown by the dotted arrows, 
and 8 will still be their centre. And then we may 
show, just as before, that, if we divide the sum of 
the products {the weights of P, Q, and B being muh 
tipliedby AKy ALy and AM re^pectiveUJ) by the 
sum of the weights, we shalifind A N: or, in si^mbols^ 

jTiF P y^AK+ Qy.AL + BxAM. 
^^"^ P + Q+R 
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Having thus determined A E and A N, the 
position of the centre of gravity 8 is manifestly 
obtained. 

LxampU. — Suppose that the weights of P, §, and 
R are 1^ 2, and 3 ; A B, A C, and A D, 6, 9, and 
10; AKyALi and A My 3, 6, and 7 : then the 
sum of the weights is 6, and the products of the 
weights and the first set of distances are 6, 18, 
and 30, which added give 54 ; therefore J £ is 54 
by 6, orAE=9: in like manner the products 
of the weights and the second set of distances are 
3, 12, and 21, which added give 36 : therefore 
A N 18 36 hy 6y or AN = 6. 

Hence, if we measure AE equal to 9, and A N 
equal to 6, and draw a horizontal line through iV, 
and a vertical line through Ej the intersection of 
these lines will be the centre of gravity of the 
three particles. 

Corollary. — The lines ABy AC^ ADy and A Ey 
are the distances {L e, the perpendicular distances) 
of the points P, Q, By and &, from the line A Y: 
also, though we have supposed ^ ^ to be hori- 
zontal, and A Y vertical, it is evident that, so far 
as the above reasoning is concerned, AJC and A Y 
may be any two lines at right angles to each other.. 
Hence, we may state the Bule for finding the cen- 
tre of gravity as follows : — 

Mtdtiply the weight of each particle by its distance 
from any given line A Y, add the prodticts togethery 
and divide the result by the sum of the weights ; then 
the quotient thus obtained is the distance of the centre 
of gravity of the particles from the line A Y. 

In this way we may find the distance of the 
centre of gravity from any two given lines, and so 
determine its position. 
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EXAMPLES. 

Examples of finding the Resultant of Parallel Forces, 

N.B. In these examples \he point of application 
of the resultant is always to be found. 

Ex. 1. — Find the resultant of the parallel forces 
5 and 7 acting in the same direction at the extre- 
mities of a rod whose length is 24. 

Ex. 2. — On the same supposition, except that 
the forces are 4 and 12; find the resultant. 

Ex. 3. — On the same supposition, except that 
the forces are 6 and 18, acting in opposite direc- 
tions ; find the resultant. 

Ex. 4. — On the same supposition, except that 
the forces are 7 and 11, acting in opposite direc- 
tions ; find the resultant. 

Ex. 5. — Resolve the force 20 into two parallel 
forces, one of which shall act at a distance 4, and 
the other at a distance 1 from the force 20. 

Ex. 6. — A force 48 acts at a point of a rod 
AB^ such that A G=^ G B; resolve 48 into two 
parallel forces, which shall act at the extremities 
of the rod. 

Ex. 7. — On the same supposition, only that C is 
unknown ; find C^ when the difference between the 
two parallel forces into which the force G is re- 
solved is 8. 

Ex. 8. — The force 48 acts at A^ resolve it into 
two parallel forces which shall act at B and C, 
supposing that AB=^^^ oi A G, 

Fig. 107. Ex. 9. — If the parallel 

j^ forces P, Q, and B, act at the 
' points A, By and C respec- 
tively, fig. 107 ; find their re- 
sultant, v^Yveu P = ^, Q ^=. ^, 
^=^8, AB = 20, B a= 36. 
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Ex. 10.— If P = 2 Q, and P-h Q=^ JH, and 
A (7=4= 2 B C; find the point where the result- 
ant acts. 

Ex. 11.— If P=3, Q = 5, jB=10, and J5=8; 
find B Gy so that the resultant may act at a dis- 
tance 10 from A, 

Ex. 12.— K P = 4, Q = 2, .8 = 3, ^5 = 12, 
BC^=^ 16; and if ^ act in the opposite direction 
to P and Q ; find the resultant. 

Ex. 13.— If the 6 parallel forces, 1, 2, 3, 4, 5, 6, 
act in the same direction, at equal distances of 1 
foot from each other in order ; find how far from 
the first of the forces the resultant acts. 

Ex. 14. — Determine the same when the forces 
2, 4, and 6, act in the opposite direction to the 
others. 

Ex. 15. — Determine the same when the forces 
1 and 6 act in the opposite direction to the rest. 

Ex. 16. — On the same supposition as in Ex. 12, 
except that P = 1, find the resultant, and explain 
the case. 

Problem XIV. 

ABC, jig. 108, is a ^'^- ^^s- 

triangular hoard, held 
up hy three strinas, A P, 
jBQ, CR; to find what 
tension the weight of the 
triangle produces on each 
string; and, if any ad- 
ditional weight be placed at any point on the trianqle^ 
toJindJiow much the tendon on each string is iucxea^e^ 

O 
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Let CD he drawn to 2), the middle point of 
J By and make D 6r= ^ D C/m which case G will 
be the centre of gravity of the triangle, and the 
weight of the triangle, which we shall denote by Wy 
will be a force acting vertically downwards at G. 

Resolve this force into two parallel forces, one 
to act at 2), and the other at C, which will be 
respectively | W^ at i>, and ^ JF sLt C, because 
GC^2GD. Again, resolve | JV acting at D 
into two parallel forces, one to act at A and the 
other at -B, which will be ^ TT at A. and ^ W 2A, 
B. Thus the weight W is resolved into three 
parallel forces, acting at A^ By and (7, and each 
equal to ^ W. Whence it follows that one-third 
of the weight is thrown on each string, and there- 
fore the tension on each string is ^ W. 

Again, suppose that G' is some other point of 
the triangle, and that a weight W acts at this 
point: then, drawing CD' through G'y resolve 
W acting at G' into two parallel forces, one to 
act at D\ and the other at C ; and resolve the 
force at D' into two other parallel forces, one to 
act at Ay the other at B. Thus W will be resolved 
into three parallel forces, which act at Ay By and 
Cy and which are therefore the tensions upon the 
three strings produced by W, 

If we add ^ W io each of these three tensions, 
we shall find the total tension on each string, 
arising from the two weights W and W, Which 
loas to he done. 

Ex. 1.— If PF'=Tr=30lbs., and G' coincide 
with D ; find the tension on each of the strings. 

Ex. 2.— If 2 TT = W^ 24, and & is on the 
Jine ^ By AG' being double B 6' ; fiii3L>Xv^\.«vi«vsyQa 
on each of the strings. 
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Ex. 3. — If Gr be midway between D and C, and 
if Fr=9, Tr' = 8 ; find the tension on each of the 
strings. 

Ex. 4. — If ^D =2 D'^, VG^2G'C, 
W=9y and Tr'=27 ; find the tensions on each of 
the strings. 

Ex. 5.— If 3 AI/ = 5iyB, 4 Lf&^b GO, 
W^=^ 9, and W = 9; find the tension on each of 
the strings. 

Ex. 6. — If TF = 9, and the tensions on the 
strings, A Ff B Qy OR, are respectively 4, 4, and 
7; find the weight of W, and the position of D' 
on JB, and of G' on D'C. 

Ex. 7. — If W=s 27i and the tensions are re- 
spectively 12, 14, and 17 ; find the position of D' 
on AB, and of G' on JD' C. 

Ex. 8.— If Tr=15, Jr'=10, tension on ^P = 
17, and tension on J?Q= 17 ; find tension on CIl, 
and the position of G', 

Ex. 9. — If the weight of the triangle be 12, 
and each string can bear a tension of 8 ; find what 
weight W may be put at G' without breaking any 
string, supposing that i>' is the middle point of 
A B, G' the middle point of D' G. 

Ex. 10. — On the same supposition, except that 
Tr'= 9, and the position of G' on D' C is not 
given; find the extreme positions where W may 
be placed without breaking any string. 

Ex. 11. — On the same supposition, except that 
D' as well as G' is not given in position ; find the 
extreme position of Z)' on ABy and of 6r' on i>'(7, 
so that no string be broken. 

Ex. 12. — A table is supported on \)Me^ \^^^ 
^, By O, &g. 109; show how to deiexrcvYtve; \vq^ 
much of the weight each leg bears, t\ve i50^VC\^xw 
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of the centre of gravity, G, of the table h 
auppoeed to be known with reference to the It 




^. 




Ex. U.—liAB = Z,BC=A, AC=5, and if 
Ghe equidiBtant from the three legs; find how 
much weight is thrown on each. 

In this case, a triangle whose sides are 3, 4, 
and 5, must be constructed ; and then, to find 
where G is, we must draw a perpendicular to one 
side, saj the side 3, irom the middle point of the 
side 3 ; and from the middle point of another side, 
say the side 4, we must draw a perpendioular to 
the side 4. It will be found, and may be proved, 
that the point where these perpendiculars meet is 
equidistant from the three angular points, and is 
therefore the point G required. Having found G, 
we must proceed as above to find how tnuch weight 
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Problem XV, 



If a weight he placed on the table outdde the limits 
of the triangle A B Oy Jig, 109 ; to find whether the 
table will upset or not 

Let G' be the point where the weight is placed^ 
draw C G' meeting AB&tD'; also, let W denote 
the weight. Then we must resolve W acting at 
G' into two parallel forces, one to act at D\ and 
the other at C. The force at D' will act the same 
way as W\ that is, downwards; the force at C 
wiU act the opposite way, that is, upwards. The 
force at D' may be resolved into two others, one 
at A and one at By both downward forces. We 
must also, as above, find how much of the weight 
of the table is thrown on each leg. 

Then it is clear that the effect of W on the 
legs A and B, is to press them against the ground, 
but the effect on the leg C is upwards, and tends 
to raise it from the ground. If, therefore, the 
upward force at G caused by W, be greater than 
the downward force at C caused by the weight of 
the table, G will rise, and the table will be upset ; 
otherwise the table will not be upset. 

Ex. 1. — Supposing that the centres of gravity 
of the triangle and table coincide, and that the 
weight of the table is 90 lbs. ; determine how far 
a weight of 30 lbs. may be placed on the table 
outside the limits of the triangle, without upset- 
ting the table. 

In this example, one-third of the weight of the 

table is thrown on each leg ; therefox^ ^^\fe^» ^ns^^ 

at C downwards, and consequeuXV^ \)cv^ \xY^^as^ 

effect produced by W' on m\x«X. ^^^"^ ^^e.^'^^ 

SOlba., or the table WiU iipaet. M \xio%V^^^^ 
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the upward effect produced by W at C Is 30 lbs. ; 
wherefore W being 30 lbs., G'D' must be equal 
to D' C; for by Prop. XVI. Cor. 2, 

& D' : D' G :: component of W acting at 

C : W :: 30 : 30. 

Wherefore G' D' is equal to D' C. 

This, then, is the limit which determines how 
far W may be placed outside the triangle, beyond 
^^, without upsetting the table; namely, G'C 
must never exceed 2D'C. Similar reasoning 
will apply to the other sides of the triangle, and 
therefore the condition of not upsetting is this : — 
If we draw from G' a line to any angle of the 
triangle, cutting the side opposite that angle at 
D ', the distance of G ' from the angle must not 
exceed double the distance of D\ 

If we form the triangle A' B^ Cf hj drawing lines 
parallel to the sides oiABCy AS being twice as far 
from C 2i& AB, B'G' being twice as far from A as 
B (7, and C A! being twice as far from B as GA^ 
it is easy to see that the weight W may be placed 
anywhere inside the triangle A' B' C consistently 
with the condition just stated; and therefore 
A' B' C shows the limits outside which W must 
not be placed. 

Ex. 2. — If the centre of gravity of the table 
be at the middle point of ^ C; find how far beyond 
A B a. weight four times that of the table may be 
placed without upsetting it. 

Ex, 3. — On the same supposition as in Example 
2y except that W'^= 60 lbs.; &ud the limits beyond 
which W must not be pVaced/ixL ox^'et ^OosaX ^ia.^ 
table may not upset* 
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Problem XVI. 

If AB^ fig. 110, he a lever or bar, by which a 
weight suspended from the point C of it is supported 
on the shoulders of two men ; to find how much of the 
weight is thrown on each man. To find also how 
much of the weight is thrown on each man when there 
are three supporting it, as is shown in fig. 112. 

Let P and Q be the pressure p. ^^^ 

which is exerted at A isind B 
on the men's shoulders, by the ^p______£_^=,B 

bar AB; these pressures must 




be together equivalent to W, \p 

in other words, W must be 

equivalent to the resultant of 

P and Q. Wherefore, since we may take the 

lines AC, B G, and A B io represent the forces 

Q, P, and W respectively in magnitude, we have, 

P : fF :: BG : AB, 
and e : W :: AC : AB; 

which proportions give P and Q when W, A C, 
and B C are known. 

We have here assumed, however, that P and 
W act vertically downwards; but this is not 
necessarily the case, for the men might so hold 
the lever on their shoulders as to press obliquely 
as well as vertically upon it, and of course P and 
Q must be equal and opposite to whatever forces 
the men exert in supporting the lever. We must 
therefore consider the problem more generally, by 
supposinff that P and Q are not \et\A!wi\ iot^^'s** 
We shaJlalso, at the same time, swp^o^e NJcvaX. "Oc^^ 
Zwr IS inclined to the horizon, cle \t ^ovjXSl \i^^S. 



^ 
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the men were going up a hill, or if one man was 

taller than the other. 

Let ^J^ and BFhe the directions of the forces 

which the men exert in 
supporting the bar AB, 
fig. Ill, then the direc- 
tion of W must pass 
through the point F 
where these directions 
meet, by II. p. 90 : take 
FO to represent W, and 
draw CD and CE paral- 
lel to the lines B F and 
\AF. Then the force 
F G may be resolved 

into the two forces FD and FFy and these two 

forces are the pressures exerted on the men's 

shoulders. We have therefore, 

F : JV :: FD : FC, 
Q : W :: FE : FC. 

From these proportions we may find P and Q 
when W is given, and FD, F C, and FE deter- 
mined by measurement or calculation, or other- 
wise. 

Ex. 1. — The men press vertically, TFis lOOlbs., 
and J. (7 is three times B C; find the pressures on 
the men's shoulders. 

Ex. 2. — The hinder man B presses forward as 

well as upward, so that the force he exerts makes 

an angle of 30° with the vertical; the bar is 

horizontal, AC= CB, and ^= lOOlfes.; find the 

pressure on each man's shoulder. ' 

Ex. 3.— The bar is inclined at m ^^"^ c^i ^^^ 

to the horizon, and evoryihiBg e\aQ \a'^^ ^asafe ^ 



I 
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in Example 2 ; find-^he pressure on each man's 
shoulder. 

In Examples 2 and 3 draw the bar and the lines 
BF and CF first, then join A and F, 

If the bavy supposed to be like the letter T, 
he supported by three meuy Fig.m. 

A^ D, and ^9 as is shown in 
fig. 112, we must first re- 
sdve W into two forces, ^ a By 

one acting at Ay the other f 
at B : we must then resolve i 
the force at B into two 
others, one at D, and the 
other at E. We shall thus distribute W on the 
three points of support. 

Supposing the men to press vertically, in this 
case we have, 

force at ^ : W :i B G i AB; 
force at ^ : W :i A G : AB; 

WxAG 




and therefore force at ^ = 



then, force at D : 



and force at E : 



WxAG 
AB 

WxAG 
AB 






AB 



BE : DEy 



BD : DK 



By these proportions the pressures at Ay Z>, 
and E are determined. 

Ex. L— Tr=100lbs., A (7= GBy and DB^BE; 
find the three pressures. 

Ex. 2.— What must be the propoxtivoii oi A Ci 
to OB, and of DB to EBy so that ^eXosAixva:^ 
be equally distributed on the three aVioxMex^^'i 
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Problem KYIT. 



Two men carry a large box wp a hiU, a< ?V rf/T- - 
sented in Jig, 113; to find how much of thi ■icf.-ohi '■} 
thrown on each. 



Fig. 118. 




^vWV>~, 



' Suppose that the men hold the box at A and By 
and exert vertical forces in supporting it. Let G 
be the centre of gravity of the box, and draw G C 
vertically to meet J B oi G, Then, if W be the 
weight of the box, P and Q the pressures at A and 
B exerted by ?F, we have, as in the preceding 
problem, 

P : W :: BG : AB; 

Q : W :: AG \ AB,- 

whence P and Q may be determined. 

It is clear that, if G be at the mi((ldle point of 
the box, B Ci& greater than A (7, and therefore the 
hinder man has less work to do XJoiaTL m^ Ki'OaKt, 
Ex. l.—AB is 4 feet, G ib V foot l5«^peli«:\Q^i^ 



• 
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from the middle point of A By the inclination of 
AB to the horizon is 45o, and Wvi 100 lbs. ; find 
how much more the first man has to support than 
the other. 

Ex. 2. — On the same supposition, except that 
the hinder man exerts a forward as well as a ver- 
tical pressure, so that the whole force he exerts is 
inclined at 30** to the vertical; find P and Q. 

In this case draw a line from B at 30** to the 
vertical to meet G G produced, at F suppose ; join 
F and ^, and draw from G lines parallel to ^ J^ 
and A F^ so forming a parallelogram. Then, if we 
take F G to represent AT, the sides of this paral- 
lelogram will respectively represent P and ^» 



i 



CHAPTER V. 



PROBLEMS RELATING TO THE CENTRE OF GRAVITY. 



Problem XVIII. 



If a body he placed on a horizontal or inclined 
plane, to determine under what drcumttances it mU 
stand toithout upsetting. 

Let AGBhQ the body, which we shall suppose 
to have a portion, A B, of its surface flat, and let 
P Q be a horizontal plane, on which AB \& placed; 
let G be the centre of gravity of the body, and 
draw a vertical line G D through G, to meet the 
horizontal plane at Z). 

In the first instance, suppose that the point - 
i), where the vertical GD from the centre of \ 
gravity meets the horizontal plane, falls within | 
Fig.iH. ^^^ ^^^^5 AB, fig. 114; then 

the force which presses the 
body against the horizontal 
plane, has no tendency to upset 
it, for the weight W of the 
body is the force which presses 
it against the horizontal plane, 
and we may suppose that this 
»^ force acta at Z>. Now, a force 

acting vett\c«iX\:y ^Qi^\i^N^x^^ ^ 
^^ cannot turn the body over eiXXiet oti^^tv^ 
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hand^ or on the left ; for, if the body turns over 
on the right han^, it must do so by turning 
about the point B; but the force W clearly resists 
such a motion. Again, if it turns over on the 
left handy it must do so by turning about the 
point A ; but the force W resists a motion of this 
kind likewise. Consequently, the body cannot 
turn over either on the right hand or the left 
hand, as far as the action of the force W is con- 
cerned. In this case, therefore, the body will 
stand without upsetting. 

In the second place, suppose that the point Z>, 
where the vertical through the centre of gravity 
meets the horizontal plane, falls vnthout the base, 
A By SLsm fig. 115 ; then W Fig. iis. 

has clearly a tendency to 

make the body turn over on 

the right hand about the point 

By and therefore, since there 

is nothing to prevent such a 

motion, it will take place. 

If D fell on the other side 

of A By as is shown in fig. 

116, the tendency of W 

would be to make the body 

turn over on the left hand, 

about the point A, and, there 

being nothing to prevent such 

a motion, it would take place. 
Hence it appears, that, if 

the vertical through the centre 

of gravity meets the horizon- 
tal plane at a point within 

the base, the body will stand wit\vow\. \v\ya^\>LY5\^% 
but if that point Mia without t\ie ba&e, VJcl^ Vq^I 
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J'*^. 117. 




Fig. 118. 




Fig. 119. 



will upset, by turning over on that side on which 
the point falls beyond the base. 

If the planer P Q, were 
inclined to the horizon, as 
in figs. 117, 118, 119, the 
same reasoning would apply, 
and the same conclusion 
follow; namely, the body 
will remain steady, or up- 
set, according as the point/), 
where the vertical through 
the centre of gravity meets 
the plane P Q, falls within 
or without the base. Thus, 
in ficr. 117 the body will 
remain steady, but in figs. 
1 1 8 and 11 9 it will upset ; 
in the former case, by turn- 
ing over on the left hand 
about the point A, and in 
the latter case, by turning 
over on the right hand about 
the point B. 

Of course, when the body 
is thus placed upon an in- 
clined plane, it is supposed that it cannot slip down 
the plane, either from the roughness of the plane, or 
some other cause ; in fact, we assume that the body 
can only move by turning over at either A or B, 

A familiar illustration of this is the case of a 
wagon going along a road which inclines to one 
side, fig. 120. If G be the centre of gravity of 
the wagon, including the load, A and B the points 
where the wheels rest on t\ve xoad, wciSl G D \?Qfc 
vertical through the centre of gTaVity m^^\Axv« \3tv^ 
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D ; then A B may be regarded as the base 
on which '** ^^^ wagon stands, and if D fall within 

Fig. 120. 

^Q, were 

irizon, as 

119, the 

lid apply, 

mclusion 

he body 

, or up- 

point/?, 

through 

;y meets is in fig. 120, the wagon will not upset ; 
} within the load be too high, as in fig. 121, so that 
Thus, atre of gravity is in a higher position above 
dy will t)und, the vertical through G will fall out- 
in figs* >e base at the point i), and the consequence 
upset; le that the wagon will upset. Hence the 
y turn- tance of not putting too high a load on 
t hand is is obvious. 

and in man must stand in a vertical position, in 
liming that the vertical through his centre of gravity 
[ about all within the limits of his feet, which form 
tse on which he stands, fig. 122 ; but if he 
ebody I a load, as in figs. 123 and 124, he must 

an in- rig. 122. Fig. 123. Fig. 124. 

down 
me, or 
I body ; 
)tB. 
3 of a 
one 

it;^ of 
points 

9 the 
igtbe 






I 
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incline himself in such a way that the vertical 
through the centre of gravity of the whole body, 
composed of the man and the load together, may 
fall within the limits of his feet. This accounts for 
the various attitudes assumed by porters, nurses, 
and other persons carrying loads. 



PRINCIPLE OF THE DESCENDING TENDENCY OP THE 

CENTRE OP GRAVITY. 

We have on a former occasion stated the prin- 
ciple, that the centre of gravity always assumes 
the lowest position it can ; or, to speak more cor- 
rectly, the centre of gravity will always move if 
it can begin to move by descendinff, but will not 
move if it cannot do so. If we consider how the 
centre of gravity is capable of moving in anj 
case, we shall find no diflSculty in applying this 
principle. Thus, in the case represented by fig. 
125, if we describe arcs of circles, GE sltiA GFy 



Fig. 125. 



Fig. 126. 





^ JS 



from G about B and A respectively as centres, the 

centre of gravity G can move, either by turning 

about B and describing tTie cVrcwlai arc GE^ or 

by turning about A and dearanbVn^ >3afe <»x<s\i^a3t 
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arc GF, The arrow GHy which Is at right angles 
to B Gy shows the direction in which the former 
motion would commence^ if it took place; and the 
arrow G K^ which is perpendicular to A G, shows 
the direction in which the latter motion would 
commence, if it took place. Now, both these 
arrows indicate an ascending moUon, and therefore, 
according to the principle stated, the centre of 
gravity will not move at all. 

On the contrary, in the case represented by 
fig. 126, if a circular arc be described from 
G about B as centre, the arrow GH at right 

, angles U> B G indicates a descending motion, and 
therefore G may begin to move by descend- 
ing ; consequently, motion will ensue about the 
pomt B. 

The same considerations will apply to the case 
where the body is placed on an inclined plane ; 
we must describe circular arcs from G about A 
and By to show how G may move, and if G in 
neither case would begin to move by descending, 
no motion will take place. The direction in 
which G would begin to move, say about -6, is 
shown by drawing an arrow from G at right 
angles to B G, to indicate the direction in which 
the circular arc runs from G; for, when a point 
describes a circle it always runs perpendicularly 
to the line drawn from it to the centre. 

We may, then, state the principle of the descend- 
ing tendency of the centre of gravity in the 
following manner : — 

Draw an arrow to indicate the direction in which 
the centre of gravity may begin to iao\^\ \)tifcTL, 
if that arrow is inclined downwarda, tV\e eewl^^ <^*^ 

gravitjr will move in that directiou •, \>\x.\. Hi ^>dl^ 

p 
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A- -^ ^^^n- 




^^£ 




arrow is not inclined downwards^ that is, if it 
points horizontally, or is inclined upwards, the 
centre of gravity will not move in that direc- 
tion. 

A body having a fixed point, about which it 

may freely turn, is a good instance to which this 

principle may be applied. Let A B^ fig. 127, he 

such a body, G the fixed point, or point of suspen- 

Fig.m. Fig. 128. siou as it is called, 

and G the centre of 
gravity. In the first 
instance, suppose that 
G is vertically below 
d describe through 
G the circular arc 
FGE about C as 
centre, and draw the 
arrows GH and GK at right angles to CG. 
Then the centre of gravity may move so as to 
describe the circular arc F G E, and the arrows 
GH and G K show the two directions in either of 
which that motion must begin. Now, C G being 
vertical, these arrows point horizontally ; where- 
fore, by the principle we are here considering, no 
motion will take place. 

In the second place, suppose 
that G is below (7, but that CG 
is not Terticalf as is represented 
in fig. 128. There the arrow G H 
is inclined downwards, and there- 
fore the centre of gravity will 
begin to move in the direction 
GH. 

Thirdly, let G\ietert^caU'^^ afeoter 
(7, as 18 shown 'm ^s- \'i^ • v\3l ^i^\^ 



Fig. 129. 
It 



'\ 
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case both the arrows point hori- Fig.no. 
zontally, and therefore no motion 
will take place. 

Lastly, let G be above C, but 
not Terticalh/, as is shown in fig. 
130. In tlus case the arrow G II 
inclines downwards, anil therefore 
the centre of gravity will begin 
to move in the direction G H. 

STABLE AND UNSTABLE EQUILIBRIUM. 

There is a remarkable difference between the 
two cases of equilibrium represented by figs. 127 
and 129, as will be manifest by referring to figs. 
128 and 130. In the case represented in fig. 128, 
the centre of gravity will move in such a way as 
to bring the line C G back to the vertical position, 
and therefore the tendency of the body is to fall 
back into its position of rest. In fact, if we 
suppose the body to be suspended in the manner 
represented in fig. 127, and to be slightly disturbed 
from that position of equilibrium, by being pushed 
a little on one side, so as to assume the position 
in fig. 128 ; then, when the body is left to itself^ 
it will fall back again towards its original position 
of rest in fig. 127. 

On the contrary, in the case represented by 
fig. 130, the centre of gravity will move in such 
a way as to turn the line C G round away from 
the vertical position ; and therefore the tendency 
of the body is, not to fall back to a position of 
rest, but to fall away from it. In otVvet \\oTftL^^\^ 
we suppose the body to be placed m t\ie xasvxvxvex 
represented in lig. 129, and to be aWgVvtlj ^\i5X\>x\i^^ 
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from that position of equilibrium, by being pushed 
aside a little, so as to assume the position in £g, 
130; then, if left to itself, the body will fall away 
from its original position of rest in fig. 129, and 
swing quite round. 

There is, therefore, a considerable difference 
between the two cases of equilibrium represented 
in figs. 127 and 129. In the former case, if the 
body be disturbed a little, it falls back again 
towards its position of rest; it has, in fact, a 
tendency to steadiness or stability. JBquilibriam 
of this kind is therefore called »table equilibrivm. 
In the latter case, if the body be disturbed ever 
so little from its position of rest, it faUs completely 
away from it; it has, in fact, a tendency to un- 
steadiness or instability. Equilibrium of this kind 
is called wiftable equilibrivm, 

fig_ lai. Abody, then, is siud 

to be in stable equili- 
brium, if, when it is 
slightlydisturbedirom 
its position of rest, it 
comes back again to 
that position: and a 
body is said to be in 
unstable eqoilibrium 
when, if it is slightly 
disturbed from its po- 
sition of rest, it moves 
away altogether from 
that position. 

A good illustration 
of et^le eciuilibrium 
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A horse H has a weight W attached to it by 
means of a bent wire, in the manner shown in the 
figure, and the hind feet of the horse are placed 
upon a stand 8* The object of the weight W is 
to make the centre of gravity of the whole body, 
consisting of the horse, wire, and weight, assume a 
position vertically below the point of support S, 
when the horse is in a horizontal position. This 
is, therefore, a case of stable equilibrium, and if 
the horse be disturbed a little from the horizontal 
position, it will always move back towards that 
position again, and thus imitate the action of gallop- 
ing by swinging backwards and forwards without 
falling off the stand. 

The diflSculty of balancing a long pole, A B, on 
the finger A^ fig. 132, is an illustmtion of unstable 
equilibrium. The centre of gravity Fisi, 132. 
G of the pole, is above the point of 
support Ay and therefore, though 
the pole will rest where the line 
6r-^ is truly vertical, it will, on 
any inclination from the vertical 
position, fall quite away from that 
position, unless, by a quick motion 
of the finger, the point of suppport 
A is moved about so as to keep it exactly under 
G. The difficulty of thus balancing the pole 
on the finger arises from the fact, that the very 
least disturbance of the pole out of the exact 
vertical position of equilibrium, causes it to fall 
quite away from that position, unless the point 
of support be moved in such a way as to arrest 
the fall. 
A, child learning to walk is an V\\.u«tt«i^AOTL oit 
tils attempt to balance a body, supported oii«vx^ ^ 
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small base as the feet are. The child has to learn 
by experience, though it be not aware of the fact, 
that, when it stands, the vertical through its 
centre of gravity must fall within the limits of 
its feet; and it takes much time and practice 
to habituate the muscles to keep the body, by an 
involuntary effort, always in such a position that 
the vertical through the centre of gravity may 
not fall without the limits of the feet. Consider- 
ing the variety of attitudes into which the body 
is thrown in actions of standing, walking, running, 
&c., it is not surprising that some practice is neces- 
sary to enable a child to fulfil, in an involuntary 
manner, the mechanical law we are here speaking 
of, and so avoid falling. 

Walking on stilts is much more diflScult than 
on the feet, because the base is much more circum- 
scribed, especially on each side, so that a very 
little inclination to the right or left is enough to 
cause a fall, unless the body be thrown quickly in 
the opposite direction. 

GENERAL PRINCIPLE. 

We may lay down the following as a general 
principle, namely, That the equilibrium of a body is 
stable or unstable, according as its centre of gravity 
is in its lowest or highest position. 

For if the centre of gravity be in its lowest 
position, and if the body be slightly disturbed 
from that position of rest, the centre of gravity 
has risen in consequence of that disturbance. 
Therefore, since the centre of gravity always falls 
if it can, the body, if left to \ta^\?» ^\W ^ck \i^jvs?^ 
to the position of rest. 
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But if the centre of gravity be in its highest 
position, and the body be slightly disturbed from 
that position of rest, the centre of gravity has 
fallen in consequence of that disturbance. There- 
fore, since the centre of gravity never rises of 
itself, but falls if it can, the body will not re- 
turn to its position of rest, but will move away 
from it. 

When, after a slight disturbance from a position 
of rest, a body has no tendency to move, either 
back to that position or away from it, the equi- 
librium is neither stable nor unstable, and is there- 
fore called neutral equilibrium. An instance of 
this kind of equilibrium is a suspended body, in 
which the centre of gravity itself is the point of 
suspension. 

We shall presently, and on future occasions, 
give other instances of stable and unstable equi- 
librium. 

We may here observe, that the various instances 
we have been considering, may be explained with- 
out any reference to the principle of the descend- 
ing tendency of the centre of gravity* Thus, in 
the case represented in fig. 127, the weight acts 
along the line G 6r, because that line is vertical, 
and therefore, since C is fixed, no motion can 
ensue. Again, in fig. 128, a vertical through G 
falls on the left of C, and therefore the weight 
will have a certain moment (see Art. 63.) about 
C, tending to turn the body towards the right 
hand. And so in the other cases. 
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EXPERIMENTAL METHOD OF FINDING THE CENTRE 

OF GRAVITY. 

The fact, that when a body is 'suspended by 
any point, the centre of gravity rests vertically 
below the point of suspension, enables us to deter- 
mine by actual trial the position of the centre of 
gravity in the body. Thus, suppose that we wish 
to find whereabouts the centre of gravity is in a 
piece of thin board of any shape, as, for instance^ 

pq, fisr. 133. Sus- 



Fig. 133. 



Fig. 134. 




pend the board by a 
string A B^ fastened 
to it at any point A^ 
and mark on tne board 
with a piece of chalk 
the direction A B oi 
the string EA pro- 
duced. AB \^ wien 
a vertical line through 
the point of suspen- 
sion, and therefore the centre of gravity must lie 
somewhere in A B* 

Again, suspend the body by some other point 
(7, fig. 134, and mark with chalk on the board the 
direction C D oi the string EC produced. (7 2) is 
then another line in which the centre of gravity 
lies, and therefore the point where the two lines 
A B and C Dy thus drawn, intersect, must be the 
centre of gravity of the board. 

To determine in this manner the centre of 
ravity of a body, not flat, like the board, but of 
me solid irregular shape, is, of course, not quite 
easy, but it may be done Vel \5aa ^^«wsi% 
turner: — 
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Fig. 135. 



H 



r^v 




Get an upright 
frame, fig. 135, with a 
small fixed pulley E at 
the top of it ; fasten a 
string to any point G of 
the body whose centre 
of gravity we wish to 
find, and suspend the 
body by passing the 
string over the pulley E^ as shown by the line 
CA EH in the figure. Let B be an upright 
point, fixed in the base of the frame exactly 
under -^, in a vertical line, so that the line A G 
produced may pass through B. The proper posi- 
tion of B may be easily determined, by fastening 
a piece of lead to a string, and allowing it to hang 
from A below the base of the frame, making a 
hole in the base, if necessary, for the string to 
pass through. It will then be easy to fix a piece 
of pointed wire, BK, in the base, so that the point 
BvDOkj be in contact with the string ; in which case 
the two points B and A will be in the same ver- , 
tical line. 

This being done, and the body being suspended 
by the string as shown in the figure, we have only 
to lower the body gradually till it touches and is 
marked by the point B ; then it is clear that the 
line joining G and 5 is a vertical line drawn 
through the point of suspension, and therefore the 
centre of gravity must lie somewhere in this line. 

If then D be the place on the surface of the 
body where the mark was made by the point B^ 
and If D' be the mark made when the \>oqcy \^^\x^« 
pended by any other point C, it la cXeax \\\^^»\5afc 
centre of gravity ia somewhere in. tVie Yviie V^^^^^'?* 
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C and i>, and also somewhere In the line joining 
O and LI ; that is, the centre of gravity is at the 
point where these two lines intersect. In this 
manner the position of the centre of gravity is 
completely defined and determined. 

PROBLEMS RELATING TO THE FINDING OF THE 
CENTRE OF GRAVITY. 



\ 

■A 



Fig. 136. 



Problem XIX. 

To find the centre of gravity of a quadrilateral 
figure. 

• Let ABCD, fig. 136, be 
the quadrilateral figure ; draw 
its two diagonals AG and JSZ), 
intersecting at F; find £, the 
middle point of BD, and draw 
AE and CE ; take on these 
lines the points H and Ky so 
that EH shall be one-third of 
A H, and E K one-third of OK, 
and draw HK cutting BD 
at i. • 

Then, by Prop. XXI. Cor. 
1, i?" is the centre of gravity of the triangle 
ABDy and JTthat of the triangle BCD: wherefore 
the centre of gravity of the whole figure composed 
of the two triangles is somewhere in the line joining 
H and K. (See Prop. XIX.) Now, because EH 
is one-third of EA, and EK one-third of E C, it 
follows that HK is a line parallel to ACy and that 
jEZ 18 one-third of JSjF.* The Une HK may 




» Euclid, Book T 1. "Pio^. ^. 
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therefore be easily drawn as follows: — Find £ 
tbe middle point of BD, and then X, so that EL 
shall W one-third oi EP ; then draw tbe line ifi" 
through L parallel to A G, and the centre of gravity 
of the quadrilateral figure is somewhere in this 
line. 

Hence we may determine the centre of gravity 
by the following simplified construction, fig. 
137 :— 

Having drawn the diagonals Fig. ut. 

A C and £i> meeting in F, find 
the middle points, E and E, of 
each, and determine the points 
i and i' by making EL one- ^ 
third of EF, and E/L' one- 
third of E'F; then through 
L draw a line parallel to A C, 
and through L' a line parallel 
to BD, and the point G where 
these lines meet is the centre of ^ 
gravity required. 

This is obvious, since, as we have shown, the 
centre of gravity must be somewhere in the line 
through L parallel to A C, and, by a parity of 
reasoning, it must also be somewhere in the line 
through L', parallel to BD; wherefore it is at 
the point of intersection of th^ two lines. 

Ex. 1.— If AB=BC, and 4 i)=i>C, where is 
the centre of gravity of the quadrilateral figure 
ABOD, which in this case is called a lozengef 

Ex. 2. — If the diagonals be at right angles to 
each other, and \i AF=A, FC = 10, FB = 9, 
FD=21; find how far tbe centre oi gca^'A^ \i 

Ex. 3. — On tbe some Bupposition, exsie^X. ^CkuA 
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AF=^1, FC^2, FB=S, and FI)=^; find how 
far the centre of gravity is from F. 

Ex. 4. — On the same supposition as in Ex. 2, 
except that the diagonals are inclined to each 
other at an angle {BFC) of 60**; find how far G 
is from F. 

Ex. 5. — If the diagonals be at right angles to 
each other, and the perpendicular distance of the 
centre of gravity from one diagonal is 4, and from 
the other 7 ; draw the quadrilateral figure* 



Ftg. 188. 



Problem XX. 

To find the centre of gratity of a pentagcmal 
figure. 

Let ABODE, fig. 138, 

be the pentagonal figure; 

find the centre of gravity, 

K, of the quadrilateral figure 

^^ A CD E; find also the 

centre of gravity, JST, of 

the triangle ABC, and join 

H and K, Then the centre 

of gravity of the whole figure 

must lie somewhere in the 

line HK. 

Again, find L and M, the respective centres of 

gravity of the quadrilateral figure ABGD, and 

the tnangle ADE, and join L and M. Then the 

centre of gravity of the whole figure must lie 

somewhere in the line LM. Wherefore the 

point 6r, where LM and HK intersect, is the 

centre of gravity required. 

Ex. 1.— Find the centre o? gcwnfcj ^'t \>. ^^i^^- 
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tagon whose sides and angles are all equal to each 
other. 

Ex. 2.—AE, ED, DC, and ^(7 are all equal 
to each other, AB is equal to BC, and the angle 
AED is 60°; find the centre of gravity of the 
figure. 

Problem XXL 

To find the centre of ffravity of a triangular 
pyramid. 

A triangular pyramid is a solid figure, ABCD^ 
fig. 139, bounded by Fig.\z9. 

four triangular surfaces 
or faces, namely, ABC, 
BCD, BDA, sind ACD. 
Observe, in the figure 
the points A, C, and D 
are not supposed to lie 
in the same plane with 
B. The conception of 
figures of this kind 
being rather difiicult to 
those who have never 
studied the Eleventh 
Book of Euclid, or any- 
thing relating to solid geometry, it will be well for 
a beginner to have a model to show this figure in 
its natural solid dimensions. Such a model can 
be easily made by drawing a triangle, A CD, 
upon a piece of board, making holes at A, C, and D, 
into which three stout wires, BA, BC, and BD, 
may be inserted; and these wires are to be 
united at B. The other lines of t\\e &gax^, ^xns^ 
as BZ, BJET, A'B", &c., may be fotmeOL oil ^vd. 
wire, or of threads. 
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To find the centre of gravity of this solid figure, 
let H^ the centre of gravity of the triangle -^ Oi), 
be found, and join BH; then we may show that the 
centre of gravity of the solid figure is somewhere in 
the line A H. For, if A^ C Z)' be a triangle formed 
by lines. A' C\ CiX, Lf A\ parallel to AC, CD, 
DA, respectively; in other words, \i AC'D be 
a triangular section * of the solid parallel to A CD, 
it is clear that the triangles ACDl and ACD 
will be perfectly similar to each other, and simi- 
larly situated with respect to the line BE, which 
is supposed to meet the triangle A'GD' at H' ; 
wherefore, since H is the centre of gravity of 
A CD, H' will be the centre of gravity of A'C'D\ 
Now we may suppose the whole solid to be made 
up of triangular slices, such ^^A'CIf, all parallel 
to ACD, and the ceiltre of gravity of each of 
these slices, like that of A O D', will lie in the 
line BH. Consequently, the centre of gravity of 
the whole solid must lie somewhere in the line BH. 

Again, if we find K the centre of gravity of the 
triangle BCD, and draw the line AK, we may 
show, in the same manner, that the centre of 
gravity of the solid must lie somewhere in the 
line A K. 

Wherefore, if 6r be the point of intersection of 
these two lines, BH and AK, the centre of gravity 
of the solid is at G* 

We may show by measurement that HG is 
always one-fourth of HB, by constructing the 
figure shown in fig. 140, where the letters signify 
the same points as in fig. 139. L is the middle 
point of DC; HL is one-third of AL, which 

• That is, the flat surfoce produced. \>7 cuttlug >iJtkft ^^^^^x^ 
Across in one plane, flupposed to \)e par«i\fe\ \»Q V^ife ^\aaft AC B, 
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makes H the centre of gravity of ACD ; and 
KL is one- third of BL^ 
which makes K the centre 
of gravity of 5 (7i>. Then, 
if we measure, we shall find 
that HG is always one- 
fourth of EB. 

This may be shown by 
Euclid, Book VL , as follows : 
— Draw L M parallel to 
BH, to meet A K produced 
at M: then, because ML 
is parallel to -ffG, we have, 

ML : GH :: AL : AH :: 3 : 2. 
Also, because ML is parallel to B 6r, we have, 
BG : ML :: BE : KL :: 2 : 1. 

Wherefore, by composition of ratios, 

BG : GH :: 3 : 1. 

Whence it follows that GHis one-fourth of BH. 

Corollary 1. — To find the centre of graxity of a 
pyramid m a polygonal base. 

Let ACDEF, fig. 141, be the polygonal base, 
corresponding to the triangular Fig. ui. 

base in A CD in fig. 139 ; then 
we may show that if we draw a 
line, BH^ from B to the centre 
of gravity Hoi the base ACDEF, 
and make HG equal to one-fourth 
of HBy G is the centre of ^{ 
gravity of the pyramid. In fact, 
we may suppose the pyramid to 
be made up of a set of triangular pyram\3L^,Xk9cav^l 
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ABCD, ABBE, and ABEF; and the centre 
of gravity of each of these pyramids will be at a 
distance above the base equal to one-fourth of the 
distance of the vertex B above the base. Where- 
fore the centre of gravity of the whole solid must 
be also one-fourth of the same distance above the 
base. Also we may show, .as in the preceding 
case, that the centre of gravity is somewhere in 
the line BH. It follows, therefore, that if we 
measure on HB a distance HG equal to one- 
fourth of HBy G must be the centre of gravity 
required. 

Corollary 2. — To find the centre of gravity of a 
cone. 

When the polygon AGDEF, fig. 141, has a 
very great number of very small sides, it may be 
Fig, 142. regarded as a curve ; in such a case 
the pyramid becomes what is v^alled 
a cone, fig. 142. We have, there- 
fore, the same rule as before for find- 
ing 6r, the centre of gravity of a 
cone; namely, find Hy the centre of 
gravity of the base ACDE, draw 
^cf BHi and measure HG equal to one- 
fourth of 5 JJ. 

If AGDE be a circle, H is, of 
course, its centre. 

CENTRES OF GRAVITY OF CURVED FIGURES. 

It is often important to find the centres of 
gravity of certain figures bounded by curved sur- 
faces, but the investigations and rules for this 
purpose are too difficult to be introduced here ;* 

* These roles are proved geomelnQ82l\^ «^» ^i^ckft «sA ^\ >iXife 
chapter. 
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Fig. 148. 




we shall therefore simply state a few results which 
may be useful. 

If B4D, fig. 143, be a rod bent 
into the shape of a semicircle, its 
centre of gravity is thus found. Let 
C be the centre of the semicircle, and 
A the middle point of the semicir- 
cular circumference 5-4i)/ or, in other ^[ 
words, let GA be perpendicular to 
BD ; then the centre of gravity is 
on the line A C, and its distance G G 
fix)m G is got by dividing 2AG hy 
the number 3.14159; or, what is 
nearly the same thing, GG i% got by dividing 
lAGhjU. 

The number 3.14159 is that decimal* by which 
the radius of a semicircle must be multiplied in 
order to get the length of the semicircular cir- 
cumference; or, we may say, 3.14159 is the number 
by which the diameter of a circle must be multi- 
plied to get the length of the circumference. The 

fraction -= is nearly the same thing as this number. 

If jB J. Z) represent a board in the shape of a 
semicircle, the centre of gravity, 
G, is found by measuring CGy 
equal to two-thirds of the value 
in the preceding case; that is to 
say, (76r is got by dividing TAG 
by 33. ^ 

JSBAD represent half a sphere, 
fig, 144, G the centre, A the middle 
point of the hemispherical surface, 
AC being perpendicular to BD, 

* To fre places of de<^iiia\&. 
Q 



Fig. 144. 
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and if G be the centre of gravity ; then C6r is 
exactly |ths of A 0. 

If G be the centre of gravity of the surface of 
this half sphere, C 6f is exactly equal to ^ AO ; 
that is, G is the point of bisection of the radius 
AC. 

Problem XXIL 

To find the centre of gravity of three equal leeiffhts 
placed at the angular points of a triangle ; alsoy of 
three rods of equal u:eight forming a triangle. 

Let A9 By and 0, fig. 145, 
Fig. 145. 1^^ three weights, each equal 

to TT, at the angular points 
of the triangle AB G ; Diseot 
AC m Dy draw BDy and 
on it take 6f, so that DG 
^ shall be ons-third of JDJ?, 
and therefore one-half of BG. The weights A 
and C may be supposed to be collected into the 
point Dy which is their centre of gravity ; we 
shall then have a weight 2W Kt Dy and TTat B. 
But, since BG = 2DGy 6r is the centre of gravity 
of these weights ; and therefore G is the centre of 
gravity of the three equal weights at Ay By and C. 
It appears from this that the centre of gravity 
of the three weights is coincident with that of the 
triangle ABC. 

1{ ABy B Cy and A C, be three rods of equal 
weight, their centre of gravity is at the same 
point 6r, for the weight of A Cy say Wy acting at 
D the middle point of A Cy is equivalent to |- ^ 
at A and J W at C ; in like manner, the weight 
of AB IB equivalent to 5^ W «A, A^ «ctA \ W ^t. B^ 
and the weight of B C is eqiaL\N«l^iti\.\*^\W ^\»B 
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and ^ W at C ; wherefore, the weights of the 
three rods are equivalent to TT at J., W at By 
and ^at G; and therefore the centre of gravity 
is at the same point as before. 

Ex. 1. — Find the centre of gravity of the weights 
Wa.t A, 2 Wsit By and 3 TT at C. 

Ex. 2. — Find the centre of gravity of the rods 
A B, B Cy and A Gy supposing their weights to be 
Wj 2 Wy and 3 W respectively. 

Ex. 3. — Find the centre of gravity of the rods 
A By B Cy and A G, supposing them to be the 
same substance and thickness, and that their 
lengths B.TeJB = 4yBC=5yAG = 6. 

(Ex. 4. — Find the centre of gravity of the 
^ weights Wy 2Wy S Wy and 4 Wy placed at the 
four corners of a square. 

Ex. 5. — ^Find the centre of gravity of four 
equal weights, placed at the corners of a quadri- 
lateral figure. 

Ex. 6. — Find the centre of gravity of four 
equal weights, placed at the corners of a trian- 
gular pyramid. 

Problem XXIII. 

If BADy fig. 146, be a half 
spherey whose weight is Wy G its 
centrOy and G E a rigid liney by 
which a weight equal to W is 
fixed to the half sphere, G E being 
at right angles to B D ; and if 
\ this compotmd body be placed on a 
horizontal plane P Q; to deter- 
mine whether the equilibrium is stable or ttnstable. 

Produce the line EG to Ay and let 6' \i^ \)DLfe 
I centre of grarity of the half sphere, N^\i\c\i x?'^ 
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be on the line CA^ at a distance from C equal to 
f J. (7. We then have a weight W at G', and W 
at -E, and the centre of gravity of these two 
weights will be at G, which is half-way between 
G' and E. G may, according to the length of 
ECi fall either above or below 0. 

This compound body will rest when the point 
A is placed in contact with the horizontal plane 
P Q; for there the point G, when the weight of 
the whole acts, will be vertically over the point 
of support. 

Now, let us suppose that the body is disturbed 
Fig, ui. « from its position of rest, in 

the manner represented in 
fig. 147, and that G is below 
C The force which acts 
on the body is 2 TT, ver- 
tically downwards at (7, and 
this force acts on the left 
of the point A\ where the 
surface BAD touches the horizontal plane. 
Wherefore, it is evident, that the effect ot 2W 
thus acting will be to make the body turn, or 
rather roll back to its original position ; inasmuch 
as the tendency of W is to bring A down to the 
horizontal plane again. 

But if G be above C, 
as is represented in fig. 
148, the reverse will be 
the case, for then the force 
2 W will act on the right 
of A', and therefore tend 
to make the body turn or 
roll away from its position 
of rest. 




Fig. 148. 
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[ Wherefore, the equilibrium is stable or unstable 

{according as 6r is below or above 0. 

I If we place the body with A touching the 

fborizontal plane, fiff. ^.^^^^ 

149, and make it roll 

-a little right and left, 

it will be found that 

a, point F below C 

describes a curve like 

KFH^ and that a point 

J' above G describes 

a curve like JSr'jP'fl'. 

Wherefore, if the centre of gravity be hehuo C, 
as at Fi it will rise when the body is disturbed, 
but if it be above C, as at F'y it will fall; in the 
former case the centre of gravity is in its lowest 
position ; in the latter, in its highest. This agrees 
with the principle, that the equilibrium is stable 
or imstable according as the centre of gravity is 
in its lowest or highest position. 

If the centre of gravity be at (7, it will de- 
scribe a straight line horizontally, when the body 
is rolled right or left. In this case the equi- 
librium is neutral; in fact. A! will always be 
vertically under the centre of gravity, and there- 
fore, in whatever position the body is placed, it 
will rest. 

Ex. 1. — If J5 (7 = J. C, determine whether the 
equilibrium is stable or unstable. 

Ex. 2.— If EC =^ I AC, determine whether the 
equilibrium is stable or unstable. 

Ex. 3. — ^Find what must be the lengtK ot E C 
in order that the equilibrium may be newtr^. 

Ex. 4.— If the weight TF, whic\i i» a.\. E, \>^ 
ue-fourib that of the half sphere, hoYr long, xm>^[ 
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EC he made without the equilibrium becoming 
unstable? , 

Ex. 5. — If two equal weights, W and W, fig. I 
-,. ,^„ 150, be fixed to the half 

i^V. 150. .' . 1 • -J T 

,^ sphere by equal rigid lines, 
^ ^ ^ ^ EB and jP A hoth perpen- 

dicular to B D ; and if each 
weight be equal to the weight 
of the half sphere, find how 
long EB and FD may be 
made without the equilibrium 
becoming unstable. | 

Ex. 6. — On the same supposition, only that 
EB k double FD, find how long EB may be 
made without the equilibrium becoming unstable. 

Ex. 7.— If EB=^FD,hnt the weight at JS' is - 
double that at jP, the latter being equal to the 
weight of the half sphere ; find in what position 
the half sphere will rest, and how long EB and 
FD may be made without the equilibrium becom- 
ing unstable. 

Ex. 8. — On the same supposition, except that 
the weight at E is four times that at F ; find the 
same. 

Ex. 9. — On the same supposition, find how 
much the weight at E must exceed that at jf^, and 
how long EB and FD must be, in order that the 
half sphere may touch the horizontal plane at a 
point half-way between A and i?, and rest in that 
position in neutral equilibrium. ( 

Problem XXIlV. 

ABCD be a piece of mard^ Jig. 151, in\ 
\ape of a quadrilateral fiijuret of which two 
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sidesy A D and B C, are ^»^- ^^i- 

parallelf and G D at /^ 

right angles to them ; to / \ 

find the centre of gramty X^^f^r"'^, 
G by means of Prop, ^ — irx — x~~£p 
XXVII. 



jp' 



Draw B E Sit right angles to AD ; let F be 
the centre of gravity of the triangle AB E^ F' 
that of the rectangle BCDEy and draw FHy 
F'H\ GK, at right angles to AD. Then, 
because F is the centre of gravity of the triangle 
ABE, and FH parallel to BE, AH must be two- 
thirds of AE; also, H' is the middle point of ED, 
for a similar reason. 

Let us now assume, for brevity, a to represent 
A Eyb to represent ED, and x to represent AK ; 
then we have, 

AH^la, AH ^a + \b. 

Also, since the triangle ABE, and the rectangle 
BODE, have the same altitude BE, if ^Tbe the 
weight of the former, and W" that of the latter, 
we have,* 

W I W :: ia : b. 

Now, by Prop. XXVIL we have, 

or, putting for W and W the proportional quan- 
tities, i^a, and b, we find, 

* The areaof (or quantity of surface in) ABBl^^AEv^BE, 
and the area of BGDJS i& EDy^BE,^\Ayf vxs.\ ^' ^^^^^^^ 
portional to tliefle respectively •, -wlMieioTft, 
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ia + i 

This determines the value of ^, or A H'^ in 
terms of a and i^ and thus the position of the line 
KG becomes known. 

If we bisect B C and AD^ and join the points 
of bisection, the joining line will bisect every line 
drawn in the quadrilateral figure, parallel to AD 
or B C ; wherefore, the centre of gravity G must 
lie somewhere in the joining line ; therefore 6 is 
at the intersection of that line and IT G. Thus 
6r is determined. 

Ex. 1.— If AE^ED^DC^IO, find^ the 
position of H*y and determine G by construction. 

Ex. 2.— If AE^2ED=^10, determine H' 
and G. 

Problem XXV. 

To find the proportionate dimensions of the board 
in the last problem, so thaty when snspended from the 
point By it may hang with AD in a horizontal 
position. 

In this case G must be vertically below B^ and 
therefore must lie in the line BE; consequently, 
H' must coincide with Ey and therefore ^ = a. 
We have then, by the preceding problem, 

ha + b ^ 

.•• {\a + b)a = ^a' + b{a + \byy 

.-. a^=Zh\ or a=V3b=\.n^^b. 
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Hence, A E must be equal to E D multiplied 
by 1 . 732, and this determines the necessary pro- 
portional dimensions of the board. 



Fig. 152. 



GEOMETRICAL INVESTIGATION OP RULES FOR FIND-< 
ING THE CENTRE OF GRAVITY, IN THE CASE OF 
BODIES BOUNDED BT CURVED SURFACES. 

Proposition XXVIII. 

To find the moment of the weight of a rod, in the 
form of a circular arc, about the centre of the circle 
a8 fulcrum. 

Let BAD, fig. 152, be the rod bent into the 
form of a circular arc, whose 
centre is G; take A any point of 
the rod, and draw A C, which 
we shall suppose to be hori- 
zontal ; draw EF through A at 
right angles to AC ; also, E B 
and FD parallel to A C. Let 
pqhQ any small portion of the 
rod, so small that we may re- 
gard it as a straight line with- 
out sensible error ; draw pC; 
pm at right angles to AC ; tr 
through p, and sq, both parallel 
to AC ; and qr ai right angles to pr. 

Then /? ^ is at right angles to p C, because the 
circmnference of a circle always runs at right 
angles to the radius ; also, p r and q r are respec- 
tively at right angles to pm and m C, Wherefore, 
the triangles qpr and owC are aVniiXax^asA^^ 
Imve, bjrSuclidy Book V L, obaervmg \)aaX tE — q.T 
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pq : qr :: pG : mC; 
and therefore pq Xm0=t8 x AC. 

Now, suppose that EF is a rod of the substance 
and thickness of the bent rod B A Dy in which 
case we may take the lines pq and ts to represent 
the weights of these two small portions of the 
rods respectively. Then, pqy.mG\& the moment 
of the weight of the portion /?y, with reference to 
C as fulcrum ; because this weight is a force act- 
ing along the vertical direction pm^* and mC\& the 
perpendicular from C on pm. Also, for similar 
reasons, ts X AC is the moment of the weight of 
the portion ts, but pqxmC=tsXAC; where- 
fore, it appears, that the moment oi pq about C 
is equal to that o( ts about C, 

Now, if we divide the whole of the rod BAD 
into small portions, such as pq, and if we also 
divide the whole of the rod EF into corresponding 
portions, such as ts, by drawing horizontal lines, 
as shown in the figure ; we may prove, as in the 
case oi pq and t s, that the moment of each portion 
of B A C about C, is equal to the moment of the 
corresponding portion o( EF about C. Where- 
fore it follows, that the moment of the whole 
weight of the curved rod BAB about C as fulcrum, 
is equal to the moment of the weight of the straight 
rod EF about C. 

Since the moment of EF is the weight oi E F 
multiplied by A C, this is also the moment BAD. 
Which was to he found, 

* Strictly speaking, this vertical ought to be drawn through 
9 middle point ofp q; but p q is &o sm8\\.,>X\&X> >iJtifc ert«t«t\i\\i% 
Jn BuppoBing this vertical to comdAB m>iJii pm \& o^Xa vo-- 
^ible. 
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Corollary. — If W be the weight of BAD, 
then, since the rods BAD and EF are supposed 
to be of the same substance and thickness, we 
have, 

weight of EF : W :: EF : ^rcBAD, 
and therefore weight o( EF = n ^ r. 5 

^ B,YQ BAD 

whence the moment of the rod BAD about C is 

WxEFxAC 
QTcBAD 

Proposition XXIX. 

If the rod A B be supposed to revolve about A C 
as axisy and so generate or describe a portion of a 
spherical surface ; * it is required to find the moment 
of that surface about C as fulcrum. 

If we suppose the whole figure BE FD to 
revolve about A C as axis, it is clear that the 
portions pq and ts will each describe circular rings 
of equal radius, one ring being described with pm 
as radius and m as centre, and the other with A t 
as radius and A as centre. Wherefore, the quan- 
tity of matter in the ring described by pq, will be 
to the quantity of matter in the ring described by 
tSf QB pq is to ts. The weights of the two rings 
will therefore be proportional to pg^ and ts respect- 
ively; and therefore, since pq.m C=ts, A C, it 
follows that, 

(weight of ring described by /? g^) X w C = 
(weight of ring described hj t s) Y. A C. 

* Bjr the word surface here we mean a moAeriol auTjace^'Osia^* 
IB, a, bodgr of extremely small aad mnionii t\iaii3afi»»,\^^ ^'s^'^ 
for instance. 
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But these weights act at the centres of gravity 
of the rings, namely, at A and m respectively, in 
the vertical directions t A and pm; wherefore m G 
and A C are the perpendiculars from C on the 
directions of these weights. We have, therefore, 

moment about C of ring described by f? gr = 
moment about C of ring described by ts. 

Wherefore, reasoning as in the former propo- 
sition, it appears, that the moment about C of the 
portion of spherical surface, generated by the 
revolution of the rod -B -^, is equal to the moment 
about C of the circular surface, generated by the 
revolution of the rod A E. Which was to be 
found. 

The latter moment is the weight of the circle, 
whose radius is Jl ^ multiplied by AC; therefore, 
this is also the moment of the portion of a spherical 
surface generated by BA. Of course, both surfaces 
are supposed to be equally thin, and to be com- 
posed of the same substance. 

Corollary. — If W be the weight of the surface 
generated by the revolution of the rod B A^ we 
have, as in tne former proposition, 

weight of circle generated by rod EA : W :i 
surface of circle whose radius \& EA : sur- 
face generated by A B. 

Wherefore, the moment about C of the weight 
of the surface generated by the revolution of the 
arc B A is, 

JF X surface of cir cle whose radlua \& E A Y. AC 
surface generated by at^ A B. 
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Proposition XXX. 

To find the moment of the weight of aflat surface, 
in the shape of a sector of a circle, about the centre 
of the circle as ftdcrum. 

Let GBADy fig. 153, be the sector, Cthe centre, 
and C A the horizontal radius ; Fig. 153. 

then we may divide the whole 
sector into triangles, by drawing 
a great number of radii from (?, 
as for instance, Gp and Cq, pq 
being small enough to be re- 
garded as a straight line, as 
before. 

Now, if r be the centre of 
gravity of the triangle Cpq, Cr 
being two-thirds of Gp, we may 
suppose the whole weight of 
Gpq to be collected into the 
point r, and the same may be Fig. 154. 

said of all the other triangles e' b' 

into which the sector may be [ y^' 

divided. Now, the centres of 

gravity of all the triangles form 

a circular arc B' A' D\ described 

about G as centre, with a radius 

equal to two - thirds of A G. 

Wherefore, we may suppose ^ 

the whole weight of the sector 

to be collected into the series of points forming 

the arc B' A' D' ; in other words, we may suppose 

that, instead of the sector, we have 3^. toS. B^ A! I>* • 

But, if we draw E' B' and F D* YvoxYx^x^x-iSJ^l r»^ 
in £g. 154, and E'F^ through A* NexXAfi^JS^^^"^^ 
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moment of this rod is the weight of E' F' multi- 
plied by A Cy E'F' being supposed to be a rod of 
the same substance and thickness as B'A'D'^ 
Wherefore, this is also the moment of the sector. 
Which teas to be found. 

Corollary. — If W be the weight of the sector, 
W is also the weight of B'A'I>\ and therefore, 
since B' A'D' and E' A'D' are of the same sub- 
stance and thickness, we have, 

weight of E'F' : W :: E' F' : bxqB'A' D' 

:: EF : arc BAD. 

EF being vertical, and EB and FD horizontal ; 

WxEF 



therefore weight of E' F' = 



2^qBAD 



Whence, since ^'(7' = §^C, we find that the 
moment of the -sector about (7 is 

2 TTx EFy. AC 
^ BxcBAD ^ 



Proposition XXXI. 

To find the moment of a body^ in the shape of a 
solid sector of a sphere^ about the centre of the sphere 
as fulcrum. 

Let ABGDi fig. 155, represent the «olid sector, 
and C its centre ; let pqq'p' hQo, smaU portion of 
the surface of the sphere, so small tl^at we may 
regard it as a little plane, and draw the lines p C, 
pCy qC, q'G. Then, if the ceutre oi gravity of 
the prism ppqq'C be r, Or Nsr\ll b^ tMrn-fourths of 
Op, (Proh. XXL) and vie may, ^^ \sl^<6 Wtsi^x 
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proposition, suppose the Fig.155. 

weight of this prism to be 

collected into the point r. 

Also, we may suppose the 

whole sector to be divided 

into prisms of this kind, and 

the weight of each prism to 

be collected into its centre 

of gravity, at a distance from 

C equal to three-fourths of 

the radius of the sphere. 

We may therefore suppose 
that the whole weight of the 
solid sector is collected into 
a series of points forming a 
spherical surface, whose radius 
is three-fourths of that of the sector. Hence, 
reasoning as in the former proposition, we obtain 
the following expression for the moment of the 
solid sector, viz. — 

3 TT X (surface of circle whose radius hEA)y(.AG^ 
^ spherical surface of the sector 

W being the whole weight of the solid sector. 




Proposition XXXII. 

To find the centre of gravity of 
the circumference of a semicircle. 

By Prop. XXVIII. the moment 
of the semicircle B A Dy fig. 156, 
about Cy supposing that AB and 
AD are each quadrants, in which 
case AF=^AE = A C, (see fis. 
IJ2) wUl be. 



Fig. 156. 
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WxEFxAC Wy.2ACy.AC 



or 



arc BAD * circumference of semicircle' 

Now, the circumference of the semicircle is got 

22 

by multiplying its radius AC hy 3.14159, or — 

nearly ; wherefore, the expression for the moment 
becoifies 

WX^AC, or W^AC. 

Let G be the centre of gravity, which is some- 
where on AC ; then we may suppose that fFacts 
at Gy and therefore the moment of W about C ia 
WX CG. Wherefore, 

WX CG^^Wyj-^AC; 

7 
and therefore C G = —^ JC; 

which determines the position of G. 

Proposition XXXIII. 

To find the centre of gratity of the sv/rface of a 
semicircle. 

Reasoning as in the preceding case, we find, by 
Prop. XX!X. that the moment of W is 

2 Wy 2ACyAC ^^ 14 .^ 

;, or TT -^ ^ C; 



3 circumference of semicircle' 33 

but the moment of Wis also PFx CG; wherefore, 

termines G. 
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Proposition XXXIV. 

To find the centre of gravity of the sv/rface of a 
hemispherei or of the solid hemisphere itself 

In the case of the surface, we have by Prop. 
XXIX. 

moment of TT = 

W X surface of circle whose radius \i& AC y^AC, 

surface of hemisphere 

but the surface of the hemisphere is double the 
surface of the circle, by a well-known geometrical 
theorem;"^ wherefore, 

moment of W:=Wx^AC=Wx CG, 

and consequently, C G = iAC. 

Again, in the case of the solid hemisphere itself, 
by Prop. XXXI. 

moment of TF = 

3 TF X surface of circle whose radius is ACx AC 

4 surface of hemisphere 

= ? W^= W.CG; 

4 2 ^ 

Wherefore, CG= ^AC. 

To these Propositions we shall add the follow- 
ing, which is usually given in this part of the 
subject. 

♦ The surface of a sphere is four timea Wikj*. qI SX»'e» ^«ixfcTaJC\s\.^ 
or great circle. This is proved at the «ii<dLoi VJafe Oaa.^'^fe^i'^1 "^^ 
Properties of ChddiwM, 

R 
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Proposition XXXIV. {bis.) 

If a body hamng a spherical base be placed resting 
on the top of a tpherey or in the inside of a q>here, 
to determine whether the equilibrium is stable or 
unstable. 

Fig- 157. Let J9 P Q be the body 

with the spherical base, and 
BA S the upper part of the 
sphere upon whidb it rests ; 
let C be the centre of BQP, 
and (T the centre of BA'S, 
then the line joining G and 
C must pass through the 
two touching points A and 
B of the two spherical sur- 
faces; also, in order that the 
body BPQ may rest in this 
position, the line B C must 
be vertical, and the centre of 
Fig. 158. gravity o{ B P Q must be 

somewhere in BC or BC 
produced. Our object is 
to determine how high 
the centre of gravity may 
be above B without the 
equilibrium becoming un- 
stable. 

Let the body £P^ be 
turned or rolled a little 
on one side, so as to bring, 
for instance, the point B' 
upon \5afe ^cfai\. A\ ^a is 
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line joining C and C^ will now pass through these 
two touching pomts, as shown in the figure. 
Produce CB and C'A to meet at i>, and draw 
A' E vertically to meet GB at jB. 

Now the centre of gravity of the body B PQ 
is somewhere in the line B CyOv BG produced, as 
we have stated. If it be below the point Ey at 
G for instance, the weight W of the body will 
act on the left of the point A'y and therefore tend 
to make the body roll back to its position of rest. 
But if G fall above JE, the reverse will be the case. 
Wherefore, the condition of stability is, that B G 
shall he less than B E. 

Now to find BEi we have, since A! E is 
parallel to 0" A 

GEi GD :: GB' : GG\ 

Let us take r to represent BG, and r' to repre- 
sent A C ; then CB' = r, and CC = r -^ r; 
also, because the body is supposed to be but very 
little disturbed from its position of rest, we may, 
without sensible error, neglect the little space 
BDy and assume that CD = GB = r. Hence 
the proportion becomes, 

GE : r :: r :: r + r 



GE^ 



and ••. BE=^r-GE^ 



r + r 



r 



Hence, if the height of the centre oi ^^nSXtj ^ 

above jff be lesB than the product oi tVie Xnso x^^^-* 

r and r\ diyid^^ by their Bum, t\ie ^cjvx^^tvxxkv 
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Fig, 159. 




CE^ 



will be stable ; other- 
wise not. 

If the body be 
placed inside a sphere 
instead of upon it, a 
figure, apparently dif- 
ferent, must be drawn^ 
fig. 159,buttheletter8 
denote the same as 
before, and the above 
proof applies, word for 
word, to this case; 
only we find C(/'== 
r'— r, and then, pro- 
ceeding as above, we 
obtain, 



r — r 



.-. BE^r-CE — 



rr 



r —r 



Fig. 160. 



The only alteration, therefore, is, that we have 
the difference of the radii instead of the sum. 

A good toy is made on the prin- 
ciple proved in this proposition: a 
half sphere of wood, BS^ fig. 160, is 
laid on a table, and a figure, PQ, 
having a heavy spherical base at J5, 
is placed upon it. The base of the 
figure is made so heavy, that the 
centre of gravity is sufficietitly low 
to render the equilibrium stable. 
Then, if we push the figure, it will 
not fall off from R S, Wt xoW \i«jSL^«sA& ^3Dl4 
forwards on the top of it. 
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We shall conclude the chapter with the two pro^ 
positions usually called the Properties of Guldinus. 

PROPERTIES OP GULDINUS. 

Proposition XXXV. 

If A B^ fig. \Q\^he a straight Fig. lei. 

line, APB any cwrtey and G 
the centre of gravity of this 
cu/rte ; then the quantity of sur- 
face generated by the revolution 
of the curve APB about the 'i ^ 
line AB as axis, is found by 
mtdtiplying the length of the curve APB by the space 
which its centre of gravity G goes over during the 
revolution. 

Divide the whole of the curve APB into very 
small portions, and let P be one of them ; draw 
PM and GHsit right angles to AB, and let PM 
be represented by y, Gffhj a, and the length of 
the small portion P of the curve by s ; also let c 
represent the circular arc which 6? aescribes when 
the whole figure is supposed to revolve about A B 
as axis. Then we have, 

arc described by the point P : c :: y : a, 

.'. arc described by P = ~ • 

•^ a 

Now, the quantity of surface in the narrow 
ring or belt which the small portion s describea 
during the revolution, wiU eV\de»\\^[ \i^ \qv3sA V^ 
multiplying s by the circular axe ^mdti ^».^^<3>Ki^. 
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of It describes ;* that is, by — : wherefore, 

CV8 

quantity of surface generated by ^ = -^— . 

In like manner, if s\ «", *'", &c denote the 
other small portions of the curve, and y\y*\ y'\ 
&c. their respective perpendicular distances from 
the axis AB^ the quantities of surface generated 
by these portions will respectively be, 

cyV cr»" ey"'s"' „ 

a a a 

Wherefore the whole quantity of surface gene- 
rated by the revolution of the curve J. P-S will be 
the sum of all these ; that is, 

C f , f f x lift. fU If! , O \ 

-(y^ + y^+y 5 +y 9 + &c.) 

But by Prop. XXVII. the whole expression in 
the brackets is equal to 

(« + «' + «" + «'"+ &c.)a; 

for we may consider «, /, «", &c. as representing 
the weights of the different portions of the curve ; 
wherefore, since « + «'+«' + «'" + &c., is the 
whole length of the curve, we find that the surface 
generated by the revolution of the curve is equal to 

-(« + »+ «" + b" + &c.) a,or c X length of curve. 

Which was to be proved. 

* We consider 8 to be bo small, that eveij point of it may be 
regarded as at the same distance i/ from the ttzis A B^ and there- 
tbre all the points of 8 may be coni^deie^ «& ^^^SMsr^Ask!^ ^yl^^^ 
Area of the same length. 
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Proposition XXXVI. 

If G he the centre of gramty^ not of the curve 
APB9 but of the flat mrface enclosed hy the curte 
APB and the line A By the bulk of the solids gene- 
rated by the retolution of this surface about AB as 
awisy vnU be found by multiplying this surface by the 
space the centre of gravity G goes oter. 

We shall use exactly the same notation as 
before, except that we shall suppose the whole of 
the surface APB to be divided Into very small 
portions, of which Q is one, fig. 162, pig, 162. 
and we shall assume s to represent 
the quantity of surface in Q, and 
y to represent the perpendicular 
distance QM o( Q from AB. We 
shall also assume 8s"s"\ &c. to ^^ *«• -» 
denote the other portions, corresponding to §, 
into which the surface APB is divided, and 
yy^'y"'^ &c. to denote their respective perpen- 
dicular distances from AB, Then, reasoning 
exactly as before, we may show that the length of 
the arc described by each point of the smaU sur- 
face * is - ; but the bulk of the solid ring gene- 
rated by s will evidently be found by multiplying 
8 by the circular arc which each point of it de- 
scribes ; that is, — ; wherefore, 

a 

bulk of solid generated by ^ =— • 

Hence, as before, the bulk of t\i"ft ^oKA ^\:l^~ 
rated hy the whole surface APB ViS\\i^ 
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or, by Prop. XXVII., 

or c X quantity of surface in A PBy 
which was to be proved. 

Examples of the use of these Propositions* 

Ex. 1. Tofmd the sv/rface of a sphere. — ^Let the 

curve A PB be a semicircle ; then the surface it 

generates will be that of a sphere whose radius is 

7 
h ABf which call r. In this case, c = j- ir by 

Prop. XXXII. and the circumference of the 

22 ' 

circle described by G, the radius being c, is 2 -— c, 

22 

or 4 r. Also the length of A PB is ^ r. There- 
fore, by Prop. XXXV., ^ 

22 

surface of sphere = 4. -=^ r' = 4, surface of circle 

whose radius is r. 

Ex. 2. To find the hulk of a sphere. — ^By Prop. 
XXXVI. this bulk is 

(quantity of surface in A PB) X c ; 

1 22 
bn<- ""antity of surface in APB = r • -^r^* 

all XXXIII. in this case, 

^ 22 14 8 

c=:2.y.-r = 3r. 



« 



STATICS. 249 

4 22 
Wherefore, bulk of sphere = « • -=- r ». 

We assume here that the circumference of a 

22 

circle whose radius is r, is 2 -^ r, or rather, 

2 (3.14159) r; and that the quantity of surface in 

22 

the circle is -=- r^ or rather (3.14159) r^ 

It has been proved in a variety of ways that the 

fatio of the circumference of a circle to its diameter 

is about 22 : 7, or, rather, 3.14159 : 1 ; wherefore, 

if c be the circumference, 

22 
c : 2r :: 22 : 7, and .% <j = 2 -=rr. 

7 

It may also be shown by dividing the circle into 
a great number of triangles, by drawing radii from 
the centre, that the quantity of surface enclosed 
by the circle is found by multiplying half the 
circumference by the radius ; which gives, 

22 
surface of circle = | cr = -zr r^. 

^ 7 



CHAPTEK VI. 



THE MECHANICAL POWERS. 



We have now explained what may be regarded 
ns the fundamental part of Mechanical Science, 
namely, the subject of the composition and reso- 
lution of forces under various circumstances ; we 
have dwelt particularly upon the important case 
of the parallel forces acting on bodies in conse- 
quence of the attraction of gravitation, and as con- 
nected therewith, we have given a variety of 
propositions and problems relating to the centre 
of gravity. We may now proceed to the appli- 
cation of the principles we have established to 
various mechanical combinations^ such as the 
simple machines called the Mechanical Powers ; the 
investigation of the Strains sustained by different 
descriptions of frams-worky as, for instance, Roofi 
of different kinds; the equilibrium of rigid strue^ 
tures, such as Fiers and Arches; the equilibrium 
oi flexible structures, such as Chain Bridges; the 
Strength of Materials ; the effects of Friction, &c. 
Our limits will not allow us to give more than a 
brief and general view of some of these topics, but 
even such a view of them will be found useful and 
i225tructive. 
We shall now commence m^Ja. ^e MecWa^AoX 
I^owers^ as they are called. TYieae wte xQadmcaRss 
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or contrivances^ of the simplest description, which 
enter largely into the composition of complex 
machinery, and are of common use and application 
in our ordinary concerns and occupations. The 
Mechanical Powers, as generally enumerated, are 
these : — 

The Lever, 

Wheels and Axles. 

The Inclined Plane. 

Cords and PuUies. 

The Screw. 

The Wedge. 

We have already considered the Leter^ though 
somewhat out of its place, for the reasons stated 
in Chapter I. It only remains here to consider 
the Balance^ which is a description of lever of 
considerable importance. 

THE BALANCE. 



Description of the com- 
mon Balance. — The com- 
mon Balance consists of 
a beam, or lever, A By 
fig. 163, which is sus- 
pended by its middle 
point Cy by means of a 
piece of metal CD. The 
two arms CA and CB 
are equal, and from their 
extremities A and B are 
suspended by strings two 
plates or scale pans P 
and Q of equal weight. 



Fig. 163. 
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In one of these are put the weights, and in the 
other the substance to be weighed. In many 
balances there is a projecting piece E attached to 
the arm A B, the object of which is to make the 
centre of gravity of the arm fall below the point 
of suspension C, for reasons we shall presently 
explain. Of course, this may also be done by 
giving a proper shape to the arm without the pro- 
jection JE. There is also generally a projecting 
piece OF9 called, a tongue, attached to A By and at 
right angles to A B, the object of which is to show 
whether the beam J. ^ is in a horizontal position 
or not ; for, when the tongue CF coincides with 
the vertical suspending piece of metal CD, the 
beam is evidently horizontal. 

The Knife Edges. — The beam of the balance 
has generally what are called ini/e ^(^^ projecting 
from it on each side at 0, and these knife edges 
rest on two rings which form the lower part of the 

Fig. m, suspending piece 

of metal GD, 

This is shown 

roughly in fig. 

164, where N is 

one knilfe edge 

resting jin the 

ringJT, 

knife e 

ring corresponding being on the othe 

the beam. A knife edge is a projecting 

hard metal in the shape of a small Wj 

lower edge of which is supported on ano 

of hard metal, such as the ring K* T' 

of supporting the beam allows it to mov 

Doint O with great freedom, much 




e other 

ge and 

side of 

piece of 

e, the 

er piece 

method 

i about the 

ore than 
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would be if the projecting piece NC were a round 
pin or axis turning in a circular hole. In fact^ 
there would always be some amount of friction 
with an axis, which would resist the free motion 
of the beam; but with a knife edge well made 
there is practically no friction whatever. 

The method of using the common balance is so 
&miliar to every one that we shall not delay to 
say anything about it. 

Proposition XXXVII. 

To determine the condition of equilibrium of the 
common Balance. — Let AB^ ng. 165, be the line 
joining the two points ^.^^^^ 

A and B from which 
the scale pans are sus- 
pended; and C the point 
or fulcrum about which 
the beam turns, C being 
in fact the edge of the 
projecting piece, which, as 
we have stated, is called 
the knife edge; then C 
must be on the line A By and exactly half way 
between A and B, for we shall show that this is 
necessary to constitute a correct balance. Let G 
be the centre of gravity of the whole beam, in- 
cluding all those appendages, such as the knife 
edges, the tongue, &c. which are rigidly attached 
to the beam ; then GO i& always, and must be for 
correctness, exactly perpendicular to AB, 

Let P and Q be the weiglits ia ea^ic^ «»c!s!!l<^ ^^2s^ 

which will he forces acting verlicsiWy Qlo^tc^^x^^ 

on the beam, at the points A and B Tes^^e>AN^ % 
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also, let W be the weight of the beam and its 
appendages, which is a force acting vertically - 
downwards at G. These are the forces which 
balance each other, when the beam assumes its 
position of rest ; for we leave out of account the 
weights of the scale pans and of the suspending 
strings, because they are assumed to be exactly 
equal, and, since they act at points A and B 
equidistant from the nilcrum, they balance each 
other. 

Let us suppose that A B has assumed its position 
of rest at a certain unknown inclination to the 
horizon ; and draw through C the horizontal line 
A'B\ meeting the vertical lines Pu4, WGy QBy 
produced, if necessary, at the points A\ G\ and 
B'y respectively. 

Now, by the Principle of the Lever, we have, 

Py.CA'=^Wy.C& ^Qy.GB\ 

and therefore, TTx (7G'= P x CA'-^Q x CB' : 

but CB'^CA, evidently, because (7:5 = (7 j4 ; 
wherefore, 

TrxeG' = (P-Q)C' .••.(!) 
ov.CG'^^^CA' .... .(2) 

Either of these equations (1) or (2) is the con- 
dition of equilibrium of the balance, as required. 

Corolla/ry \. — If P^^Q^ this condition gives 
CG^ =:0y and therefore the point G must be 
vertically under G ; for if CG =0, the points O 
and G' coincide, and therefore <76r is vertical. 
Hence CG is vertical, and therefore the beam, is 
horizontal, when the weights P and Q in the scale 
pans are equal. This is the principle of the com* 
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mon balance^ inasmuch as we conclude that the 
weights in the scale pans are equal when we see 
the beam resting in a horizontal position. 

C(yrollary 2. — The condition of equilibrium of 
the balance is satisfied when P=Q, and TF'rsO, 
no matter what may be the inclination of the 
beam; for the equation ,(1) is satisfied when 
P = Q, and ^^=0, no matter what may be the 
values o{ CG' and CA'y that is, no matter what 
may be the inclination of the beam, (for CG' and 
CA' have different values according to the dif- 
ferent inclinations of the beam.) Wherefore, if 
the weight of the beam and its appendages were 
nothing, the beam would rest in any position when 
the weights in the scale pans were equal; and 
consequently we should not be able to use the 
balance in the ordinary way, for the beam resting 
out of the horizontal position would be no indica- 
tion of the inequality of the weights P and Q. 

Corollary 3.— If 67^ = 0, it is clear that CG' 
also = ; and if at the same time P=Qy the 
equation (1) will be satisfied whatever be the 
value of CA\ that is, whatever be the inclination 
of the beam. Wherefore, if G coincides with (7, 
the balance cannot be made use of in the ordinary 
way. 

Hence we may see that the weight W of the 
beam and its appendages is an important part of 
the balance ; but its point of application G must 
not coincide with the point of suspension C 

Proposition XXXVIIL 

To estimate the sensibility of a Balauce%— ^<^ 
determine the weight of a body "^\x\. m ^^^ ^^'5^^ 
pan by putting weights into t\xe ot^afix ^^"5^*^^'^'^ 
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until the beam is made horizontal^ but it is not 
generally possible to determine the exact weight 
with great nicety, in consequence of the small 
deviation from the horizontal position which the 
beam undergoes when there is only a trifling 
difference between the weights in each scale pan. 
For very nice purposes the balance ought to be so 
made that an extremely small overplus of weight 
in either pan should turn the beam out of the 
horizontal position sufficiently to be obvious to the 
eye ; in other words, the balance should be sensibh 
to a very smaU overplus of weight in either scale 
pan. 

This sensibility of the balance consists in the 
deviation of the beam from the horizontal position, 
caused by a small given overplus of weight in one 
of the pans ; the greater, therefore, the deviation, 
the greater the sensibility in proportion. To 
estimate the sensibility then, let us suppose that 
W, P, and Q, are expressed in grains, and that P 
exceeds Q by one grain^ or that P — Q = 1 ; then 
by the equation (2) in the preceding proposition 
we find 

But the triangles ^C4' and GGG' are evidently 
similar to each other, inasmuch &8 CG is perpen- 
dicular to A C, CG' to AA',a.nd.GG' to CA', 
wherefore the sides of these triangles are pro- 
portional to each other, and we get, 

AA' : CG' :: CA : CG, 
theveiox^AA = ^ CG^iOJ^ * 
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But because there is but a small overplus, the 
deviation of the beam from the horizontal will be 
small, and A C will nearly coincide with A* C ; 
we may, therefore, without material error, put 
CA in place of CA'^ in the value of AA\ Tjiis 
gives 

AA'^ ^^^y . 

CGxW 

Now A A' shows the inclination of the beam ; 
fot the greater A A' is, the more apparent will be 
the inclmation of the line GA to the horizontal line 
CA^; wherefore the sensibility of the balance is 
indicated by the magnitude of A A\ that is, by 

CGx W' 

In fact, this expression gives the depression of 
the end A of the beam below the horizontal line 
CA\ in consequence of one grain more being in 
the scale pan suspended from A than in that 
suspended from B^ and by this expression there- 
fore the sensibility of the balance is estimated. 
Which was to he done. 

Ex. 1. — Let CA = 12 inches, 00 = 1 inch, and 
Tr= 2880 grains ; then 

CGxW 2880 20 

Hence the sensibility in this case is measured 
by the fraction i^, or, to speak more definitely, an 
overplus of one grain in either scale pan will turn 
the beam so that one extremity will sink one- 
twentieth of an inch below the horizontal line 
A!CB'y and the other extremity oi cova^^ x\^^ \r^ 
the same extent. 

8 
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Ex. 2. — On the same supposition, except tliat 
Cff = ^ th of an inch, estimate the sensibility. 

In this case AA' = ^; that is, an overplus of 
one grain will make one extremity of the beam 
sink a qtuirter of an inch. Hence the balance is 
Jive times more sensible in this case than in the 
former, inasmuch as J = 5 X inr. 

Corollary. — Hence we may see that the shorter 
GG is, the more sensible the balance is in propor- 
tion. It is also manifest from the formula for 
AA\ that the sensibility is increased by diminish- 
ing W the weight of the beam and its appendages; 
it is also increased by lengthening the arms CA 
and CB. 



Proposition XXXIX. 

To estimate the Stability of a Balance. 

A very sensible balance is by no means convenient 
for common purposes, because it swings or oscillates 
so much when disturbed, that it takes too much 
time in assuming its position of rest. For weigh- 
ing substances in the ordinary way, it is necessary 
that the beam should come quicUy into the hori* 
zontal position when the weights P and Q are 
made equal, and if this be the case the balance is 
said to possess the property of stability ; by which 
word is meant a tendency to come quickly into a 
position of rest. 

Now this stability will be proportional to the 

moment of the force which tends to make the 

beam assume its position of rest. This force is 

JF; for since P and Q are ec^yial thAy balance each 

other, and have no tendency to xsion^ >ioa Xi'^'sws^ 






1 
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one way or the other. Wherefore the stabilit 
IS proportional to the moment of TF, that is, t 
Wx CG\ But we have shown that 

AA' : CG' :: CA : CG, 
and therefore G& = j^^-j 

Consequently, the stabiKty is proportional to 

Wx GGxAA' Wx GG .. 

rTZ * ^^ — TT^ — * 1^ we suppose that 

A A' = 1 inch. 

In other words, this expresses the moment of 
what we may call the force of restitution for a 
depression of one inch; that is, this expression 
shows the energy of the force which tends to 
restore the beam to its horizontal position, when 
one extremity A is depressed one inch below that 
position. The formula, then, which estimates the 
stability of a balance is 

Wx C G 
CA 

Ex. 1.— If CA = 12 inches, CG= 1 inch, and 

Tr= 2880 grains; we have, 

WxCG 2880 



CA 12 



= 240. 



Hence, when the end A of the beam is depressed 
ne inch below its horizontal position, the moment 
^ the force of restitution is 240 ; that ia, the foYc«i 
* restitution is equivalent to 240 graxu% ^vv^"^^^^ 

^ct at an arm of one inch. 
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Ex. 2. — On the same supposition, except that 
CG = Vffth of an inch, we find that 

Wx CG _ 288 _ 
CA " 12 "■ 

Wherefore the force of restitution is equivalent 
to only 24 grains, supposed to act at an arm of 
one inch. In this case, therefore, the stability 
may be said to be i^th of what it was in the 
former case. 

Corollary. — The stability is increased by in- 
creasing TT and CG, as is evident from the for- 
mula. Wherefore, by the Corollary of the previous 
Proposition, if we thus increase the stability^ we 
diminish the sensibility y and tice versa. 



Proposition XL. 

To determine by eccperiment whether the Arms of a 

Balance are equal or not. 

Let u4^ be in a hori-* 
zontal position, and there- 
fore G vertically below C, 
fig. 166 ; then IF will pro- 
duce no efiect, since it 
acts at (?, and we need 
not take it into account. 
Wherefore the condition 

of equilibrium is, by the Principle of the Lever, 

CA I CB 11 Qi P. 

Hence, if CA be greater than CB, the weight 
P suspended from A must be less than the weight 
^ suspended from JB, and tice xerad* 
Suppose now that CA la gcea\.et \)q»sl CB»^^\^ 
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the weight P suspended from A must be less than 
the weight Q suspended from B. Let us reverse 
these weights, suspending P from B^ and Q from 
A ; then the equilibrium will be disturbed, because, 
although CA is greater than CB^ the greater 
weight Q is suspended from A, and the smaller 
from By contrary to the condition of equilibrium. 

If, therefore, on reversing the weights, we find 
that the beam still continues horizontal, we may 
be sure that the arms are equal; but if the beam 
inclines, we may be sure that the arms are un- 
equal. 

False balances are often employed for fraudulent 
purposes; the arms are made unequal, and to 
prevent the effect of this being noticed, the scale- 
pan suspended from the shorter arm is made 
neavier than that suspended from the longer, so 
that the unequal weights of the scale-pans just 
correspond to the unequal lengths of the arms, 
and balance each other. In this way the beam 
rests horizontally when no weights are put in the 
scale-pans. But the substance to be weighed is 
always put in the pan suspended from the longer 
arm ; therefore it is always lighter than the weights 
by which it is weighed, and in this manner the 
buyer receives less of the substance than he ought 
to do. 

Ex. 1. — GA is 7 inches and CB 6 inches ; the 
pan suspended from B weighs one-sixth more than 
that suspended from A^ in which case the beam 
will rest horizontally when the pans are empty : 
the weight of the substance which is ^\3kt \a. ^iksfc 
pan suspended from A^ ia «pp«cevi\\:^ S^vyoxK^si^ea. 
ounces: what is its real weigVit^ 
Here the scale-pans balaace eajcii oOaet, «xA.^<2 
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need not consider them ; also, P is the substance 
to be weighed^ and Q is the amount of the weights 
by which P is balanced: wherefore Q is 14, and 
we have, 

7 : 6 :: 14 : P; 

and therefore P = — = — = 12 ounces. 

In this case, then, the buyer gets two ounces 
less than he fancies. 

Ex. 2. — On the same supposition, except that 
the substance is put in the pan suspended from B; 
to find the real weight. 

• 

Here we have, 7 : 6 :: P : 14, 

and therefore P = — ^ — = -— = 16i. 

o o 

In this case the buyer gains 2^ ounces. 

Corollary. — To find the trtie weight by means of a 
false balance. 

Let P be the real weight of the substance to 
be weighed, Q the amount of the weights which 
balance it when it is placed in the pan suspended 
from A, and Q' the amount when it is placed in 
the other pan. Then, 

CA : CB :: Q : P, and therefore Q = ?-^^ . 

In like manner, 

CA'.GB:. PiQ'y and therefore Q'= ^ ^ f ^, 

CA 

Wherefore, multiplying together Q and Q\ we find, 

PX CAxPxCB _ 
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Hence the square of the true weight, namely, 
P, is equal to the product of the apparent weights 
Q and Q'y and we may therefore find the true weight 
by multiplying together the two apparent weights 
(the substance being weighed first in one pan and 
then in the other), and taking the square root 
of the product. 

Ex. — K the substance in one pan appears to 
weigh 12 ounces, and in the other 3 ; what is its 
real weight ? 

Here P* = QQ' = 3 x 12 = 36, 

and therefore P =^^ ounces, which is the true 
weight required. 

Proposition XLI. 

To explain the method of graduating the steely ardy 
or Roman balance. 

This kind of balance, which is commonly used 
in weighing meat, consists of ^^^ le; 

a beam or lever, AB (fig. 
167), suspended by means of 
a knife edge C, which forms ^^P^''''?^^^^ 
the fulcrum. The substance X I 

P to be weighed is suspended ^ ^ 

from A by means of a hook, 
and it is balanced by a weight 
Tf, which hangs by a ring i>, so that it may be 
moved along (7P, and act at any point of it that 
we please. In tlus kind of balance, substances are 
weighed not by being balanced by diflferevsA. 
amounts of weight, but oy sYMtixk^ \!^^ \x£^«fv^^^^ 
we^bt W along the arm CB, unm P K^X^^^^^*^^ 
The weight of P is therefore de\.eTrKcasSy. Vj \X^^ 




264 MECELLNICAL SCIENCES. 

position of the rinsD on the arm CB, and therefore 
CB must be marked or graduated in the proper 
manner, to show the different positions of the ring 
corresponding to different weights suspended by 
the hook from A. 

To show how CB is to be graduated, let any 

Fig. 168.' substance whose weight 

^, . is P be suspended by 

' [[ ''* — the hook, and let the 

^ ring be shifted to the 

tt ^ proper position on OB9 

so that the steelyard 

may be balanced in a horizontal position : then if 

S be the whole weight of the steelyard (including 

the hook), and if G be the centre of gra-dty, the 

forces which act are Wat B, 8 at G, and P at -4. 

Wherefore, by the Principle of the Lever, we have, 

Px CA = 8xCG+ Wx OD. 

Again, when a substance weighing P + 1 is sus- 
pended by the hook, let D' be the point to which 
TFmust be shifted; then, as before, we have, 

{P+l)GA=^SxGG-{^ Wx GD\ 

Wherefore, by subtraction, we find, observing that 
8 X GG strikes out, 

(P + l)x CA-PxGA^^^WxGD'-WxGDy 
or GA = W{GD' -~Cl))==Wx DD\ 

Wherefore, i>i>' = ^. 

Whence it follows, that when 1 is added to P, 
the distance GD must be increased by the quan- 
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It appears, then, that for every increase of one 
unit in the weight of the substance P, the ring 
D must be moved a further distance, equal to 

^rj^ 5 along the arm GB^ in order to keep the steel- 
yard in its horizontal position. Thus, if we take 
inches and ounces for our units, and if CA be ofoe 

inch and Wtwo ounces ; then -^ will be \y that is, 

DD' 18 half an inch. Wherefore, for every ounce 
that we add to the weight of P, the distance of 
the weight W from must be increased hatf an 
inch, in order to keep the steelyard in its hori- 
zontal position. 

Hence we may graduate the arm CB in the 
following manner: — ^First, suspend some known 
weight from A by the hook, say, for instance, 
16 ounces, and move the ring 2> along the arm 
CB9 until the steelyard is balanced in a hori- 
zontal position ; mark the position of the ring by 
scratchmg a line or graduation on the arm CB, 
and number it 16. Then suspend 17 ounces, 
move the ring till the steelyard is balanced hori- 
zontally, ma^ the position of the ring by scratch- 
ing another line or graduation upon the arm, and 
number it 17. The distance between these two 

CA 
graduations is equal to -^? as is evident from 

what we have proved above, and in this manner 

we find the exact value of the distance -r^ 

W 

without knowing CA or W. We have then only 

to mark a series of equidistant graduations along 

the arm on each side of the two just found, p- 
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number those on the rights 18^ 19^ 20, &c. in 
order^ and those on the left, 15^ 14, 13, &c. in 
order^ so that the whole set of graduations shall be 

at the same distance -r^9 as just found, from each 

'other in succession. This being done, it is clear, 
from what we have proved, that, if the ring be at 
any particular graduation, say 20, when the steel- 
yard is horizontal, the substance P must weigh 
20 ounces. 

This kind of balance is not suitable for weighing 
with any great nicety. 



Proposition XLII. 

To explain the principle of the Bent Lever Balance. 
FigA69. The Bent Lever 

Balance, as the name 
indicates, consists of 
a bent lever, A GB, 
(fig. 169,) (7 being the 
fulcrum. The arm 
CA has a knob near 
the end, and is shaped 
as an index at ji, cor- 
responding to which 
— is a graduated cir- 
cular arc, HA K. The arm CB has a scale-pan 
D suspended from By in which the substance P 
to be weighed is put 

The forces which act on this lever are its weight 
W acting at its centre of gravity Gjand the weignts 
jP and P together acting at B. ^Waet^W^,*^ ^^^ 
dravi vertical lines throu^ G wiSL B \ic> \afe^\» ^^ 
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/ 
horizontal line thn&ugh (7 at i and if, we have, by 
the Principle of the Lever, denoting the weights 
of D and P by these letters, 

D-^P I W II GL I CM. 

Now, as the index A rises, it is clear that LM 
increases and CM diminishes ; wherefore, by the 
proportion just obtained, D + P must be greater 
in proportion to W the higher the index is; so 
that if we continually increase P, A will con- 
tinually move upwards along the graduated arc. 
The graduation to which the index points may 
therefore be made to indicate the weight of P. 
We might obtain a formula for graduating the 
circular arc, but it is of no use practically, as the 
graduation is always done by actual trial. Weights 
of 1, 2, 3, 4, &c. ounces are put in succession in 
the scale-pan, and the points on the arc HA K, 
opposite which the index rests, corresponding to 
these different weights, are marked and numbered 
1, 2, 3, 4, &c. in order. In this manner the arc 
is easily graduated. 

This kind of balance is adapted for weighing 
quickly where accuracy is not required, because 
the index immediately shows on the graduated 
arc the weight of whatever is put in the scale-pan. 

We might use this balance without any gradu- 
ations on the arc, by having a mark E to move 
along the circular arc. We have only to mark 
the position of the index by means of E; then 
take P out of the scale-pan, and put in weights in 

?lace of it until the index points exactly to -E 
'he amount of the weights tliua sv]^>^\;\\M\»^^^<3t. Y 
28 evidently the weight of P. 
This may also be done Ynt\i a wcKECkCpa. x^^*^ 
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\ 

balance.*^ Put the substance ip. one scale pan, 
and balance it by sand placed it the other pan ; 
then take the substance out of he pan, and put 
weights in place of it, until these weights bakmce 
the sand. It is clear that the amount of the weights 
Uius substituted for the substance must be exactly 
equal to the weight of the substance, whether 
the arms of the balance be equal or not. 



Proposition XLIII. 

To explain the principle o/BobereoTs Balance. 

This IS the balance generally used in shops for 

weighing coarse articles, such as coals and the 

like, and it is extremely convenient for the 

purpose. The principle of this balance is curious 

and rather pamdoxical, 
and may be thus ex- 
plained. IjetBJES,{&g, 
170,) be a stout vertical 
stand, on which two 
levers, AC and DF, 
have their fulcrums, 
namely, at B and JS. These levers are of equal 
length, B is the middle point of A (7, and E the 
middle point of J)F; also they are connected 
together by two equal rods, A D and OF, having 

{'oints at the points A^ <7, JD, and jP, so that the 
evers A G and D F mav turn freely about their 
fulcrums B and E^ the figure A CFD being 
always a parallelogram, and tiie rods AD and CF 
being always vertical. Furthermore, GH and 
KL are arms fixed rigidly and at right angles to 
the rods A D and CF. 

"" * ^thod is due to Borda. 
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Fig. 171. 



Now, the peculiar property of this machine is, 
that if two equal weights, P and Q, be suspended 
From the arms GH and KL, they will always 
balance each other, no matter from what points of 
the arms they may be suspended ; that is, whether 
ffJJf be equal to KN or not, equal weights sus- 
pended from M and N will always balance each 
other. 

To prove this, conceive that the lines BA and 
ED are produced to meet the direction of ^ at (7 
and F, as in fig. 171, and suppose UADV 
to be a rigid 
parallelogram. 
Take the line 
UV to repre- 
sent Q, and ap> 
ply, as we may, 
to the rigid 
parallelogram, 
the four forces 
represented by 
VU.AUy VD, 
ADy for these 
Forces balance 
each other. ^ 
Now, of these, the force A U tends to pull the 
arm A B directly away from the fixed point jB, and 
the force VD tends to push the arm DE directly 
against the fixed point E ; wherefore these two 
Forces produce no effect, but are destroyed by 
the reactions of the fixed points B and E. Also 
the force VTJ \% equal and opposite to Q, and 

* By Prop. VI. in which it iB pio^^ \Xi'a.\. lw« ^^-^ ^ort^'^'e* 
alance each other. 
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therefore the two forces VU and Q destroy each 
other. 

There Is then left only the force AD un- 
balanced ; but by a similar process on the other 
ride, which it is not necessary to go through, 
there is a force CF unbalanced, the other forces, 
CWy XF, XW, and P, being destroyed, as 
before: wherefore we have only the two forces 
AD and OF to consider. Now these, being 
equal and parallel to each other, and acting on the 
lever AC 2X equal distances BA and BCfrom the 
fulcrum, balance each other. Thus it appears 
that P and Q balance each other. 

In this demonstration we have not made any 
assumption that GMiQ equal to JTiV, nor is it ne- 
cessary to do so ; whence it appears that P and Q 
balance each other, provided they be equal, no 
matter from what points of the arms Gff and 
XL they may be suspended. Wkick was to be 
shown. 

In practice, the arms GH 
and XL are not used ; but the 
scale-pans are fixed to the 
vertical rods DA and FC, pro- 
duced upwards, as is shown in 
fig. 172, at M and N. The 
scale-pans M and N are of 
course of equal weight, and 
when equal weights are put in 
them they balance each other ; 
but if the weights be unequal, 
the pan in which the heavier weight is imme- 
diately sinks, but is prevented from upsetting the 
balance bv the stand /S, which will not allow 
eithe* ""^ D or F to sink more than 



Fig. 172. 
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an inch or so. This balance is sometimes called 
the upsetting balance^ because an inequality in the 
weignts causes the levers A G and DF to become 
"vertical if allowed^ which may be considered as a 
kind of upset. 

From the peculiar principle of this balance, it 
is not necessary to put the substance to be weighed 
in the middle of the scale-pan, so that its weight 
may act directly down the vertical rod which 
supports the scale-pan. This would not be the 
case if the scale-pans were attached to the lever 
A (7instead of to the vertical rods DA and FC; for, 
if the balance were constructed in this way, the 
centres of gravity of the weights put in M and N 
should be exactly over the points^ and 0, otherwise 
the balance could not be depended upon. It 
v^ould be easy to make a balance of this kind 
perfectly false, by taking away the lower lever 
DFy and fixing the scale-pans to the upper lever 
AC at A and C 

EXAMPLES AND PROBLEMS RELATING TO 

BALANCES. 

Ex. 1. — In the case of the common balance, 
fig. 163, if P denote the weights, and Q the sub- 
stance weighed, and if AC ^^6 inches, CB^= 
6^ inches ; how much will a man gain by selUng 
apparently 100 lbs. of tea at 5s, per lb., always 
putting the tea in the scale-pan Q ? 

Ex. 2. — The buyer requires 50 lbs. weighed in 
one scale and ^Olbs. in the other ; who gains, and 
how much ? \ 

Ex. 3. — The buyer requires 20 lbs. weighed in 
the scale Q, and 60 lbs. in the scale F; who gains, 
and how much r 
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Ex. 4. — The buyer requires 60 lbs. weighed in 
the scale Q, and 20 lbs. in the scale P; who gains, 
and how much ? 

Ex. 5. — The apparent weight of a substance in 
one scale of a balance is 50 lbs. and in the other 
scale 60 lbs. ; find the true weight, and how much 
longer one arm is than the other. 

Ex. 6. — The apparent weight in one scale is 
100 lbs., sold at 28. per lb., and the seller gains 
58. ; what would be the apparent weight in the 

Ex. 7.— Referring to fig. 165, if JC = 3, 
CB = 4,CG=:h W=10, Q=:100, and it AB 
rest at an angle of 45° to the horizon ; find P. 
Do this by measurement or calculation. 

Ex. 8. — On the same supposition, except that 
CGis unknown, and P = 50 ; find CG. 

Ex. 9. — On the same supposition as in Ex. 7, 
except that the inclination of AB is not known, 
and P = 50 ; find the inclination of J. jB to the 
horizon. This may be done by measurement. 

Ex. 10. — Graduate the steelyard, supposing 
that the centre of gravity of the rod ^P is at C, 
that the weight of the hook A is equal to one 
ounce, and the weight of Wy including the ring 2>, 
is one ounce ; also AC = 1 inch. How far is the 
graduation showing 15 oz. from (7? I 

Ex. 11. — Do the same when the weight of the 
hook is 5 oz. instead of 1 ounce. / 

Ex. 12. — On the same supposition, except that 
^ P is a uniform rod, 20 inches longl and weighing 
2 oz., graduate the steelyard, and fiiid the distance 
of the graduation showing 6 oz. fro/n C. 

Ex. 1 3. — In RobervaYa bal^iace, ik A Bbe double 
^ C, and DE double jB F, bYiot? iV^l ^"^ ^^^s^^ Q.* 
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Fig. 17 3. 
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Problem XXVL 

To show how a steel yard vnth a movable fulcrum 
(the Danish Balance) may be graduated. 

Let AB, fig. 173, 
be the steelyard, with 
a hook at Ay for 
suspending any sub- (^ — ^ 
stance P, and a knob 
at By so that the 
centre of gravity G 
p{ the steelyard and 
iiook may lie near B. 
The fulcrum (7 is a 
ring which is held up by a string. Then, if W 
be the weight of the steelyard, including the 
hook at ^, we have, 

F I W :: GC : AC :: a-a; : Xy 
if we put AG = x and AG=a. 
Whence we find Px =zW{a-- x), 

and therefore x = ^ . ^r ' 

Jr + tV 

Suppose, now, that TF= 1 oz. and a =10 
inches, and let us put successively for P the values 
1 oz., 2 oz., 3 oz., &c. ; then the corresponding 
values of x will be, in inches. 



10 10 



-^ 9 



1^ ^^ f^n 
---9 — > &C. 

4 o 



We have, therefore, only to mark points or gra- 
duations on ^ £ at these respective di&t8jv<^<& {x^\£l 
A, and irhen the fulcrum la at way one oS. ^^»& 
points, the steelyard being \)«i\aac«a Vof««ivV^^ 
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the weight of P will be the corresponding yalue 
of P as substituted in the formula; in othe** 
words> the successive marks will indicate weigh 
of 1 oz., 2 oz., 3'oz.^ 4oz., &c. respectively. 

Ex. — If ABhQ 2i, uniform rod, without a fc^^^ 
at J9, 2 feet long, and weighing 1 oz. ; how fa^^^ 
the graduation showing 11 oz. from A? 



in 



Problem XXVII 



; IS 
lins 
4e 



If ABy fig, 174, he a lever, C the ftdcrum,* 
being aho the centre of gravity of the lever, indudirif^ 



Fig. 174. 




Q 




a scale-pan suspended from A ; and if p, qy 
be points of the arm BG to which threa 
fastened, connected with weights Q, B, 8, Sfc 
rest on a horizontal plane EF, the string 
being a little shorter than the string from q 
again, is a little shorter than that from r, m 
it is required to find what weight P, p 
scale-pan D, will lift one or more of the 

Q, B, 8, Src. ^ 

This is the principle of Professor Willis'i 
Balance, which is extremely convenient fo 
ing letters quickly, not so as to determi 
actual weight, but for the purpose of mc^ 
whether each letter comes up to or y^ ^ 
an ounce, one ounce, two ounces, &cJ* doulfe 



are 



h 
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If P just lifts Q, we have Px AC-QxpC. 
If P just lifts Q and By we have P x Jl (7 = 
i^xpC-^RxqC. 
I fi|.. If P just lifts Qy By and 8, we have P x ^ C 
[j ^Q X pC+ R X qC+8 X rC; and so on. 
htr. Let us suppose, for simplicity, that the values of 
I iCf pCi qpi rq^ &e. are each one inch ; then the 
iopfierent values of P obtained from these equa- 
{ Mkous are, 

•* q, Q+2B, Q + 25 + 3/8;&c. 

c • Hence, if we put any unknown weight P into 
the scale-pan, and £nd that the string from p 
is tightened, but Q is not lifted, we know that 
P is less than Q; \i Q is lifted, and the string 
from q tightened, without B being lifted, we know 
that P is more than Q, but less than Q^2B; 
if Q and B are lifted, and the string from r 
tightened, but 8 not lifted, we know that P is 
more than Q + 2^ and less than Q + 2B^-^S ; 
and so on. 

Thus, if Q = l oz., jBs=| oz., 8=^^ oz., &c., 
QyQ-\-2ByQ+2B + ZSy &c., will be respectively, 
1 oz., 2 oz., 3 oz., and so on : wherefore, when 
the string from p is tightened, P is under 1 oz. ; 
when the string from q is tightened, P is over 
1 oz. and under 2 oz.; when the string from 
r is tightened, P is over 2 oz. and under 3 oz, ; 
and so on, 

WHEELS AMD AXLES. 

The wheel and axle is nothing but «i Wj^t ^^ 
managed as to admit of the cOTXtmuoiOA ^sAxsk^&^'ctes^ 
; motion of the power and we\g\it>. \^ co^va^^ ^*^ 
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J^t^. 175. 

I 

w 



a wheel t DE, fig. 175, attached to 
an axle, FG, which has pivots at 
F and G, round which it may 
freely move. The weight W is 
hung by a string which is coiled 
round and fixed to the ax le and 
the power P which balances W is 
coiled round and fixed to the wheel. 



Fig. 176. 




Proposition XLIV. 

To determine the power which balances a given 
weight by means of a Wheel and Axle. 

Let fig. 176 represent the wheel and axle seen 
in profile ; A P the direction of the 
power, which acts along the string 
hanging from the wheel; B W the 
direction of the weight which acts 
along the string hanging from the 
axle; and C the common centre of 
the wheel and axle, and that about 
which they turn. AG\a the radius of the wheel, 
and B C that of the axle. The wheel and axle, 
then, is a lever, whose fulcrum is C; the power 
acts at an arm CAy and the weight at an arm CB, 
Hence the condition of equilibrium is, by the 
Principle of the Lever, 

P : W :: CB 

which gives P = 

Thus, It C^ = 1, and CA = lOl, P = ^TT; that 
is, the weight will be balanced biy a power equal 
to one-ten^ of it. 
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Fig. 177. 




The Capstan. — The capstan is a sort of wheel 
and axle, only the power is often applied by spokes 
projecting from the wheel, as is shown in fig. 177. 
Sometimes, instead of these 
spokes, there are simply holes 
in the wheel, into which the 
man successively inserts a bar, 
by which he turns the wheel 
round, there being a con- 
trivance, called a ratchet wheel, 
by which the wheel is not 
aUowed to turn back while 
the man is taking the bar 
out of one hole and putting 
it into the next. 

Ratchet WheeL — This con- 
trivance consists of a wheel, MN, fig. 178, attached 
to the axle and concentric with 
it, having teeth cut upon it, of 
the peculiar form shown in the 
figure. E8 \a 21, piece of metal 
wnich turns round a pin at Ry and 
rests at 8 upon the teeth, being 
pressed down upon them either 
by its own weight, or by a spring. It is evident 
that this contrivance will not aUow the axle to 
turn in the direction of the arrow, for the piece of 
metal R8 catches the teeth if the ratchet wheel 
turns this way. But the axle may turn the other 
way without obstruction, for the teeth will lift up 
the extremity 8 of the piece of metal, and pass 
under it. R8 \a called a dick^ from thft ^^xiMvsx 
noise it makea The capetaxi \» w&eSi ox^\j<^'«3t^ 
' Bbip for lifting anchors and ot\vet \ie«s^ ^^m^c^s^- 
It 18 often iiorizontal, as bVioytix Va ^^* VI ^» 



Fig. 178. 
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^v 179. • A Winch Handle 

is often used in- 
stead of the wheel, 
as is shown in fig. 
180. It is so com- 
mon a contrivance 
that it is not neces- 
sary to say any- 
thing about it. 

The wheel and 
axle is evidently a 
lever capable of 
raising the weight continuously to any Aeiffht, and 
Fig.iM. ^t is in this that its supe- 

riority over the common 
lever consists ; for the com- 
mon lever can only lift the 
weight a short distance, 
namely, a distance not ex- 
(} ceeding twice the length 

of the arm on which the 
weight acts. 

CORDS AND PULLEYS. 

The Cord is one of the most useful of the 

mechanical powers, though the simplest. Its 

primary use is to transfer power to a distance, as 

we know in so many familiar instances. If I 

cannot reach to a certain body which I wish to 

move, I tie a cord to it, and by pulling the cord 

I transmit a force to the body by which I make 

it move as I require. In the shape of a band 

passing over axles and ^ettvng \.Wai Iw motion, 

the cord is a most importaivt "^oct o^ TQads&aKrj ^^^ 

various kinds. Thus, vrlieii a mv^^ «A;e«Bi «q^t^^ 
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Fig. 181. 




is employed to drive a number of machines in 

different parts of a building, bands are made to 

pass from the axle or shaft of the steam engine, 

to the axles of the different machines required to 

be kept in motion. 

Thus, in fig. 181, 

A B represents 

the great shaft of 

the steam engine, 

which is kept in 

continual rotation 

by the pressure of 

the steam acting 

on the piston, and 

thence on the crank 

at B. CG\ DD' 

represent the axles of the various machines required 

to be turned ; and bands passing round the axle 

AB, and each of these, as shown in the figure, 

put them in motion. 

The band which passes over each axle is always 
sufficiently tight and rough that it may not slip on 
the axle, but catch hold on it, as it were, and force 
it to turn. No great degree of tightness or rough- 
ness is required, however, for this purpose in most 
cases. 

The part HE' of the axle over which the cord 
passes is called the drum / it is firmly attached to 
the axis and concentric with it. There is gene- 
rally another drum KK' close by the side of HE', 
and of the same size as EE'. It is not, however, 
fixed to the axis like EE'^ but is capable of tixrvsL- 
ing freely round independently ot \\ie ^\^. ,^^^^^ 
use of Una second drum is to sto^ ^^ tcl^'cvwv ^*^^ 
the axle C0\ ot, as it is said, to put it out of ^^^ 
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This is done by pushing the band off the drun 
HE' on to the drum KK' ; the band will then ad 
upon the latter drum instead of the former, anc 
since the latter drum turns independently of th< 
axle CC\ the motion of CC is thus arrested^ or 
to speak more correctly, (7(7' is no longer movec 
by the steam engine. 

The axle (7(7' is put into gear again b^ pushiii{ 
the band back upon the drum HH\ wmch being 
done, the steam engine immediately be^ns tc 
turn CC again, inasmuch as Hff is fixed to GC, 
so that one cannot turn round without the othei 
doing so also. 

Changing the Direction of Forces. — The cord ii 

also of great use in changing the direction oi 

forces, which it does by being made to pass ovei 

fixed wheels or pulleys. Thus, if by exerting s 

Fig. 182. horizontal pull at ^. 

fig. 182, 1 wish tc 
pull a body 2> towardf 
(7, all I have to do u 
to fix a wheel or pul- 
ley at Ci and anothei 
at By and pass the 
string over the pulley at (7, and under that at B. 
and thus, by pulling in the direction BA^l exeri 
an equal force on D in the direction D C. The 
use of the wheels or pulleys is to diminish the 
effect of friction, as we have stated before ; other- 
wise the string might be passed through rings oi 
holes at B and C. 

The cord, however, combined with fixed and 

movable pulleys, is capable of ^uing an increase 

of power, like the lever, aivA. n^Vi^^^ wA \ya^^ 

Combinatioiks of corda aad moy«XAft igv^e^^ ^^ 
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j become useful in aiding animal effort They are 
of three kinds^ which we shall now describe. 

Propositiox XLV. 



Fig. 183. 



f 



H 



C 



Fig. 184. 



To describe the Movable Pulley, and show its 
mechanical advantage. 

The pulley altogether con- 
sists of a little wheel AB,^^ 
which is called the ptdley, and 
a sort of frame (72>, which is 
called the Mock. The pin or 
azis^ shown at C, about which 
the wheel AB turns, runs 
through the block on each side. 
The cord runs in a groove cut 
round the edge of the wheel. 
In the movable pulley the 
block is not fixed, but has a 
hook at 2>, or other con- 
trivance, for suspending any 
weight from the block, or 
attaching any string to it. 
In the &ced pulley the block 
is fixed to something, as shown 
in fig. 185. 

Now, let AB, fig. 183, be 
a movable pulley, having the 
weight W suspended from the 
block at D ; the string HA 
BEFP is fixed at ZT, passes 
under the pulley A By then passes over a fixed 
pulley EFy and supports the power P- "^ '^ ^^^ 
supmae that HD, EB, JPP, aie «SiNet>C\^'^\^s^^ 
in the £rst instance. 




Fig. 185. 
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The forces which act on the pulley AB are, the 
tension of the portion AH oi the string, the ten- 
sion of the portion BE^ and the weight TF, neglect- 
ing at present the weight of the pulley itself, or 
including it in W. Here we have two vertical 
forces acting at A and B upwards, and a down- 
ward vertical force W acting at C half-way between 
A and B : wherefore, the upward forces must each 
of them be equal to ^ W; that is, the tension on 
each of the portions AH and EB of the string is 
\W. But the tension on EB must be equal to 
P ; for the forces which act on the fixed pulley at 
E and -F, two points equidistant from the centre 
or fulcrum of the pulley, are the tension on EB 
and P ; wherefore these two forces, since they aot 
at equal arms, must be equal. 

It appears, then, that the tension on EB is 
\ TF, and it is also equal to P ; wherefore 

P = \W. 

Or, the power required to balance a given weight 
is half that weight. 

Corollary 1. — It is important to observe here, 
that we assume, in this reasoning, that C is half- 
way between A and B ; otherwise it is not true 
that the tension on each of the strings is \ W, 
For instance, i{ AC were twice CB, the tension 
on ^JST would (by the rule for resolving parallel 
forces) be J TT, and that on BE would be | W. 
Hence the above reasoning supposes that C is 
always half-way between A and B; in other 
words, it assumes that the pulley AB i& truly 
circular. The same may be said of the pulley 

Corolla/ry 2.— Hence, ^Yvea ^ ^^^ Na. ^xn^i 
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circular, and the two portions of the string which 
passes round it parallel to each other, we have the 
following principle, viz. : — 

The tension on each portion of the string is equal 
io half the force which pulls the block. 

Strings not parallel. — When the two portions of 
the string are not „. ^^^ 

,, , ® . Fig. 186. 

parallel, as is repre- .. 

sented in fig. 186, 

produce the lines 

HA and E B Xo 

meet at D; then D 

is a point on the 

vertical line C W, 

because the three 

forces, namely, W 

and the tensions on 

All and BE, must meet at the same point, and 

therefore D, the point where the two tensions 

meet, must be a point on the direction of W. 

Produce DC to any point L, draw LM parallel 
to DE, and LN to Dff. The two lines DM and 
DN just touch the circle A B, and therefore the 
line DC drawn through the centre C must lie 
half-way between DM and DN, that is, must 
bisect the angle MDN. It appears, then, that 
the two strings must be equally inclined to the 
vertical LD. Also, the lines MD and ND are 
equal in length. 

Let us take the line LD io represent W; then, 
since we may resolve the force LD into the two 
forces represented by MD and ND, it follows 
that MD and ND represent Tes^ecNiN^-^ ^<3t^^^ 
which W exercises in the direc^Xonaa oS. \Jcvfe ^^^^ 
portions of the string; in ot\ier ^ox^^>M.I> ^as^^ 
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ND represent the tensions on the portions AM 
and BE respectively. We have then the follow- 
ingconstruction for finding these tensions. 

iDraw a vertical line LDy and from D and 2/ 
draw lines parallel to the directions of the tvro 
portions of the string to meet at iV, which lines^ 
as we have shown, will be equally inclined to the 
vertical; then we have the following proportion : 

tension on each portion of the string : W 

:: JSTD : LD. 

But we may show as before that the tension on 
BEia equal to P; wherefore we find, 

P : W :: ND : LB. 

By which proportion, when NB and LB are 
measured, we may find P in terms of W. 

CoroUarV' — It appears that, whether the portions 
AH and ^E of the string be parallel or not, the 
tension on one must be the same as that on the 
other, provided of course the pulley is truly 
circular. 

Mathematical solution, — Let the angle which 
each portion of the string makes with the vertical 
be d\ then Pwill be equal to the tension through- 
out the string, for the reasons just stated, and 
therefore the forces which keep the pulley AB 2X 
rest will be TF, P, acting along one portion of the 
string, and P acting along the other ; wherefore, 
resolving the forces vertically, we have, by the 
method given in p. 161, 

W 
2Pcos.e-Tr = 0, and.-. P^tt-^' 

2 COS. 



Proposition XLTI. 

To describe the First System of Pullers, ajid to 
jind what power will balaTice a given weight by means 
of it. 

The First System of Pulleys is ebown in fig. 
187 ; it consists of a set of fixed ^^ „, 

pulleys, C, E, F, D; & mt 
of movable pulleys, A, G, B, 
having their blocks in one piece 
AB, from which the weight W 
is suspended ; and a single striug, 
which, fastened by one end at 
D, goes under the pulley B, 



r F, under G, over E, lindet 
A, over C, and then hanging nr] 
vertically is acted on by the 
power P. The different parts of this string are 
all vertical. 

To find P in terms of W, neglecting the coq- 
eideration of the weight of the Block AB and its 
pnlleys, or including it in W, we have only to 
observe that the tension on each vertical portion 
of the string must be the same, by what we have 
explained in the preceding Proposition ; wherefore, 
since the tension on P (7 is P, each vertical portjon 
of the string has a tension P acting on it. But 
W is held up by the tensions of 6 vertical portions 
of the string. Wherefore a force 6 P sustains W, 
and therefore 

W=&P,QT P=\W. 

If there were 10 vertical portions of the string 
holding up W, we should liave found P =-hW. 
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and in geDeral, to find P we have only to divide 
W by tne number of vertical portiom of the atring 
which hold up PT .- or If » be that number. 



We have here supposed, for the convenience of | 
representation, that the puUeys are arnuiged along 
the block ^£, as is shown in fig. 187. As thu 
would, however, be an awkward arrangement, tha 

K,- 188. Fip. m. p"^^y? '^^ ^ P^«*^ 

as to have a common 
axis, ae ia shown in fig. 
188, where the fixed 
pulleys turn in the 
same block CD, and 
about the same azi^ 
and the movable pul- 
leys likewise torn in 
the same block AB, 
and about the same 
axis. In this way tha 
whole system is made 
compact and conve- 
nient for use. This 
is the form of pulley 
most commonly em- 
ployed. Its mechanical advant^e is immediately 
known by counting the number of the verticdi 
portions of the string which support the block A B, 
for W\& that number of times greater than P. 

Whitens Pullei)i.—1\\e pulleys in the block AB 
all turn round with different velocities, and the 
Bame ratty be awd of the Tp\i!ift^i m ^W ViWit QD. 
Tbey migbt be made to turn ttKnA ^■m"0tt.'i!6» 
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same velocity, by maMng them of different sizes, 
as shown in fig. 189, and then the pulleys in the 
block AB might be all fixed together, or made, 
by turning the proper grooves of different sizes, 
on one piece of wood or metal. In like manner, 
the pulleys in the block CD might be all turned 
on tne same piece of wood or metal. This, how- 
ever, does not answer very well in practice. 



Proposition XL VII. 

To describe the Second System of PvileySy and 
find what power mil balance a ghen weight by 
mea/ns of it. 

The Second System of Pulleys '«^ i»o. 

consists of a set of movable 
pulleys, A^ By C^ fig. 190, and 
a fixed pulley D ; the weight W 
is suspended from the block of 
A; 2i string fixed at E passes 
under the pulley J. and is fastened 
to the block of B ; another string 
fixed at F passes under the pul- 
ley B and is fastened to the block 
of C ; another string fixed at 
G passes under the pulley (7, 
over the fixed pulley i), and 
hanging vertically is acted on by the power P. 
All these strings are vertical. We neglect the 
weights of the pulleys and blocks. 

Now, by the principle stated in Prop. XLV., 
the tension on each portion of the first of these 
strings \%\W ; wherefore the force acting qxsl tk^ 
block ot B is \ W: wherefore, \>7 t\ie> ^lajcafc^^vsi.- 
ciple, the tension on each por\.\oii oi ^^ ^^^^'oa^ 
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String 18 half of i TT, or i IF ; tliis ib thereffl 
force on the block of G: coDsequently balf c 
^t \ H^i 18 the teasion on esch portion of tht 
string: but P ia equal to the tennon on 
portion of the third string. It appears, thei 

In Uke manner, if there were 4 strings we 
show that /■ = -W IF, and if there were 5 
that P = A IT, and so on. 

CoroUaty 1. — In general, if there be n i 

Corollary % — To take the weiffhu of the 
and bloekg into account 

Let Q denote the weight of each pull 
block ; then IF + Q is the force on the \ 
A, and therefore ^W + ^Q, the tension i 
portion of the first string. Wherefore ^ 
+ 0, or 1 ir+ 5 Q is the force on the blot 
In liKo iii;i,iiiKi-, the force on the block oi 
(4 11- -I -i Q) + Q,_ or i ir+ J Q. Lastl 
Imlf of llii», [luit is. 



^B To 



=i »'+}«. 



Proposition XL VIII. 

To dMcribe tko Third Sj/ntem of Pullei/g, 
\ot poKvr balances a given weight by me-i 

This system consists of a set of puUe 

i tho uppermost one C being a fixed pu 

~fht IF ie luspcnded from a piece of v 

' fixed tu this piece at D pasees 
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pulley A, and hanging vertically is acted on by 
the power P ; another string fixed to ^^ jgj 
the piece at E passes over the pulley 
B9 and is attached to the block of A ; 
another string fixed to the piece at F 
passes over the pulley Ci and is attached 
to the block of B. The diflcrent strings 
are vertical ; we neglect the weights of 
the pulleys and blocks, but the weight 
of the piece DF is included in W. 

Now P is the tension on each portion 
of the first string, and therefore 2P is 
the force on the block of A ; and this 
is the tension on each portion of the second string: 
wherefore 4P is the force on the block of jB, and 
this is the tension on each portion of the third 
string. But W is supported by the sum of these 
three tensions, that is, 

P + 2P + 4P, or IP. 

Wherefore 17= 7 P, or P = I TT. 

If there were 4 strings we might show that 

P + 2P+ 4P + 8P = TF, or P = A J^. 

And so for 5, or any other number of strings. 

Corollary 1. — In general, if there be n strings, 

P + 2P + 4P 2»-ip= W; 

.-. P(2«-.1) = TF. 

Corollary 2. — If Q denote the weight of each 
pulley and block, we may show^ as in the former 
Proposition, that the tension on each string is, 
P, 2P + Q, 4P + ZQ; therefore, 

u 
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The following Problem will be found instruc- 
tive, as showing by an example the reason why 
the tensions on each portion of a string passing 
round a pulley are equals and when this is not 
true. 



Problem XXVIII. 



Fig. 192. 



To find the condition of equilibrium in the second 
system of pulleys, supposing that the pulleys are not 
circtdar. 

Let fig. 192 represent 
such a set of pulleys, AB 
and A'B' being movable, 
and ^"j5" fixed. (7, C, 
and C" show the axes of 
the pulleys; and we shall 
suppose that the lines 
ACB,A'C'B\A''C"B", 
are horizontal, and that 
CB=2CA,a'ff=2C'A\ 
G"B"=2C"A:'. 
Then, by the rules for the equilibrium ot 
parallel forces, we have the following results : 

tension on i>^ = | TT, tension on BC'^^W. 

In like manner, tension on jB'J." = J tension 

And in like manner, tension on 5"P (which 
= P) = i tension on B'A" = ^W. 
Hence we find P=^^^W. 
If the pulleys were circular we should have 
found 
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The reason of the difference is, that, in the 
present case, the tension on A D is not equal to 
that on BC\ nor is that on A E equal to that on 
^'-4", nor that on B' A" to that on B"P; and 
the reason why these tensions are not respectively 
equal is, because the points (7, C\ G" do not 
respectively bisect the lines AB^ A' B^ A',B'\ as 
they would do if the pulleys were circular. 

Problem XXIX. 

To find the relation of P to W in the system of 
pulleys represented in fig. 193. 

Here k, J5, (7, and i>, are movable pulleys, 
and E a fixed pulley. The mg.xn. 

first string is fixed at F, passes 
under the pulley A^ over the 
pulley B<i and is then fixed to 
the block of A. The second 
string is fixed at &', passes 
under (7, over 2>, and is fixed 
to the block of G. The third 
string is fixed to the block of 
i>, and passing over jE> is acted 
on by P. W hangs from the 
block of A. The blocks of 
G and B are united in one 
piece. We neglect the weights 
of pulleys and blocks. 

Then, the pulleys being supposed to be circular, 
the tensions on each of the three vertical portions 
of the first string are equal to each other; but 
W is supported by these three tensions i ^\\^x<^fet^ 
each oi these tensions is ^ W. AX«>o> V«^ ^'^ *0^'^'^^ 
tensions act on the block oi C j ^V^x^^^x^ '^'^ 
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force downwards on the block of C is J W. In 
like manner, the tension on each of the three 
]K)rtion8 of the second string is Jd of f PF, or 
J W ; wherefore, the downward force on 2> is i IF, '^ 
and this is the tension on each portion of the- 
third string. We have, therefore. 



Fig. 194. 






dl 



tfl 



y 



CP 



Problem XXX. 

To find the conditions of equilibrium in the syttem 
of pullet/8 represented in fig. 194. 

Here A and B are movable, and 
C fixed. The first string is fixed 
at 2>, passes under Ay over By and 
is attached to the bar EF at F; 
the other extremity E of this bar 
is suspended by a string from the 
block of ^. TF is suspended from 
the point G of this bar. The second 
string is fastened to the block of 
isLsJjB' B, passes over Ci and is acted on 
by P. 

The tensions on each of the three 
portions of the first string are equal; 
the point E is held up by two of these tensions, 
and F by one of them. Wherefore W is held up 
by the three tensions, and therefore each tension 
is j'j W. Hence P, which is equal to the upward 
force on the block of jB, and therefore equal to 
*wo of these tensions, is f TF. Also, since the 
ce at E is double the force at jP, GF must be 
•We GE. Hence the conditions of equilibrium 

P = I TF, and EG «=\EE- 



E 



w 
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the inclined plane. 

Proposition XLIX. 

A given weight is placed upon a smooth inclined 
plane; to find what power ^ acting upwards along the 
planey will balance the weight. 

Let ABhQ the inclined plane, fig. 195, AC a 
horizontal, and B G b, p^g 195^ 

vertical line; let W be 
the weight, and P the 
power; also, let the re- 
action of the plane, arising 
from the pressure of W ^^^^ ^^ \| 

upon it,bei?, which, since "" 

the plane is smooth, must be a force acting at 
right angles to AB. Draw CD at right angles 
to AB. 

Then these three forces, TF, JB, and P, balance 
each other; but the sides of the triangle BCD 
are respectively parallel to the directions of these 
three forces ; wherefore, by Proposition VIIL, the 
three forces are proportional to the sides of the 
triangle, namely, P to DB^ Wto BCy and R to 
D C. We have, therefore, 

P • W :i DB \ BC. 

Which proportion gives P, when DB and D G 
are known. 

Ex.— If DB is one-fourth of 5(7, P = i TF. 

Corollary 1. — The triangle BCD is exactly 
similar in shape to the triangle ACB, ^^m^^-* 
Book VI.) the sides fiC, CD, mOi DB, ^w- 
^ponding to AB, AC, and BC, xe.«rfi^^>i^^^^ 
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Wherefore, DB : BC i: BC i A By and there- 
fore, 

P : W :: BC : AB. 

BC is called the heighty and AB the length of 
the plane ; Ayherefore it follows, that the power is 
to the weight as the height to the length. 

Ex.— If BC^ one-eighth of ^^, P = J TT. 

Corollary 2. — B is found by the proportion. 

B : W \i DC : BC :: AC : AB. 

That is, the reaction (which is equal and oppo- 
site to the pressure exercised by W upon the 
plane) is to the weight as the base {AC) is to the 
length. 

This proposition may be considered somewhat 
differently by resolving the force TF, as follows : 
Fig, 196. Take any vertical line, 

WEy to represent W; 
draw TFjPat right angles 
to A By fig. 196, and 
complete the rectangle 
WGEF. Then the force 
WE is equivaleut to the 
two forces represented by WF and WG. Of 
these, the force WGy being perpendicular to the 
plane AB^ is destroyed by the reaction of that 
plane, which reaction is equal and opposite to 
WF. Ifi therefore, we destroy the other force 
WGy by making a force P equal and opposite to 
it act on the weight, the weight will be kept at 
rest on the plane. Hence P is represented by 
G W, and R the reaction by F W^ 

In the triangle GWEy WE Te^Te^^Ti\a.W, aW ' 
epresentsP, and EG xe^pxeaeciU R; ^\xgx>Sat^^ 
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by constructing and measuring this triangle, we 
may find P and R when W is given. The sides 
of this triangle are proportional to those oi ABC^ 
and therefore we find the same proportions as 
.before. 

Proposition L. 



If P does not act along the plane ; to determine 
P and B. 

Let fig. 197 represent Fig.i9i. 

this case, P being in- 
clined at an angle to AB. 
Draw BD parallel to P, 
and DC Sit right angles 
to the plane, to meet at 
D, Then, reasoning as 
in the former proposition, 
we have, 

P : W:l BB: BC, 

and^: W:: CD : BC 

These proportions de- 
termine P and B. 




u*^ 



Fig. 198. 




Examples of the Inclined Plane. 

The most familiar example of the use of an 
inclined plane is a road up a hilL If we suppose 
TF to be a load, fig. 195, and P the force exerted 
by a horse drawing it up the hill AB^ we may see 
that, if the slope of the hill be small, the norse 
gains a considerable mechanical adN««fca%<i\ feit^^ 
suppose the horse had to draw a \q«A ^S. \^ ^'^^- 
directly up £0, which we »hs\\ ^Wg^^^ \.^N^^ 
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100 feet ; then the horse must exert a force of 
100 cwt. But if the road AB he made at a 
moderate inclination, say one foot in ten ; that is, 
every 10 feet of AB gives a rise vertically of 
1 foot; then, since BC ia 100 feet, AB will be 
1,000 feet; and if the horse pulls the load up this 
road, exerting a force P, we have, 

P : 100 cwt :: 100 : 1,000, and therefore 

P=10cwt. 

Hence the horse, by exerting a force of only 
l6 cwt., wiU be able to pull the load up to B. 

Fi,.m, . A flight of steps 

IS a familiar in- 
stance of the in- 
clined plane. A 
barrel rolled up 
to a height on two 
long poles, fig. 199, 
is so also. A road 
winding round a 
hill, and so gra- 
dually leading to 
the top without 
any steep ascent, 

may also be mentioned ; and a variety of other 

well-known instances. 

Ex. 1. — P acts along the inclined plane, W is 

100 lbs., and the inclination of the plane to the 

horizon is 30°; find P. 

Ex. 2. — Find P on the same supposition, only 

that the plane is inclined at an angle of 45 ° to 

the horizon. 
Ex, 3. — ^Find tbe same vrtien \k<^m<5ScDia»^^^^ 

0". 




STATICS. 297 

Ex. 4. — At what inclination is the plane, when 
the pressure of the weight upon it is half the 
weight ? 

Ex. 5. — If P makes an angle of 30° with the 
plane AB^ and J. 5 30° with the horizon; find 
P when Tr= 100 lbs. 

Ex. 6. — On the same supposition, except that 
the plane AB makes an angle of 45° with the 
horizon ; find P and R. 

Ex. 7. — On the same supposition, except that 
AB makes an angle of 60 with the horizon; 
find P audi?. 

Ex. 8. — In what direction must a power of 
75 lbs. act, in order to support a weight of 100 lbs. 
on a plane inclined at 60° to the horizon ? 

Ex. 9. — Find the same when the inclination is 
20°. 

Ex. 10. — The reaction, power, and weight, are 
all equal to each other ; find the inclination of the 
plane, and the direction of the power. 

Problem XXXI. 

W and P are two weights resting on two in- 
clined planes A B and 
B D ; a string passing ^*^' ^°°' 

orer a puUey at B con- 
nects W and P; find the 
relation between W and 
P. 

Let T be the tension 
on the string; then T ^ 
is the power that supporta W, «Jt^\xi^ ^a. *^^ 
direction TTJB/ and T is a\ao ^^ ^cr«^^ *^^^ 
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supports P, acting in the direction PB, Where- 
fore, 

T I W :: BC : AB, or T i BC :: W : AB. 

Also, 
T : P I. BC I DB, or T : BO :: Pi DB. 

Wherefore, 

W : AB :: P : DBy or W . P ii AB i DB. 

That is, the weights are proportional to the 
lengtJis of the planes on which they rest. 

Problem XXXIL 



-Fi^. 201. 




To determine the same when the ptdley over 

which the string passes is 
at a certain height above 
By as is shown at E in 
fig. 201. 

Take any distance EF 
on one string, and EG 
equal to it on the other 
string; drawi^iJat right 
angles to A By and GK 
at right angles to DB, Then, if T be the tension 
on the string, W is balanced by its weight W 
acting parallel to EHy the reaction of the plane 
AB parallel to HFy and T parallel (or along) to 
FE. Wherefore, 

T I W :: EF : EH, or T : EF :: W : EH. 

In like manner, we may daov? llaal 

r : I' :; EG : EK, or T •. EG v- P . EK, 
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Hence, since EF and EG are equal, we find, 
W : EH :: P : EK, or W i P :i EH : EK. 

Wherefore, by measuring EH and EK^ we 

nay find the proportion of P to W. 

. Ex. 1.— K the angles BA C, 52) O; WECy and 

[^^C7, be respectively 30°, 60°, 15°, and 20°; 

ind the proportion of P to W> 
Ex. 2.— If W=^ P, the inclination of ^ P = 30°, 

-nd that of DP = 45°; find the inclination of EP 
^:0 the vertical, supposing that of EH to be 45°. 

1 This is done by observing that H and JT coin- 

' .de because P and W are equal : also, the angle 

^HE is 30 °, because FH is perpendicular to AB; 

1. le angle GKE in like manner is 45 ° ; also, the 

igle FMG is given to be 45°. Thus EF is 

il'. 'lown, and the point G is to be found by de- 
'/(t .4r ribing a circle with E as centre, and EF b& 
,,^fjiii''dius. 

[i A" Ex. 3. — If TF= P, show that there is a certain 
I. uple relation in all cases between the angles 
.eany^^^CandPJFa 

^gglijEx. 4. — On same supposition as in Ex. 2, 
tolu'cept that Tr=2P/ find the inclination of EP 
^.jja^Ithe vertical. 

'^\\ THE WEDOE. 

M^i Proposition LL 

^^^{tTo describe the action of the wedge^ and show its 
^ ^tanical effect, 

|jet ABGy fig. 202, be a block in the shape of 
. %t''cedge or triangle, and let D and F be two 
that tacles tending to come together, which it is 
^^^ , object to separate, or keep asunder, by driv* 
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Fig. 202. 



the wedge in between them by means of a power P, 
Let the resistance or reaction of the obstacle I 

on the side AC o( th( 
wedge be Q, and let tha 
of i^ on 567 be ^. W< 
shall suppose the surface 
of the wedge to be per 
fectly smooth, and there 
fore Q wiU be at righ 
angles to A C, and It a 
right angles to B C. W< 
shall also suppose tha 
P acts at right angle 
to AB. 
Then the wedge is kept at rest by the thre 
forces P, Q, and B, which are respectively at righ 
angles to the sides of the triangle ABC. Hence 
by Cor. 1, Prop. VIII., the forces P, Q, and i 
must be proportional to AB, AC, and BC^ re 
spectively. We have, therefore, 




Q : P :: AC : ABy and therefore Q = 



B: P :: BC : ABy and therefore B = 



PxAC 
AB 

PxBC 
AB 



In this manner we find Q and B, which are th 
reactions of the obstacles against the sides of th 
wedge, or, what is the same thing, the pressure 
which the wedge exerts on the obstacles. 

Draw DK ^t right angles to AC to represen 

Qy and FM at right angles to BC to represer 

M; then these two lines show the forces produce 

immediately on the two o\i%\.3k.dft^. ^\3i\.^^Wn 

to consider that the oloatad^a «bX^ xvo\. m ^^ti^ 
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free particles, but are constrained to move in 
certain directions (see p. 80) : let HD be the 
direction that D is constrained to move in, and 
LF that in which F is constrained to move; 
draw KH at right angles to HD^ and ML at 
right angles to LF. Then the force DK is 
equivalent to two forces, one represented by DH 
acting along the line DHy and the other acting at 
right angles io DH and represented by HK. 
The latter force can produce no effect on i>, 
because D can only move along the line DH^ and 
the former force, namely DH^ produces its full 
effect. Wherefore DH shows the amount of force 
that is effectively bi'ought into play to move D. 
In like manner, FL shows the amount of force 
that is effectively brought into play to move F. 
Let us represent these two effective forces DH 
and FLy by Q' and R' respectively; then we 
have, 

Q' : Q :: HD : DK, and therefore Q'^ ^^^^ ; 

and 

Ry.FL 



B' \It.\FL\ FMy and therefore ^'= 



FM 



Hence, putting for Q and B their values already 
found, we have, 

^ "^^ ABxDK' 

These are the expressiona for Wie effect".te ^<3t^^^ 
yrougbt into play on the obstade^ 
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CoroUaryl. Simplified Gomtruction. — The lengths 
ot DK and FM may be made anything we please ; 
if, therefore, we so draw the figure that DH, 
FLy and AB^ are all equal, the formulae for Q' 
and B' become. 

Hence, to find Q' and B' we draw the lines 
DH and FL in the two directions in which the 
obstacles are . constrained to move, measuring 
DH= A By and FL = AB. We then draw ffK 
and LM at right angles to 2)5^ and FL, to meet, 
at K and M, the perpendiculars to -4C^ and BC 
drawn from J? and F. We then measure AC, 
DK, BG, and FM, and we so obtain Q' and B' 
by the formulas just given. 

Gorollarif 2. — If AG hQ equal to B C, and if 
HD and FL be both parallel to AB ; then, draw- 
ing PG perpendicular to A By it is evident that 
the triangle ^ PC is similar to HDK and FML ; 
and therefore we have, 

HD : DK '.: PG i AG, 

AGxHD 



and therefore PG = 



DK 



Hence^'=Px^^^i^=Px^ 
^ ABxDK AB 

And in like manner we may show that 

PG 



R'^Py. 



AB 
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In this case, therefore, the effective forces 
brought into play in separating the obstacles, 

PC 

are got by multiplying P by the fraction -—^ 

A. B 

that is, the fraction formed by dividing the per- 
pendicular from the point C of the wedge upon 
the base ^ 5 by that base. 

Examples.— If PC = 10, and AB = 5; then 

O^ ssz )?'= 2P 

If PC= 10, and AB=^ 1; then Q'= ^'= lOP. 

Hence it is evident that the sharper the wedge 
is, the greater is the power it exerts to separate 
the obstacles. 

The wedge is often employed in practice; in some 
cases its eflSciency depends upon friction, which 
we do not here take into consideration. A nail 
is a species of wedge ; so also is the edge of any 
cutting instrument, as a knife. We shall refer 
to this subject again when we come to speak of 
friction. 

Ex. 1.— Supposing that AC=BCy that Bff 
and FL are parallel to A B, and that it requires 
a force of 1,000 lbs. to be exerted on each obstacle 
in order to separate them ; find what force P act- 
ing on the wedge will separate the obstacles, when 
the angle of the wedge, that is A CB, is 60°. 

Ex. 2. — Find, on the same supposition, what 
force will separate the obstacles, when the angle 
of the wedge is 30°. 

Ex. 3.— Find the same when the angle of the 
wedge is 10°. 

Ex. 4. — Find the angle of the wedge when the 
force P required to separate iVie o\i^\.'^0^^^ \^ 
100 lbs. 
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THE SCREW. 



A Screu) is a cylinder, DBGF, fig. 203, rou 
which a projectiog thread, as it ie called, DHl 
runa, inclining upwards at a constant angle to 1 




axis or central line of the cylinder, like a 
winding up a hill at a conEtant inclination t' 
horizon. To get an idea of this, procure a t 
der of wood, a common roller, for instance 
pencil; cut a piece of paper into the shape 
right-angled triangle ABC, and blacken tui 
AB. Then, fastening the side BC, with g 
otherwise, to the cylinder lengthways, wr 
piece of Twper round and round the c; 
tightly. The blackened edge will then 
curve running round the cylinder at a c 

iacliaation to the axia ot the (iViaAat. 

the blackened edge AB,'w^ve'tt'«V«?^'' 
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round the cylinder, will be an inclined plane run- 
ning round the cylinder. This curve repreBents 
the thread of the screw. 

The thread of the screw, ADC, is generally 
cut in the manner shown in fig. 204, and it fits 
into a hole GKH, which has a groove cut in it 




exactly corresponding to the thread of the screw; 
so that, when the screw is turned round, as, for 
instance, by the handle AB, the thread works 
accurately in the groove, so that each point of 
the thr^ moves down obliquely along the groove, 
as if it were an inclined plane. In fact, the 
groove really is a spiral inclined plane, down 
which the thread runs as the screw is turned 
round. 
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Proposition LII. 

To show the mechanical effect of the screw. 

IjetEFGH, fig. 205, be a strong frame. In the 

upper part of which 



( 



Fig. 205. 




IS cut the hole 
with the groove for 
the screw to work 
in. Let A Che the 
screw, which is sup- 
posed to be turned 
by the handle AB, 
and so made to 
move gradually 
downwards, and 
squeeze or crush 
some substance D 
placed at the bottom GH o( the frame. 

Let P be the power exerted horizontally and 
at right angles to AB on the handle at 5, and R 
the upward resistance or reaction of the substance 
Z), against the downward pressure exerted by the 
screw ; then these two forces P and B balance 
each other. 

Let Sy fig. 206, represent any point of the 
thread of the screw, which we may regard as a 
point constrained to move along the inclined plane 
LMi LM showing the direction in which the 
groove runs at S; in fact, LMNi^ the right angled 
triangle which is spoken of above. The horizon- 
tal force P produces a certain amount of horizon- 
tal pressure on S ; let us represent it by P' / also, 
the vertical force R produces a certain amount of 
vertical force on S ; let ub T^igt^^^-oX. \\. \i^ "R' . 
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Then 8 is kept at rest by the three forces P\ R\ 
and the reaction Q of the groove at right angles 



Fig. 206. 




to LM ; but LMN is a triangle whose sides 
L M, MNy and NL^ are respectively at right 
angles to the forces Q, P'/ and B\ Wherefore 
we have, by Cor. 1, Prop. VIII. 

P' : R' :: NM i LN, 



and therefore P'= 



B'xJSTM 
LN 



Now, if we assume r to represent the radius 
of the cylinder, the moment of P' about the axis 
of the cylinder will be P' x r, for r is evidently 
the arm at which P' acts ; also, if we suppose, 
as we may, that LNiQ equal to the circumference 
of the cylinder, in which case L and N will 
coincide when LMN\& wrapped round the cylin- 
der, and ilf iV' will evidently be the vertical d\s»ta.^^vi. 
between the threads of tVie acte^ % Si ^^ tsss^^ 
these assumptiouB, putting for \>TeV\Vj 4 S.^^ ^^ •> 
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and c for LNy we find that the moment of P 
is 

P'Xr, or ^JS'. 
c 

In like manner^ if R"y R'"y &c. be the vertical 
effects produced by R upon the other points of 
the thready the moments of the corresponding 
horizontal effects produced by P on the same 
points^ will be 

c 

And the sum of all these will be 

-(ii!' + ii!" + ii!'" + &c.) 

Now this sum must evidently be equal to the 
moment of the force P which produces all these 
horizontal forces; also, JS' + jB" + 5'"+ &c. must 
be equal to R. Wherefore, if we denote AB 
by a, and therefore the moment of P by Pa, we 
have, 

Pa = -"^ (2?' -f i?" + 22'" + &cO = - i?. 
c c 

and .*. P= — R, 

ac 

or, P : R :: rd : ac 

We thus find P in terms of Ry or R in terms 
of jP, when r da and c are given. 
Corollary. — The dr cum£eiencfc oi ^ ^\t<3i^\&^^>\\A 
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by multipljring its diameter by the number 3. 14169, 

22 
which is nearly equal to -=- ; hence c =2r x 3. 14159, 

44 
or —r nearly. If, therefore, we put this value 

for c in the expression for P, we find 

p rxd ^ d X ^ = 

ax2rx 3.14159 2a x 3.14159 

rr— R nearly. 

44a "^ 

Hence we have. 

Pi R :: d i2ax 3.14159, or P : ^ :: Td : 44a 

nearly. 

That is, the Power is to the Resistance as 7 
times the vertical distance between the threads 
to 44 times the arm at which the Power acts, 
nearly. 

Thus for example, if d=^l inch, a = 35 inches, 

then P= ~ R, ^ = 220 P; that is, P exerts a 

force 220 times greater than itself on the sub- 
stance D by means of the screw. 

The eflSciency of the screw, like that of the 
wedge, depends, however, in many cases upon 
friction, as we shall show when we come to speak 
of friction. 

Proposition LIIL 

To explain the action^ and find tKfc w^d^amcwV. 
advantage of the endless screw. 
The endless screw differs from t\\^ c^ommw. ^^^^^ 
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JL> 



merely in the manner in which it is fixed, which 
is as follows. 

The axis AD of the cylinder which forms the 
Fig. 207. scrcw, fig. 207, is fixed in a 

frame KFML at A and D; 
so that, when the handle AB 
is turned round, the screw does 
not move upwards or down- 
wards, as in the case of the 
jvri ^-^ I |— lo common screw, but simply 

turns round its axis A D. But 

the groove in which the thread 

^f of the screw works is formed 

in a piece NO9 which is capable 

of moving up and down ; 

whereas, in the common screw, 

\^ this piece is fixed, being part 

of the frame. Observe that 

NO \& capable of moving up and down^ but not 

of turning rotmd* 

We may call the cylinder with the spiral thread 
running round it an outside screWy and the piece 
in which is cut the corresponding groove, for the 
thread to work in, we may call an inside screw. 

Hence the difference between the common screw 
and the endless screw may be thus stated; the 
inside screw is fixed in the former, but in the latter 
it is mceeahle. 

The resistance R in the endless screw, acts on 
the piece NOy and we may show exactly as 
before that 

Td 
P I B :\ ri : ac, ox P= — fi» 

ac 
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GENERAL OBSERVATIONS RESPECTING THE 
MECHANICAL POWERS. 

We have now explained the nature of the 
Mechanical Powers, as commonly enumerated, 
and calculated the effects which may be produced 
by them. We must observe, however, that, for 
the sake of simplicity, we have left oiit a very 
important consideration, namely, that the force 
of friction must necessarily interfere with, and 
generally diminish the eflSciency of the mechanical 
powers. We shall devote a special Chapter to 
this consideration, in which we shall show now to 
estimate the effects produced by friction. 

We have also supposed in the preceding Pro- 
positions, that the materials which compose the 
various solid parts of the mechanical powers, are 
perfectly rigid, hard, and inflexible; also, that 
the cords, strings, or bands, are perfectly flexible, 
and inextensible. Now, none of these suppositions 
are practically true ; the materials we assumed to 
be rigid, are really to a certain extent not so; 
cords are never perfectly flexible nor inextensible, 
but have always a certain degree of stiffness, and 
are always capable of being stretched more or 
less. Our limits will not allow us to enter upon 
these considerations, though they are of con- 
siderable importance practically; we shall only 
have space to make a few observations on the 
extensibility of strings, and the strength and 
rigidity of materials in a future chapter. 
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Proposition LIV. 






w 



To explain the principle^ that what is gained in 
power y by the Mechanical Powersy is lost in y>eed. 

This is a very important principle in Mechanics, 
and is one of universal application. No power 
can be gained by any mechanical contnyance 
without a corresponding loss of speed. Let us 

consider the case of 

^^ p«^.208. ^j^^ common lever, 

A B, fig. 208, being 

' the fulcrum. Suppose 

the weight TF to be 

I^ "^"bvI D^ elevated to TT', by 

"" turning the lever round 

D^ C into the position 
A'B'; then A'D is 
the space through which the weight W has been 
elevated, and £IB' is the space through which 
the power P has had to move downward, in ordei 
to elevate the weight so much. 

Now, whatever be the proportion of A' C to 
CB\ the same will be that of ^'i> to EB'. Also, 
by the Principle of the Lever, if P balances W, 
TFwill be to P in the inverse proportion of A' C 
to CB\ Wherefore, if W exceeds P any numbei 
of times, EB' will exceed A'D the same number 
of times ; that is, the greater W is in proportion 
to P, the less will the space W is elevated be, in 
proportion to the space P has to move over to 
elevate W so much. 

Thus, for example, let the arms A C and B C 

of the lever be respectlveVy \ ioo\» ^tA ^l ^<i^\.' 

then if A'D be 1 inch, EB' ViSV\i^ /^\a.0sxR5 
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also, if W be 100 lbs, P must be at least | th of 
W or 25 lbs. in order to elevate W. Here, then, 
we have a gain of power fourfold ; for 25 lbs. is 
made to elevate 100 lbs. ; but there is a propor- 
tional loss of speed; for P must move down 4 
inches for every one inch that W is elevated. 
The advantage, therefore, which P gains in power 
is counterbalanced by an equal disadvantage in 
speed. 

Archimedes said that if he had a firm place 
outside the earth for a fulcrum, he could move 
the earth with a lever ; let us calculate how long 
it would take him to move the earth one inch. 
The weight of the earth is, in round numbers, five 
thousand millions of miUions of millions of tons ; 
suppose Archimedes to exert a power of 1 cwt. 
to move this weight ; then, since the weight ex- 
ceeds the power one hundred thousand millions 
of millions of millions of times, the power must 
move through so many inches in order to move 
the weight one inch. Now, this number of inches 
amounts roughly to seventy millions of million 
circumferences of the earth. Therefore the work 
Archimedes would have to do would be the same 
as if he were required to push a body round the 
earth 70,000,000,000,000 times, all the time ex- 
erting a pushing force of 112 lbs. 

The wheel and axle being a kind of lever, the 
same principle may be shown to extend to it. It 
would also DC easy to show the same in the case 
of the other mechanical powers ; but, as we shall 
have to explain the principle in a general way 
hereafter, when we come to so^^Sl qS. ^^ ^wV 
dt?^^ by ForceBy we shall not deVa^ \.o ^^^ "^^^is. 
holda tor the other meohamcs^ -poN^ecc^. 
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Proposition LV. 

To show how to estimate the effect produced by any 
combination of the mechanical powers. 

The mechanical powers may be combined in 
various ways; for example, let ^5 be a lever, 
C its fulcrum, BD a vertical string passing over 
a fixed pulley Dy and under a moveable pulley E, 

Fig. 209. 



ET 



S 



)S 



H 



w 



w 



the block of E being connected by a string with 
the lever GH^ whose fulcrum is G. The power 
P acts at Ay and the weight W at H*> It is re- 
quired to find P in terms of W, 

Let T represent the tension on the string 
DBy and T' that on the string EF; then T is 
the resistance which P has to balance by means 
of the lever AB ; ST is also the power which 
balances the resistance T by means of the pulley ; 
and y is the power which balances W by means 
of the lever GH. We'^ave, therefore, by the 
preceding propositions, | 

p _ OB r _ 1 r GH 



T CA 



= 2^ 



W GF 
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Wherefore, multiplying these together, we 
find, 

P T r__CB 1 GH^ 
P GB I GH 

or — ^ i^ ^ y • 

W CA^ 2^ GF 

Which expresses what fraction P is of W\ for 
instance, if CA^ZCB, and GF^^GU, we 
find, 

That is, P is A th of W. 

In this combination we may see that the force 
which is the resistance in die first mechanical 
power, is the power in the second, and the force 
which is the resistance in the second is also the 
power in the third. Now, in general, supposing 
any number, say four mechanical powers, to be 
connected in this manner, let P be the power, 
and R the resistance in the first, R the power, 
and R' the resistance in the second, R' the power, 
and R" the resistance in the third, R" the power, 
and W the resistance in the fourth. The fractions 

»* D-'* -d77> -^7?r J are given by the preceding pro- 
ri rC JXf rV m. m tw" ' 

positions; let them be respectively, -> -,-> —77, 
ft' n n n 

7n .y V 



n 


Vl\j uorvc;. 






P m 


R in 
B"~ n'' 


E' m" 
R" ~ «"' 


B" m'" 


R n 


W «"' 
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Therefore, mnltiplying all these tt^ther. 






' W 



Hence we have the following BuU for finding 
what fraction the poteer is of the weight or resistanee, 
in BiOj machine consieting of a combination of 
the mechanical powerB, such ae we have con- 
sidered. 

Find what fraction the power is of the weight 
or re^stance, in each of the mechanical powers, 
hj the preceding propositionB ; multiply all the 
fractions tt^ether, and the product wul be the 
fraction required. 

Example. — One or two more examples of this 
rule will be useful. Let AC, fig. 210, be 




^ 



horizontal lever, C the fulcrum; A'C anothe 
HzoQtal lever, C ita fulcrum; ^afixedpoUey 

i a. 
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CK sn inclined plane ; PT the weight, and P the 
power. A verticjEd string A B' connects the levers, 
and another vertical string passing over F draws 
W up the inclined plane ; CH is vertical, and 
HK horizontal. Let the tension on ^ ^' = By and 
thaton5F = ^'. 

Here we have, by the preceding propositions, 

P _ B^ I^ ^BC B' _ CH 
B A'C' B'" AC' W^CK' 

Tm. i^ P B'O' Bn CH 

Wherefore, ^=^^,x^x^- 

Thus, if ^'(r=10^'C", AC^l2BCy CK^ 
2 CH, we find, 

TT ^ 10 ^ 12 ^ 2' ^'^ ^ "■ 240 • 

Second Example. — In fig. 211, P acts on a wheel 
at Ay the axle of which is con- ^.^ 211 
nected with another wheel by a 
string BCy the axle of the second /j^V^^"*^ 
whed being connected with a pair ^i ^^)( Q^) 
of pulleys JE and Fy (forming the ^^-^ ^ 4r- 
second system^ by the string DE ; T^ i&^ 

W hanging from the block of F. \^3p 

The radius of each wheel is 10, ixw 

^ nd that of each axle 3 ; ^ is the 
ension on BCy B' that on DE. 

Here we have, by the preceding propositions, 

B'^ 10' £'" 10' W^V 
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And therefore. 



Proposition LVI. 

To thoa the mechanical advantage in a train of 
cog teheels and pinions. 

A cog whed is a wheel with a set of projection^ 

called teeth or cogt$ all round ite circumference, 

Pig 111 as shown in fig. 

212. When two 

wheelsofthisldiid, 

^a3 C and C, are 
properly placed 
, with respect to 
each other, as i^ 
shown in the 
figure, if one of 
them be turned 
round, the other 
will be forced to ' 
turn in the opposite direction. Thus, if the wheel 
G be turned in the direction shown by the arrow A, 
the wheel C will be forced to turn in the direction 
shown by the arrow A'. This action of one wheel 
on the other ia causeil by the pressure of the 
teeth of the one upon those of the other. A tooth 
of C is atwaye in contact with one of C". 

Let I) lie tlic iiuiiit wliui'o the tooth of C and 
thai of C, which are in coutact, touch each other ; 
and let R ' be the force or pressure which the tootli 
of C exerts on that of C, the latter tooth of 
course exortiug an equal aud opposite reaction It 
the former. I>raw CE and C E" perpen- 




8TATIC8. 



319 



dicular to the line RR\ Then the moment of the 
force exerted by the wheel Con the wheel G\ about 
the centre G\ is ^ x C'E\ and the moment of the 
consequent reaction exerted by the wheel C on 
the wheel (7, about the centre C, is ^ x CE» 

In general, CE and C' E' are very nearly equal 
to the radii of the wheels G and G' respectively, 
and we may assume that GE and G'E' are the radii 
of the wheels, without any error of consequence. 
If, then, R be the force of mutual action and 
reaction between the two wheels, the moment of 
R about the centre of each wheel is obtained by 
multiplying R by the radius of that wheel. 

Now, let (7, G\ G'\ be a set of wheels and axes 
furnished with teeth or cogs on their circum- 
ferences, and acting upon each other, as is shown 
in fig. 213 ; that is, 
the teeth of the 
axle of G act on 
those of the wheel 
C\ and the teeth 
of the axle G' act 
on those of the 
wheel G". Also, 
the power P acts 
on the wheel G^ 
and the weight W 

on the axle G" . Axles with teeth are called 
piniom. 

Let R be the force of mutual reaction between 
the pinion G and the wheel G\ and R' that be- 
tween the pinion C and the wheel G" ; also, let 
a and b be the respective radii of the wheel and 
pinion (7, a and 6' those of the wheel and pinion 
(7', a'.' and b" those of the wheel and axle G", 



Fig, 213. 
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Then the moments of P and R about the centre 
of C are Pa and Rby and therefore, by the Prin- 
ciple of the Equality of Moments, we have 

Pa=:iBb, or — = -• 

It a 

And in like manner we find, taking the mo- 
ments of R and R ' about the centre of C, 

Ra'^ R'b\ or 4-^ ^K' 

M a 

And in the same way, 

R'a"^Wb'\ or^ = ^. 

W a 

Hence, multiplying all these fractions together, 
we find 

p R_ R^_b y b^ 

R^ R'^ W^a^ a'^ a'' 



V 



n 



Fig. 214. 



or, Ti^ = - X ~ X -r7 • 
W a a a 

•• • • 

Which gives the relation between P and W, 

and therefore shows the mechanical advantage of 
the combination of toothed wheels and pinions. 

CoroUary. — If 
the wheels and 
axles were con- 
nected bybands, 
as shown in fig. 
214, where the 
axle exacts upon 
the wheel, C', 
by means of a 
hsmd instead of teet\i, «iA ^^ «x\a C ^\& \»^wi. 
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he wheel C" ia & similar manner; then it might 
le shown in exactly the Bame way, that the same 
elation holds between P and fF as that just 
ibtEuned in the case of wheels and pinions. In 
act, B B' would be the tensions on the hands, 
nstead of the forces of mutual action and reaction 
oetween the wheels and pinions, 

Example. — In a tr^n of 3 wheels and axles, (or 
pinions,) the radius of each wheel beii^ 10 times 
the radius of its axle, to find the mechanical 



Here we have, 

W 10 , 10 ^ 10 °^^= 1000 
That is, the weight is balanced by a power 

which is only the thousand part of the weight. 
Proposition LVII. 
To ghow the mechanical advantage of the endless 

screte and cog wheel combined. 

AD, fig. 215, is the endless screw, and its 

thread acts upon the teeth 

of the wheel C; in fact, 

the teeth of the wheel C 

correspond to the inside 

screw in fig. 207, and are 

moyed upwards or down- 
wards bytumingthe handle 

AB, exactly in the same 

manner as the piece NO, 

fig. 207. The weight W ' 

hangs from the axle of C, 

and the power P acts on 

the handle ^^. 
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Hesce, if ^ be the vertical resistance which 
the screw has to balance by acting on the teeth ; 
B, or rather a force eqnal and opposite to Ry will 
be also the power which balances W on the wheel 
and axle C. If, therefore, a, r, <?, and d, denote 
the same as in Proposition LII. and if a be 
the radius of the wheel, and b' that of the axle; 
we have 

P r.d . R b' 

Jc a.e W a 

Wherefore, -:f7>= — ^ x — /• 

W a.c a 

Example. — If the distance (d) between the 
threads be one inch, the handle A B {a) one foot, 
and a'= 106' / then, remembering that c is always 

22 

equal to r multiplied by 3.14159, or — nearly, 

we have ' 

— ^ X — y or H ^ yy 

W 12X22 10 2640 



CHAPTER VII. 

OF THE FORCE OF FRICTION. 

We have already made some general remarks 
on the subject of Friction^ and it only remains to 
state the laws by which the action of this force is 
regulated, and to show how it may be taken into 
account, and allowed for in Statical problems. 



Proposition LVIIL 

To state and explain the laws which regulate the 
auction of the Force of Friction. 

These laws have been determined by experiment 
in various ways, and they may be stated as 
follows : — 

All bodies are rough more or less, and when 
placed in contact with each other, they exert a 
force of resistance to sliding motion, which is 
called the Force of Friction. 

When two bodies 
A and B are placed 
in contact with each 
other, as shown in 
fig. 216, if a force be 
applied to make A 
slide upon B in the ^ 
direction A C^ then. 



Fig. 216. 
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a force of friction F is brought into play, in 
exactly the opposite direction to ^ (7, whereby 
the sliding motion of A is prevented altogether, 
or partially resisted. 

The amount of this force F^ when A is either 
actually sliding upon B^ or just on the point of 
sliding, depends upon the pressure P, which presses 
A directly, that is, perpendicularly against B ; in. 
fact, F is always proportional to P. For example, 
if P be 1 oz. when P is 1 lb., then F will be 
2 ozs. when P is 2 lbs., 3 ozs. when P is 3 lbs., 
\ oz. when P is ^ lb., and so on. Or we may say 
that F is always the same fraction of Py as for 
instance, in the example just given, F is always 
iVthof P. 

When A is not sliding, nor upon the point of 
sliding, the force of friction is indeterminate^ that 
is, it may be of any magnitude, not, however, 
exceeding a certsun limit, that limit being the 
amount of the force when A is just on the point 
of sliding, or actually sliding. In fact, the force 
of friction, when A is neither actually, nor on 
the point of sliding, depends upon the force G 
which pushes A in the direction AC, and not 
upon the pressure P, inasmuch as the force of 
friction is that which prevents the force G from 
taking effect, and therefore the force of friction 
must be just equal and opposite to G. 

It has been found, however, that when two 

bodies with perfectly flat surfaces have been 

some time in contact with each other, they stick 

together more or less, and a greater amount of 

friction than that which is in action when sliding 

18 actually taking place, is \\ma Tpcoftixsi^^^ k. \%:t 

or shake, however, imm^«A.^V3 ^^«icta^^ 'Osaa 
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tendency to adhere, and then the friction becomes 
a force of the same magnitude as that which acts 
when sliding is taking place. It is on this account 
that the distinction between ^^ friction of motion,^^ 
and ^^ friction of rest^^ has been made, the former 
denoting the amount of friction in action when the 
surfaces in contact are sliding one over the other, 
the latter the amount of friction when they are 
not sliding. We shall always suppose the friction, 
in all the cases that follow, to be that of motion. 
The friction of rest is a very variable force, 
depending upon the time during which the surfaces 
have been left in contact with each other, and 
other circumstances. When the bodies are suflS- 
ciently tapped or shaken, the friction of rest 
becomes equal to the friction of motion, sup- 
posing of course that there is a suflScient force 
\C) acting to cause A to be just on the point of 
sliding. 

Coefficient of Friction. — ^When the body A is 
actually, or on the point of sliding, the force of 
friction F is, as we have stated, always a certain 
fraction of the pressure P ; that fraction is called 
the Coefficient of Friction^ because it is the coeffi- 
cient by which the pressure P must be multiplied 
to give the amount of the force of friction F. 
Thus, if i^^be always iVth of P, P=^ x P, and 
iV is the coefficient of friction ; or if P be always 
J d of P, P= J X P, and J is the coefficient of 
friction, and so in other cases. 

The coefficient of friction is diflferent for dif- 
ferent substances, depending upon the degree of 
roughness or smoothness of the «vvc^^<5!,^^ \». ^<^'^- 
tact, upon the grain or textwce o? ^iJcie ^vs^^Xscgr*'^^^ 
upon the nature of the ungacrA, ox %x^^^ -^\ssRi^ 
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is often interposed between the surfaces to 
diminish the friction^ and upon various other 
peculiarities of the substances in contact. The 
following is a Table exhibiting the amount of 
the coefficient of friction in a few cases. 

Tahle showing the Coefficient of Friction for 

certain substances. 

N. B. — The fibres of the substance (if it have fibres), are sup- 
posed to be parallel to the direction of motion. 



Substances. 


Coefficient of 
Friction. 


Oak uDon oak 


.48, or about ^ 


Wrought iron unon oak 


.62 ,, ,, # 


Cast iron unon oak « . . 


• v«a ,, ff -y 


Wrought iron upon wrought iron . . . 
Cast iron uDon cast iron 


• *' it »» 35' 

.14 „ „ f 

• J.5 .. .. i- 


Brass uDon brass 


* ■^*' it tt 7 


Oak upon oak, when surfaces were greased) 
and wiped j 

\ Brass upon brass, when surfaces were\ 
greased and wiped j 


•^ ft ft s 

.11 ,t ft i 

.13 tt tt i 



The use of this Table is manifest ; thus, if A 
and B be both of cast iron, the coefficient 
of friction is I, and therefore i^' is yth of P 
always. Wherefore, if A be pressed against B 
by a pressure of 10 lbs., the force of friction, 
when A is sliding, or on the point of sliding, will 
be It. If the pressure be 30 lbs. the force of 
friction will be 4f. 
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Proposition LIX. 

To show that the amount of the force of friction 
is independent of the extent of the sv/rfaces in contact. 

Suppose the body A to rest upon a plane BD, 
at three places, B^ Ci and Fig. in, 

D; also, suppose that the 
coefficient of friction is any 
particular ifraction, say ^, 
and that the amount of direct 
pressure of J. upon the plane 
IS Q a>t B^ B at C, and 8 at JD. Then the friction 
at B is I^Q, that at is J J?, that SLt 1) ia ^8 ; 
wherefore the whole friction is, 

ie + ii? + i/S, or ^{Q + B + S). 

Now, if P be the whole pressure which presses 
A against the plane, it is clear that P= Q + B+ 8; 
whence it appears that the friction is J P. 

In like manner, if there were 4 points of support 
instead of 3, and if T were the pressure at the 
fourth, we might show that the whole friction 
would be 

i(Q + i? + /Sf + r), which = iP. 

Thus, whatever be the number of points of 
support, it is clear that the force of friction is 
always the same, namely, one-half of the whole 
pressure; in other words, the friction does not 
depend upon the extent of the surfaces in contact, 
but is always the same fraction of the pressure. 
The same reasoning would evidently be true if the 
coefficient of friction were J or J, or of any other 
value. 

N. B. — This reasoning m\x«\> \i^ t^s^Xxv^Xfc^ ^ 
the case represented in fig. 211 , \)QaA,Sa» Vi SxnrSnss^ 
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between flat surfaces pressed together bj a force 
which does not depend upon the extent of the 
surfaces in contact : for instance, it does not apply 
to the case of the friction of the piston in a steam- 
engine cylinder ; or to that of a fluid moving 
through a pipe. 

Laws of Friction briery stated. 

It may be well to state the laws of friction 
more definitely and briefly as follows: — 

1. The force of friction acts always in the 
opposite direction to that in which the body slides, 
or tends to slide. 

2. The force of friction, when the body is on 
the point of sliding, is always a certain fraction 
of the pressure, which fraction is called the co- 
efHcicDt of friction. It is usual to denote this 
coefficient by the letter fi ; and consequently, if 
the pressure be P, the force of friction wiU be 

3. When the force tending to make the body 
slide is less than this fraction of the pressure, the 
body will not slide ; when it is greater, the body 
will slide, provided it be slightly shaken or dis- 
turbed, so as to prevent adhesion, and the increase 
of friction resulting from it. 

4. The force of friction is independent of the 
ent of the surfaces in contact, under the cir- 

Btances supposed in Prop. LIX. 
. We may also state, that, if two bodies A and 
^ in contact, A exercises upon B a force of 
tion equal and opposite to that which B excr- 
es upon A. 

6. Lastly, it is found tW\. ?T\^\Awa. of xaotlou is 
ae B9an9 the lIiot\aIi^i^ ci^Os. ort ^q>^ * 
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Proposition LX. 

To determine within what limits, as regards 
iirection, the resistance of a rough surface acts* 

Let J. be a body placed upon the surface GF; 
Let us suppose the co- i?*^. 218. 

efficient of friction to be 
siny particular value, say 
i ; and let BA represent 
a force pressing the body 
A against the plane 06- 
Uquely. Draw AG and _ 
BD at right angles to ^ 
GF, and OF through B parallel to GF; make 
CF equal to t ds of GA, draw FF at right angles 
to GF, and join F and A. 

Now, the force BA is equivalent to the two 
forces represented by GA and BA; in other 
words, the oblique force BA produces a direct 
or perpendicular pressure GA, and a force JDA 
tending to make A slide along the surface. Now 
the force of friction arising from the pressure GA 
would be equal to i GA, if A were on the point 
of sliding; but GF, which was made $ds of GA, 
is equal to AF, and A Bis less than^jP; where- 
fore, the force BA tending to make A slide, is less 
than Ids of the pressure, and therefore the body 
will not slide. 

If the force BA acted along the line FA, in 
which case B and F would coincide, the force BA 
would be just equal to * ds of the pressure, and 
therefore A would be on the point of didicw^* 
And if BJ fell on the other side ot E A, D ^ovi^^ 
le beyond F, and then tlie foice D A >NCjviA^^^ 
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greater than $ds of the pressure, and therefore 
A would slide. 

Hence the line EA shows the greatest inclina- 
tion which the force BA may have to the per- 
pendicular CA, without making the body slide; 
if BA be more inclined to the perpendicular than 
EAy the body will slide, if less inclined, the body 
will not slide. 

It appears, then, that the surface will resist and 
prevent the effect of an oblique pressure, such as 
BA, provided the angle which BA makes with 
the perpendicular does not exceed the smgleEA G. 
The angle EAG may therefore be called the angU 
of resistance. In the present case this angle is 
found by making GE=iGA, and in general, to 
find the limiting angle of resistance, we must 
make GE=fiX GA, fi being the coefficient of 
friction. Of course, if the surface prevents the 
effect of the force BA, it must exercise a resist- 
ance equal and opposite to BA. When the body 
is on the point of sliding, therefore, the surface 
exercises a force of resistance which is inclined 
at an angle equal to the angle of resistance to the 
perpendicular. 

The angle of resistance is the angle A of 
a right-angled triangle ACE, in which GE^ 

fi GA, or YTi ~ A^* Those who have begun Trig- 
onometry will see here that the angle of resist- 
ance is that angle whose tangent is equal to the 
coefficient of friction. 



a',i.c 
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' rbU of the values of the angle of resistance in 

various cases. 

See the Table in p. 326. 



\, 



Substances. 



- J- lak upon oak 

Vronght iron upon oak 

• -Jast iron upon oak 

' Vrouglit iron upon wrought iron .... 

r.^. ^ast iron upon cast iron 

.;,^.3ra8S upon brass 

. .3ak upon oak, surfaces greased and wiped . 
.. v.Brass upon brass, surfaces greased and wiped 



Angle of 
resistance. 



26 •* 

82* 

26° 

8' 

11° 
6° 

8° 



It. 



r^. s^ 



Proposition LXL 



:^- A body is placed on a plane which is gradually 
ttuclined to the horizon; to determine at what in- 
ination of the plane the body begins to slip. 

;• Let EG be the inclined plane> EF horizontal^ 
''-^G vertical; let A be ^^.219. 

^%e body placed upon the 

Qclined plane, and let 
^ IS suppose it to be just 

tn the point of sliding 

lown the plane: draw 

5J[ verticailv to repre- 

lent the weight of A 9 

7J[ and BD at right angles, and CB parallel to 

EG. 
Then thie force BA is equivalent to the forces 

pepresenteo} by CA and DA, CA at right angles 

bo the plan^^ and DA along the plane ; CA being 
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the direct pressure against the plane^ and DA the 
force tending to make the body slide down the 
plane. Since the body does not actually move, | 
the force of friction must be equal and opposite I 
to DA^ and is therefore represented by AB^ 
But, since the body is on the point of sliding, the 
force of friction is equal to the pressure multi- 
plied by the coeflScient of friction; that is, A I) 
is equal \xi AG multiplied by the coefficient of 
friction, and therefore 

-r-Tj = the coefficient of friction, or a- 
A (J 

Now it is easy to show that the triangle ABB 
is similar to the triangle EFG^ and therefore 

AD : BD {ox AC) :: FG : EF ; 

AD FG 



whence 



AC ^ EF 



FG 

Therefore ^n^ = /i, or FG = /t X EF. 

Hence, when the plane is elevated so much, 
that its height FG is equal to its base EF multi- 
plied by the coefficient of friction, the body is on 
the point of sliding, and therefore ^Bj^^i^eater 
inclination will make it actually slide. T 

We may obtain this result more simpMy by con- 
sidering that the friction is the power which 
balances the weight of the body; and! therefore, 
by the properties of the inclined pftane, as a 

* ABi% parallel to OF, therefore Z BA D = M/ £Gf F; also 
/.BDA^AEFO, both being right angles ; hei^Bfe ike remain- 
'les ABD and OEF are also equal, an^Biherefoie the 
're similar. "^K 
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{nechamcal power, if we take the length of the 
plane to represent the weight, the height will 
represent the power, that is, the force of friction, 
find the base the direct pressure. Wherefore the 
beight must be the same fraction of the base that 
the friction is of the pressure, supposing the body 
to be on the point of sliding. 

But the best way to consider this proposition is 
by reference to the angle of resistance. BA is 
the whole oblique force which presses the body A 
against the plane EG, and CA is perpendicular to 
EG; wherefore, since A is supposed to be on the 
point of sliding, the force A B makes an angle 
with CA equal to the angle of resistance. But, 
since CA is at right angles to EG, and BA to EF, 
CA and BA make the same angle with each other 
that EF and EG Ao\ wherefore, since the angle 
BA C is equal to the angle of resistance, the angle 
FEG is so also. 

It appears, therefore, that when the body is on 
the point of sliding, the angle of inclination of the 
plane to the horizon is equal to the angle of 
resistance. 

This is equivalent to the former result, because, 
when the angle FEG is equal to the angle of 
resistance, FG^jiEF, as we have before stated. 



J(!S{-aj|2^ 



imental method of finding the Coefficient of 
Friction, 



^ The present proposition affords a simple method 
^ i" determining the coeflSicient of friction for any 
pair of substances in contact. We have only to 
make an indued plane of one of the substances, 
land place the other upon it, and gradually elevate 



334 MECHA^CAL SOIENCES. 

the plane until sliding takes place ; we have theii 
only to measure the inclination of the plane to thq 
horizon, and the result will be the angle of resist 
ance, from which the coeflSicient of friction may be 
immediately deduced, as is manifest from what 
has been said above. (Observe, the friction is 
supposed to be that of motion.) s 

When a variety of experiments of this kindj 
are tried with different substances, of different! 
sizes, and subject to different degrees of pressure, 
it is found that the angle of resistance, and there- 
fore the coeflScient of friction, determined for any 
pair of substances, is always the same, no matter 
what may be the extent of the surfaces in contact, 
as long as the surfaces have the same degree of 
polish or roughness, and are not affected by any 
interposed matter, such as dust, grease, water, or 
the like. If, however, the pressure be excessive, 
there appears to be some deviation from the laws 
of friction as above stated. Thus, in launching 
a ship, it is found to slip at a less elevation of the 
inclined plane on which it is placed than it ought 
to do according to the above laws. This, indeed, 
is easily accounted for, inasmuch as the wood must 
be compressed, and made harder than it naturaj]^ 
is, by the enormous pressure arising from,|.gj 
weight of the ship, and therefore, probably, 
surfaces in contact are made smoother. _ 

There are many practical difficulties ij. ^j^j^jji 
mining the friction of substances, which Therefore 

delay to mention. There is, conseque. ^_ „„ J 
1* * it f* • A* ill ■ ^ane. as «■ 

discrepancy m the iriction tables gi^ 

ferent experimenters. iLEGF; also 

. "ce tbe remain- 
• jL therefore the 



' i 
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problems showing the method op taking 
friction into account in various cases. 

Problem XXXIII. 

To find how much a beam^ A By fig. 220, which 
rests upon a rough horizontal plane A &, and against 
a smooth Tertical plane GE^ may be inclined to the 
vertical without slipping. 

Suppose the extremity A to be just on the 

Eoint of sliding along the Fig. 220. 

orizontal plane CA; then 
the resistance or reaction of 
this plane acts obliquely in 
the direction AE, AE being / 

drawn at an inclination to / 

the vertical equal to the ^ •-;; 

angle of resistance ; the /li-^^'^^ 

reaction of the smooth plane ^^^^^^^^ 

CE acts along BD^ which 
is drawn at right angles to CE, also, the weight 
of the beam acts vertically through its middle 
point G. But these three forces keep the beam 
at rest ; wherefore the vertical through G must 
pass through the point 2>, as shown in the figure. 
Now, because AG=^GBy and G^i> is paraUel to 
BEy it follows that AD=^DE. Hence we have 
the following construction. Draw any line A E 
inclined to the vertical at an angle equal to the 
angle of resistance, that is, make CEA equal to 
the angle of resistance ; from D, the middle point 
oi EA, draw DB horizontally to meet lYve^^^xXKRA. 
plane CE at B, and join A and B, \Jsvev!L AB 
shows the required mciinalioik o£ l^'a Aa^^assi^'^^'^ 
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it is on the point of sliding. We have, therefore, 
only to measure or calculate the angle BA (7, and 
we so determine the inclination required. If the 
coefficient of friction be given instead of the angle 
of resistance, we draw EA^ by making AC^ 
fiEC. 

Ex. 1. — The angle of resistance is 20% find the 
inclination of the beam. 

Ex. 2. — The angle of resistance is 45 °, find the 
same. 

Ex. 3. — The coefficient of friction is J, find the 
same. 

Ex. 4. — Find the same when the coefficient 
is 2. 

Mathematical Calculation. — Let fi denote the 
coefficient of friction, then the angle of inclina- 
tion of the beam to the horizon may be found in 
terms of fi as follows. Because AD^DE^ and 
DB is parallel to A (7, it follows that GB=:\CE. 
But, because AEC i& the angle of resistance, 
AC^fiGE (Prop. LXI.); wherefore, 

r7Y= ^-FTi? = ^ > or C5 : ^a :: 1 : 2/i ; 
AC fiCE 2fi ^' 

which proportion determines the angle BAG; 

G B 
in fact, -jjy is the tangent of the angle BA C. 

Thus, in Example 3, /^ = i, and therefore 

CB : AG :: I : 1, or CB = AC, and therefore 

ZJ5^C=45°. 

GB 
Again, in Example 4, —^ = J , or tan. BAG 

= ij which gives B il C \>7 ^^ \.'8!c\^» 
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Problem XXXIV. 

If the tertical plane or wall be abo roughy to find 
lie inclination of the beam when it is on the point of 
tiding. 

We use the same letters and construction as 
)efore, with this difference, fi^. 221. 
hat BD is no longer hori- 
zontal, but inclined to the 
lorizon at the angle of re- / 
iistance, as shown in fig. 22 1, / 
!br, the wall being rough, its jy/ 
resistance does not act hori- /\ '""• 
zontally, but at the angle of /L^:^^ 
L'esistance to the horizon. =^«^ 

Observe, BJD is inclined -• ... 

upwards^ not downwards^ be- 
cause, as the beam is on the point of sliding, its 
extremity B tends to slide downwards, and there- 
fore the friction of the wall acts upwards ; con- 
sequently, the oblique resistance of the wall, 
which acts in the direction BD^ is inclined up- 
wards, not downwards. For the same reason, the 
oblique resistance of the horizontal plane on the 
extremity -4, which acts along AE^ is inclined 
rightwards^ because A tends to slide leftwards^ if 
I may coin the words. 

The construction then is as follows: — Draw 
EA as before, making CEA equal to the angle of 
resistance of the horizontal plane; draw AF in- 
clined downwards to the horizon at an angle OA jP, 
equal to the angle of resistance of the vertical 
I wall, (which may be different from that of the 
horizontal plane,) bisect EA at i>, draw DB 

z 
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parallel to A Fy and join B and A. Then BAG 
IS the angle of inclination of the beam when it is 
on the point of sliding, and it may be determined 
by measurement or calculation, 

Ex. 1. — Find the inclination of the beam when 
the angle of resistance is 45 ° for the horizontal 
plane, and 30° for the verticaL 

Ex. 2. — Find the same when the coefficient of 
friction is \ for both* 

N. B. — OF is equal to AC multiplied by the 
coefficient of friction. 

Mathematical calculation, — Let fi be the coeffi- 
cient of friction for the horizontal plane, and /a' 
that for the vertical ; then, 

AC^^fi.CEy CF=^fi\AC, and BF=\EF. 

Wherefore, since BF^BG^ GF, and EF^ 
EG+ GF, we find, 

BG+fi'AG^:}^ {GE-\-fi'AG) 
i{j^AG+f.'AG). 

Therefore BG =: (J^ -h ^ - fi') AG. 
And therefore tan. BAC= 

If u'= - > we have tan. BAG^O. and there- 

fore BAG=0; that is, the beam will rest at any 
angle to the horizon, for it wUl not be on the point 
^ fli/pping till 2lBAC=0, 



STATICS. 339 



PfiOBLEM XXXV. 

A body is placed on a rough horizontal plane ; to 
find whatforcey acting at a certain angle to the horizon^ 
will just make it slide* 

Let A Cy fig. 222^ be the horizontal plane, B the 
body, P the force ap- 
plied to make it slide, '^' ^' 
P acting at a certain 
angle PB C to the ho- 
rizon. Supposing the 
body to be just on the 
point of sliding, then 
the resistance of the 
plane, which we repre- 
sent by B, is not ver- 
tical, but acts at the 
angle of resistance to 
the vertical. Draw BD vei*tically to represent the 
weight of the body ; produce the line of direction 
of B backwards to F, and draw DE parallel to the 
direction of P, meeting BF B,t E. 

Then B is kept at rest by the forces P, W, and 
B, to the directions of which the sides of the 
triangle BDE are respectively parallel. Where- 
fore, since BD has been drawn to represent Tf, 
DE will represent P. We have, therefore, the 
following construction for determining the force 
P, which, acting at a certain angle to the horizon, 
will just be on the point of moving the body ; 
viz. draw BD to represent W^ dc^^ BF^^cl^ksss^ 
the angle DBF equal to t\\^ aa^^ ^i T^iv^^a.^^^^ 
and draw 2>^parallel to tToie 3:\t^^^wD. oS. P > *^^^^ 
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DE represents the force P, as required, and may 
be determined by measurement or calculation. 

Ex. 1. — The angle of resistance is 30°, and the 
weight of the body 100 lbs, ; what force P, acting 
at an inclination of 45 ° to the horizon, will just 
be on the point of moving the body ? 

Ex. 2. — Find the same when P is inclined at 
an angle of 30° to the horizon. 

Ex. 3. — Find the same when P acts hori- 
zontally. 

Ex. 4. — W being 100 lbs., it is found that a 
force of 50lbs. acting at an angle of 45 ° to the 
horizon, will just move the body ; find the angle 
of resistance. 

Mathematical calculation. — Let /3 be the angle 
of resistance, and a the angle which P makes 
with the horizon. Then LDBEz=zp, LBDE 
= 90°- a, and therefore zli)£5= 180°- (90° 
-a)-/3 = 90°-(j3-a); therefore, 

P I W i: sin.jS : sin. {90°-(j3- a) }, 

or, P^-^^W. 
cos. (p — a) 

Problem XXXVL 

To determine the best angle of draught in the case 
just considered. 

By the best angle of draught, we mean the angle 
at which P must act, so as to move the body with 
the greatest ease ; that is, so that the least force 
jBaj be required. 

JDraw DF, former ftgaxe, «A,t\^\. ^s\.^^a to BF. 
"lien BF is tlie magmXAya^^ oS: P, ^V^^ P \^ 
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parallel to DF^ and DE the magnitude of P 
when P is parallel to DE. But DF is less than 
DEi in whatever direction DE may be drawn. 
Therefore, when P acts parallel to DFy P is less 
than in any other case, and therefore the direction 
parallel to DF must be the best angle of draught, 
being that which requires the least amount of force 
to move the body. 

Now, DF being at right angles to SF, and £ F 
making an angle equal to the angle of resistance 
with the vertical, it follows that DF makes an 
angle with the horizon equal to the angle of 
resistance. It appears, therefore, that the best 
angle of draught is the angle of resistance* 

Thus, in Examples 2 and 3, previous Problem, 
we find that when P is horizontal, it must be 
greater than when it acts at an angle of 30"* 
to the horizon. 

Problem XXXVII. 

To find P when the plane A C is inclined at a 
given angle to the horizon. AUoy to find the best 
angle of draught in the same case. 

The construction and reasoning in this case are 
precisely the same as before, only BF does not 
make an angle equal to the angle of resistance 
with the vertical, out with the perpendicular to 
the plane. 

In other words, if /3 denote the angle of re- 
sistance, and a the angle of inclination of the 
plane to the horizon; -BjPmust be drawn, making 
the angle DBF— a + j3. 

The beat angle of drauglit m \K\a ca»^ \^ ^ ^ 
that is, jP makes an angle p ^it\x tVe ^^^^ ^^ 
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when the least amount of force is required to 
move the body. 

Ex. L— Find P when a = 30 °, and /3 = 30°. 

Ex. 2.— Find P when a = 30°, and ^ = 45°. 



FBICTION OF AN AXIS. 



Proposition LXIL 



When a body hamng a cylindrical axis is acted 
on by given forces^ to estimate the effect of friction in 
retarding the motion of the body cibout the axis. 

Let GH represent the body, haying a circular 
hole through which the axis, shown by the shaded 



Fig. 223. 




Circle B CAy runs, which axis is supposed to be 
fixed. Let B be the point where the circular hole 
rests on the axis. Where this point B is, depends 
pon the manner in vrYAda 1i&fc ^ox^^'s* y^^'?^. ^Jxa 
^djr against the aris. ^ e Tosbj Oo^w?^ ^^\. ^^ 
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ciircular hole is supposed to be very nearly equal 
in diameter to the axis^ but of course a little 
larger than it, to allow freedom of motion. 

Draw GE through B from G the centre of the 
axis ; take EB to represent the direct pressure of 
the body against the axis ; and therefore BE repre- 
sents tne consequent reaction of the axis on the 
body. Draw BF in the contrary direction to 
that in which the point B of the body tends to 
move, which is of course at right angles to GEy 
and take BF^juBE {fi being the coefficient of 
friction), to represent the friction, B being sup- 
posed to be on the point of sliding. Then, if we 
complete the rectangle BFDEy the diagonal BD 
will be the resultant of the direct reaction BE^ 
and the friction BF ; and therefore 52) represents 
the total oblique resistance of the axis to the forces 
which press the body against the axis* 

Hence the force BDy and the forces which press 
the body against the axis, must balance each other; 
and therefore BD must be equal and opposite to 
the resultant of the forces which press the body 
against the axis; in other words, that resultant 
must be represented by the line DB. 

We may here observe, that we may suppose all 
the forces which keep a body at rest, to act at the 
same point, whether they really do so or not ; see 
Prop. XXVI. Wherefore, in finding the resultant 
of the forces which press the body against the 
axis, we may suppose all these forces to act at B, 
each of course in, or rather parallel to, its proper 
direction. DB then, as we have shown, is the 
resultant of all the forces whicVi ignce^.^ \!tv^ \fc<^^ 
against the axis, each force being supposed to adt at 
£ parallel to its proper ({ir^ctioTi* 
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We may also observe, that EBD is the angle 
of resistance; in fact, DB represents the total 
oblique pressure which presses the body against 
the axis, and BE is the perpendicular to the 
surfaces in contact at the point B; wherefore, 
since the body is on the point of sliding, the 
oblique pressure DB must make with the per- 
pen(£icular BE v^n angle equal to the angle of 
resistance. 

Hence we have the foUowinff simple construc- 
tion for finding the force of friction BE^ when 
the total oblique pressure DBy which presses the 
body against the axis, is known, viz. : — 

Draw a line BD to represent the total oblique 
pressure ; draw also another line BEy making the 
angle EBD equal to the angle of resistance, and 
draw DE at right angles to BE: then DE^ which 
is evidently equal to BFy represents the force of 
friction. 

By a construction of this kind we shall find 
that DE is always a certain fraction of BDy 
depending upon the magnitude of the angle 
of resistance. The following Table exhibits 
this : — * 



Angle of 
Resistance. 



32 ** 
30° 

11° 

9° 

8° 

6"" 



Fraction which the Friction is of the Oblique 
Pressure. 



I 



.53 
.5 

.44 
.19 
.16 
.14 
.1 



i about 4, that is, DF^^BD nearly. 



if 
It 

» 






\ 



• See tke Tab\« va ^^. *^* mA^^\. 
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To find the effect of the friction in retarding 
the motion of the body about the axis, we must, 
of course, take the moment of the force of friction 
BEy determined as we have just shown, about the 
centre C of the axis; that is, we must multiply 
BE by the radius CB. Hence we have the 
following Rule for estimating the moment or effect 
of friction in retarding the motion of the body 
about the axis, namely : — 

Multiply the resultant of all the forces which press 
the body against the axis {the forces being supposed to 
act at Bf each in its proper direction^ by the fraction 
given in the Table, and by the radius of the axis; and 
the result will be the moment required. 

Mathematical calculation. — ^Ve may by a simple 
calculation, only requiring the 47th Prop, of 
Euclid, Book I., find what fraction the friction is 
of the oblique pressure in terms of the coefficient 
of friction /4 ; for we have, 

DE^BF=fiBE, and BE'+DE'=^BD\ 
Wherefore, putting fiBE (or DE, we have, 

(l'\-fi*)BE'^BD% or BE^ f^ ; 

and therefore BF=^iiBE = . ^ - BD. 

Hence — t- ^ is the fraction which the force 

of friction is of the oblique pressure. 

For brevity we shall denote t\x\a ii^ie^AOTL^g ^^ 
letter X. The values of X tVieii we ^-^ex^.'vQ^'^'^ 
table, which, compared witYi t\ve \.«XAe Va. ^^'i.^ 



p 
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331, will show what X is for substances of dif- 
ferent kinds. 

Hence^ if B denote the resultant of all the 
forces which press the body against the axis, and 
r the radius of the axis, the retarding moment of 
the force of friction is 



A.-B.r, or 



^ 



VYT 



mM •r% 



Fig. 224. 




This is a most Important rule in Practical 
Mechanics, and we shall now apply it to one of 
the mechanical powers, namely, the wheel and 
axle* 

Pboposition LXIII. 

To find the effect of friction in the case of the 
wheel and a^le. 

Fig, 224 represents the wheel and axle with 

the power P and the weight 
W; AB being the wheel, 
CD the curie, the inner 
shadfed circle representing 
the axis. Observe, we make 
a distinction between awle 
and axis, the former being 
that round which the cord 
DTFIs coiled, while thelatter 
is the little cylindrical pivot 
round which the wheel and 
axle as one body revolve. 

Let a be the radius of the wheel, ft 'that of the 

axle, and r that of the axis. 

In this case P and W aie \\i^^Qt^^%^V\^^^^^ 
*e body agwnst ihe axis, \^ ^\i\dsi^^ w^^\.\ft 
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add the weight of the wheel and axle itself, which 
call U ; but, for simplicity, we shall not take U 
into account at first. The resultant of P and TF, 
supposed to act at one point, is P + W ; where- 
fore the moment of the force of friction is 

X (P.+ W) r. 

We shall suppose the wheel and axle to be just 
on the point of moving by the preponderance of 
P, that is, P is just on the point of pulling up 
W ; then, by the Principle of the Equality of 
Moments, we have, 

Pa=Trt + X(P+Tr)r; 

observing that, since the friction is always a 
retarding force, its moment in this case must be 
contrary to that of P. Hence, 

P(a-.Xr) = Tr(6 + Xr)/ 

or P= r— Tv. 

a — Xr 

Which shows what fraction P must be of W 
in order to be just on the point of drawing up W. 

Corollary 1. — If the axis were perfectly smooth, 
X would be zero, and we should have, 

a 

Corollary 2. — The greater r is, the greater will 

be the fraction r— ; for, as r increases, iW 

a — Ar 

numerator increaaes^ and the denoTc&Ck^tVst Sv\ssv- 
niabeA Hence, the larger tVie xa^xx^ ^^ ^^ ^'^^^ 
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18, the greater will be the power required to lift 
a given weight ; that is, the greater will be the 
loss of power arising from friction. 

Thus, if a = 10, 6 = 1, X = |, and r = ^ ; we 
find P = A?r. But, if r=:^, P=^W?r. If 
X = 0, that is, if there be no friction, P = iir ^. 

Corollary 3, — The loss of power from, friction is, 

a— -Ar a a{a'-Xr) 

Ex,l,— Ifa = 20,J = 2,r=l, c = |; find what 
fraction P is of W. 

Ex- 2.— If a= 10, J = 2, r= 1 ; find the power 
which will raise 100 lbs., the value of u being 1. 

Ex. 3.— If a — 6y J = 2, r = 1, and. if the loss 
of power arising from friction be A W; find c 
and fi. 

Pboposition LXIV. 

To find the effect of friction when the potcery in 
the preceding case, pulh 'dertically upwards, or hori- 
zontally. 

If P pulls vertically upwards, as is 
represented in fig. 225, the resultant 
of the forces which press the body 
against the axis will be W— P, instead 
of W+ P ; we have, therefore, 

Pa^Wb-\-\{JV'-'P)r. 

And therefore P ^ ^±^ ffr. 

a + Ar 

"^'^ may best compare this wfith the residt of 
^8 propositions by mea]i({is of an example. 
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Let Jr=399lbs., a=10, J = 2, X = i, r = l; 
bhen, when P pulls downwards, we haye^ 

But if P pulls upwards, we have, 

Hence we see that a smaller power is required 
when it acts upwards than when it acts down- 
wards. 

The reason of this is obvious, because the friction 
depends upon, and is proportional to the force 
which presses the body against the axis, and this 
force must be less when P and W act in opposite 
directions, than when they act in the same direc- 
tions. 

Hence it should be always borne in mind, in 
devising machinery in which there is rotation 
about axes, that the forces which press each body 
against its axis should be made to oppose each 
other as much as possible, so that the total pres- 
sure they produce should be as small as possible, 
and therefore the friction also. This rule is well 
known to good practical mechanics. 

If P pulls horizontally, as is repre- 
sented in fig. 226, the question be- 
comes a little more complicated ; for 
then the force which presses the body 
against the axis is the resultant of 
two forces acting at right ^i^^^ ^ ^^^^ 

each other, namely, P and W ; ^xA 




Which 18 a tolerably simple expression for P. 
ch is a quadraUc fox ^dm^ P* 
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by Prop. XIILthis resultant is VP»+ W^\ we 
have^ therefore. 

And from this, by the solution of a quadratic 
equation, we may find P in terms of W*, But 
a simpler solution may be obtained, which answers 
perfectly well in all practical cases, by considering 
that r is always small, and so is ju ; for the axis 
about which the body turns is always made as 
small and as smooth as possible in order to diminish 
the effect of friction ; the amount of friction brought ; 
into play being proportional to \i and r joinfly. 

Hence we may regard iirV P'^ -\-W^ as small 
compared with Wh^ and therefore we need not be 

very accurate in finding the value of ft r Vp * + TP. 
Now, since this quantity is small compared with 
TTft, it follows that Pa^=^Wh nearly, and there- 
fore P=i -- W nearly. Let us put this value of 

P in the quantity ftr Vp^-j- ^*, which, as we 
have said, we need not determine very accurately ; 
and then the above equation becomes, 
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Corollary 1. — To find tchat additional power is 
required in consequence of the friction. 

If the axis was perfectly smooth^ that is, if ft 

was zero, the value of P would be - W: call this 

a 

P\ Now, by the formula for P, we find that the 

power actually required when ^i is not zero, is, 

^^W^W^ t/^, or P' + P'.^ 1/^. 
a a ^ a b ^ a^ 

Hence the additional power required in con- 
sequence of the friction is. 

Thus, if a = 100, 6 = 10, r = 1, /x = i, we find, 

urA/t^, 1 >l/l01 1 , 

6-1/^ + ^ = 40 K 100 = 40 °""^y- 

Hence the power required in this case is -^ th 
more than the power that would be required if 
the axis were perfectly smooth. 

Corollary 2. — We may see, from the formula 
just obtained for the additional power required in 
consequence of friction, that the smaller r is, the 
less that additional power will be in proportion. 
Hence the importance of making axles as small 
as possible is manifest. 

Proposition LXV, 

To obtain a simple practical rule for estxmatmg 
/5l^ addttioncUpovser required in consequence of JTxctxoi^. 
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in the ease of the ttieel and axk, whateter way the 
power may acL 

The greatest preseure will be experienced by \ 
the axis when P acts yertically downwards, and 
the least when P acts yertically upwards; in the 
former case, 

Pa^Wb + iiriW-^-Py ] 

b . ^ 

Or, patting - IF" for P in the small quantity ' 

)ur(?r+P), wefind, 

a a \a J 

Or, using P' as before, 

Hence the additional power required is 

b- 



T (• ^ D ^ ■• 



Again, in the latter case, where P acts upwards, 
we find, in the same way, that the additional 

power required is^fl )^'- Hence we 

have the following rule : — 

If P' be the power required on the supposition 
that the axis is perfectly smooth, then the addi- 
^al power required in consequence of friction 
»e 

7 

not leaa \Saaxi ^-^ (^ - -^ P' , 
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and not greater than ^ (^ + ^ ) ^ • 

For example, if a = 100, ft = 10, r=l, fi = i; 
we find that the additional power required is not 
less than tSttP', and not greater than ^P'. 

This is a very useful way of simplifying a rule, 
namely, by finding not the exact quantity required, 
but certain limits, which give a tolerably fair idea 
of its magnitude. 

Proposition LXVI. 

To estimate the effect of Friction in the case of the 
singh Moveable Pulley. 

Let AB9 fig. 227, be the pulley, P the power, 
W the weight; and suppose Fig. 227. 

that P is just so great as to 
be on the point of overcoming 
W and the friction, so that the 
least addition to P will pro- 
duce upward motion. Now, 
thef riction takes place at the 
pin or axis C, round which 
the pulley turns ; W is mani- 
festly the total force which 
presses this pin against the 
pulley, and therefore of course 
the pm reacts on the pulley with the same pres- 
sure. The friction is therefore X PT, (see p. 346,) 
and the moment of it about the centre of the 
pulley as fulcrum, is X Wr^ r being the radius oC 
the axis. Now the forces which pTeNeri\.\Jsi^TXic>>C^ss^ 
of the pulley about its axis axe t\ie ifva>cvsycL, ^<& 
^ force P, and the tension of tlie Btrvu^ AD, V^^^ 

A A 
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call T,) P and T act contrary ways^ both at an 
arm a, a being the radius of the pulley ; also^ 
the friction acts against P, because it tends to 
resist the motion which is about to take place in 
the direction of P. We have, therefore, by the 
Principle of the Lever, the following equation : — 

Pa=:Ta + \Wr (1.) 

Also, if we suppose, as we may do by Axiom 
III. (page 85,) that the pulley and block become 
rigidly connected together, we have 

P^T=W (2.) 

Hence, multipljring (2) by a, adding it to (1), 
and cancelling Ta, we find, 

2Pa^aW-{-\rW. 
orP = iTr+^Pr. . (3.) 

This gives P in terms of W, or, in other words, 
it determines the power (P) just sufficient to 
begin elevating the weight W. 

Corollary 1. — The power required, if there was 
no friction, would be JTF", (see page 282,)* hence 
the additional power required in consequence of 
friction is, 

2a 
This additional power is diminished if we j 

• 

* This may be easily «eeTL\>y i^\ji\Mi^ k = in the formula (8), * 
tich amounts to Buppoeimg \kai^ \&st« S& li!;^ ^^vsi^ *^^ 
aark is wortli atteuouig io. > 
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dimmish r, or increase a, as is manifest from the 
formula. Hence it is important to make the 
pulley as large^ and the pin or axis as small as 
convenience and due strength permit. 

CoroUary 2. — ^From (1), by substituting P -{-T 
for Wy we find. 

And .-. P= "^-^ T . . . (4.) 

This is an important formula, for it gives a 
rule for finding how much greater the tension on 
one side of the string passing over a pulley is, 
than the tension on the other side ; for the friction 
of the axis will always cause one tension to exceed 
the other. 

Corollary 3. — If we suppose that P is only just 
sufficient to hold up fF^ that is, that W is on the 
point of moving downwards, the friction will tend 
the opposite way to that supposed in the above 
investigation. Instead of (1), therefore, we shall 
have, 

Pa + \Wr=Ta. 

This will make, 

^ 2a 

Hence the condition of equilibrium in the case 
of the single moveable pulley, taking friction into 
account, may be thus stated, viz. : — K the power 

is not less than i FT — — TT, ot iio\, gc^^Xfc't \>csaxv 
^^'^Ta^' '* ^^ balance tlie ^ix^^^^ 
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For example, if ?r=200, X = i, a = 10r, the 

value of X- W^ is 5 ; therefore, 105 lbs. will just 
2a 

begin to elevate 200 lbs., and 95 lbs will be just 

sufficient to hold up the 200 lbs. and prevent it 

from going down. 

If a = 2r, the elevating force will be as much 

as 125 lbs. and the holding force only 75 lbs. We 

may see from this what a difference the size of 

the axis in proportion to that of the pulley 

makes. 

Proposition LXVIL 



Fig. 228. ^ 



i 



To estimate the effect of friction in the case of 
the system of Pulleys represented in 
the annexed figure. 

The figiure needs no description, 
the system of pulleys it represents 
having been treated of in the pre- 
ceding Chapter. The radius of 
each pulley is supposed to be a, 
and that of each axis r. Then, 
by Corollary 2 y Proposition LXVI., 
the tension on the string B C, (sup- 
posing P to be on the point of 
drawing up Wj) is 



•'(Rj" 



JR 



B) 



^ 



Ik 



a-X 



a — Xr 



——V— Py or (jP, putting — — y- = c, for brevity. 
a + \r ^ ^ a+\r ^ 

For the same reason, the tension on DG is c times 
that on BCy which makes tension on DG=^c^P. 
But the tension on the string EO is equal to the 
sum oP the tensions on C B wi^ B G ; ^3aKt^fere^ 

tension on JSC^cP-Vc^P^Vp^c^^^^ 
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Again^ as before, the tension on FH is c times 
that on EG ; therefore, 

tension on FH^ ((?' + c') P. 

Lastly, W=^ tension on EC + tension on FH^s^ 

{c + c') P + {c' '^c')P=^ {c + 2c' -^c') P. 
We have therefore. 

Which determines the power necessary to begin 
elevating W. 

Example. — Suppose that X=J, a = 3r, and 
therefore c = A = 1. Then, 



W 



P = 



W 



^'3.W. 



4 /, 4\ ^ 324 



('^ ) 



Proposition LXVIII. 

To estimate the effect of friction in the case of 
carriaffe wheels. 

Fig. 229 represents the carriage ; W is its total 

Fig. 229. 




weight, and P the horizontal poMver y3L«»t «v3ffi\&^«^ 
to begin moving it; AB and CD axe ^e^^V^^^^ 
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E and F their axles. The wheels are supposed 
to be equal, and their axles also ; the radii of the 
former equal to a, and those of the latter to r. 
The ground AG \b assumed to be perfectly flat 
and horizontal. 

The force which presses the carriage s^ainst 
the two axles E and F, is evidently the resultant 
of P and W; but P is always small compared 
with Wy as we know by experience; therefore, 
the resultant of P and W is very nearly the same 
thing as Wy and consequently TF may be practically 
regarded as the force which presses the carriage 
against its axles. Let W denote the pressure 
exerted on Ey and IF" that on F; then, 

W ^W'^W . . . (1.)* 

Now, the friction arising from W is \W\ and 
this is a force acting on the wheel AB at an arm 
r, tending to prevent its turning round. The 
horizontal resistance of the ground at A is the 
only other force tending to turn AB round E; 
call this force R, then, since R acts 2A, an arm a, 
and just balances \W' acting at a^ arm r, we 
have. 



Ra=^\W'ry and .-. 5 = 



[W 



r 



a 



And, in like manner, itR^ denot^the horizontal 
resistance of the ground at (7, we sAiall find, 

# 

W" might be much greater thap/ j^ |y^ in a ahaky ill- 
vriage, a case which is not col^ t^mpla.ted hne. 
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And therefore, 



B + R = H = by (1.) 

a a a 

Now suppose, as we may, that the wheels be- 
come rigidly united to their axes, so that the 
carriage and wheels become one rigid body ; then, 
since B, B! and P are the only horizontal forces 
acting, and since P is just on the point of over- 
coming these two forces, we have, 

R + B' = P, and .-. P= :!l— ^. 

a 

Hence it appears that the force just necessary 
to begin moving the carriage is, 

\Wr 

—^—^— • 

a 

Coronary. — This force is greater the greater - 

is, and therefore, in order to make a carriage as 
free to move as possible, the wheels should be 
as large as convenience and stability will allow, 
and the axles as small as is consistent with due 
strength. 

Proposition LXIX. 

To estimate the effect of friction in the case of the 
inclined plane. 

Let A By fig. 230, be the inclined plane^ W 
the weight resting on it, P t\ie "^^et ^vi^^^'t?^^^ 
/^ A the coefficient of friction, AC VoxvlotNsS., 
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Fig, 230. 




and BC verticaL Draw WD vertically down- 
wards to represent W, WF at 
right angles to AB, and com- 
plete the rectangle WEDF. 
Then WF is the force which 
presses W perpendicularly 
against the plane, and there- 
fore fjbWF is the Motion. 
Also, P acts along the plane 
upwards, and the force represented by the line WE 
acts in the contrary direction. Hence, if TT is 
on the point of being moved up the inclined plane, 
in which case the friction will act daten, we 
have, 

F=:EW+fiFW. 

Now, the triangle ABC is evidently similar to 
the triangles WDF and WED; therefore, 

EW : WD :: BO : ABy 



and.-. EW=^WDx 
Also, FW : WD :: 

and . 



BO 
AB 

AO '. 



=^Wx 



ABy 



FW^WDx 4^ = Trx 



AB 
BC ACy 



BO 
AB 



AO 
AB 



This is the power necessary just to begin moving 
W up the plane. 

If, however, W be on the point of moving down 
the plane, the friction will act in the opposite 
direction, and therefoi^ ^^ &ad^ 
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And therefore, as before, 

\AB ^ AB) 

This is the power just necessary to hold Wy 
and prevent its moving down the plane. 

The former value of P may be called the momng 
powery and the latter the holding power. Any 
power between the two values wiU produce equi- 
librium. 

Corollary. — To find the proportion of P to W in 
the case represented hy fig. 231. 

The figure represents W and P connected by 
a string, passing over Fig, 231. 

a pulley jP, (sup- 
posed to be perfectly 
smooth,) W rests on 
the inclined plane 
AB, P on the in- 
clined plane DB, AD is horizontal, and BG 
vertical. 

Let P be a moving power, that is, suppose that 
P is just on the point of drawing W up the in- 
clined plane AB ; let T be the tension of the 
string, which will be the same on W as on P. 
Then 7^ is a moving power on Wy and a holding 
power on P, and therefore, by the Proposition, 
we have, 

^"^^Kab^^ab)' 

BG DC^ 




T^p(^ ^u."^^. 
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Equating theBe two values of T, we find, 
P_DB BC + fiAC 
\V AB ^ BC-fiDC' 
which gives the required proportion. 

Pbopositiok LXX. 

To ettimaie the efect of friction in the case of tke 
terete. 

Suppose that a power P is employed to turn 
the handle GF (fig. 
" 232) of tlie_ screw, 

and that it just be- 
gins to raisea weight, t 
or overcome a re- 
sistance, which we 
shall represent by 
W. Let A be any 
' point of the thread 
of the screw ; let « 
be the portion of W 
supported at A, and 
p the force acting 
horizontally in the 
direction AE, just 
sufficient to support 
w, and overcome the 
friction resulting from the pressure of w. In I 
fact, we may conceive w to be a weight placed on 
an inclined plane at A, (see page 304,) and p to 
be the corresponding moving power acting horizon- 
tally. AB ia drawn vertically downwards to 
represent w, A C ia a\, 'n^t esi^'^si te the inclined 
Jane, -4£ repreaeuta p,D AH ^'i'«%'&isS«'uSoisa. 
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of the inclined plane^ BD and EH are perpen- 
dicular to DAB. 

The perpendicular pressure on the inclined 
plane arises partly from w and partly from p ; 
DB represents the part due to w^ EH the part 
due to p; therefore, the pressure is altogether 
DB + EH9 and consequently the friction is 
fjL(DB + EH). AH is the force tending to 
make A move up the plane, and A D that tending 
to make A move down; also, since A is on the 
point of moving up the plane, the friction acts 
down. Hence we have, 

AH^^AD^-fi^DB + EH). 

Now, let 6, hy and ^, represent respectively the 
base, height, and length of the inclined plane, 
(see page 307); then, since BAD and EAH are 
similar to the inclined plane, we have, 

AH : AE (or p) :: b : I; .'. AH=py 

AD : AB (or w) :: h : I; .*. AD = w j • 

DB : AB {or w) :: b : I; .'. DB^Wj- 

EH : AE (orp) :: h : I; .\ EH=py 
Hence, in the equation just obtained, we find, 

and therefore »= 1 — ^ 'ws* 
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Now, let «?', tt>", tt?'", &c. be the several portionB 
of PF, supported at the other points of the thread 
of the screw, and let p\ p", »'", &c. be the cor- 
responding moving powers. We may show then, 
by the process just gone through, that, 

» = ; ^ !(?,»= - — ^ to &C. &c. 

Hence, by addition, we find, 
;? + p' + />" + &c. = i±iif («, + ^' + tt?" + &c.) 

Now here we have, evidently, «? + «?' + «?" + 
&c. = W. Also, /), ;?', /?", &c. are forces act- 
ing horizontally at different points of the screw, 
but all at the same perpendicular distance from 
the vertical axis, about which the screw turns; 
that distance is equal to the radius of the screw, 
which call r; therefore, (/?+/>'+/>"+ &c.) r is 
the moment of the whole moving power, which sup- 
ports «? + ^(?' 4- «?" + &c or W. But P, acting 
at the end of the arm GF, produces all this 
moving power, consequently the moment of P, 
le, Pc (if we put c to denote GF)y must be 
equivalent to the former moment. 

We have, therefore, 

Pc^{p^p' -\-p" -r &c.)^ = 
h + iih 



b'-' fih 



(w?4-«(?' + w?"+&c.) 



And ... P= ^ . |±4 ^- 

C — llfl 

'his formula gives \Ke ^^ct \\^\.^^^^^^K»r^\a 
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begin elevating the weight W. Observe, that h 
is the vertical interval between the threads of 
the screw, and b the circumference of the cylinder 
round which the threads run, (see page 307.) 

Corollary, — To find the holding power, that is, 
the power just sufficient to prevent W from 
descending, we may proceed in the same way 
exactly, only, instead of the equation, 

AH^AD -Jt iiipB + EH\ 

we shall have, 

AH=^AD-ii{DB + En). 

The final result will therefore be, 

c b-^- fih 

A conclusion, very important practically, follows 
from this formula; it is this: — As the difference 
h-^fib diminishes, P diminishes, and when h = fxb, 
P = ; hence, supposing fi and b given, it follows 
that the smaller k is, me smaller the power re- 
quired to hold W becomes, and when k becomes 
as small as fib, no holding power is required, no 
matter how large W may be. 

Thus, if 6 = 3 inches, and /u = J, no power will 
be required to hold TF, provided A be as small as, 
(or smaller than,) 1 inch. 



CHAPTER VIII. 

EXAMPLES OF ROOFS. 



Problem XXXIX. 

To drt^rmine thi strain product by tie tcehit oj 
•1 rjof ufjii the tU-biani. 

Let J B and fi C, fig. 233, be the two beaius 0/ 
Tif.za. the roof, resting on 

the walls at A and 
C, and jointed to- 
gether at the verta 
B ; the weigtt of 
these beams, togethei 
with that of i*s 
slates, laths, &C. rest- 
ing on them, wi" 
tend to depress tiie 
point B, and tlffust 
out the points A »«' 
C. To prevent the effect of these ontward thrusts, 
a beam A C, called the tie-beam, is fastened to to^ 
extremities A and C of the two beams of the roof, 
so as to ((V them together as it were, and ^^^ 
the name. Sometimes the tie-beam is fastened 
at intermediate points of BA and BC, and other 
called the Ikin^poit and qweii-posU, ^re 
ftlgj^- "■■' -I strength and stifibese to 
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the roof. A great variety of other forms of roof 
are also very commonly adopted; but we have 
space only to consider the simplest form here, 
namely, that shown in fig. 233. The beams AB 
and BG are almost always of equal length, and 
the tie-beam horizontal; but this is not assumed 
to be the case here, for the sake of generality. 

Fig. 234 represents the lines of the same roof 
as that in fig. 233, Ay B, and (7, being the same 
points in both figures. Let U and V be the 
middle points of AB and B (7, and let the arrows 

Fig. 234. 




at U and V represent the weights which rest on 
A B and B C respectively, namely, the weights of 
the beams themselves, and the weights of the 
slates, &c. which are supported by them. These 
slates, &c. are supposed to be uniformly distributed 
over the beams, and the beams themselves axo. ^^^s^ 
supposed to be uniform in ^ei^t oaSi ^2caO«3^^^^ 
and hence it is that we place \\ie «£xo^«» ^^ '^^'^ 
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middle points U and V. We shall denote the 
weights represented by these arrows by U and V 
respectively. 

Now, U is equivalent to two vertical forces, viz. 
J U acting at B, and \ U acting at A, and V i* 
equivalent, similarly, to ^ F at B^ and \V B,t C 
U and V together, therefore, are equivalent to th 
three vertical forces i(f^+ F) at 5, ^ ?7 at J, 
and ^ F at C. Of these, the latter two, acting 
immediately on the top of the walls, and vertically 
downwards, manifestly produce no outward thrust, 
but are transmitted down the walls to the founda- 
tion. These forces, therefore, we may leave out 
of account, and we have then only to consider the 
force \{U-\- F) acting at B. 

Let the arrow BF represent this force at B^ 
and complete the parallelogram 5 GjPZT. • Then 
the force BF \^ equivalent to the two forces BG 
and BH ; and these two forces are transmitted 
directly along the beams BA and B C respectively, 
to the points A and C. They are shown in the 
figure by the arrows AL and (7P, which are 
drawn in the directions of the beams produced, 
and equal in length to BG and BH respectively. 
Lastly, the tie-beam J. (7 is produced on both sides 
to K and N, AM and GQ are drawn vertically, 
and the par^lelograms AKLM and GNPQ are 
completed. 

Now here the force AL\'& equivalent to the two 
forces A K and A M^ the latter of which acts ver- 
tically on the top of the wall at Ay and therefore pro- 
duces no outward thrust. In like manner, the force 
GP is equivalent to the two forces GN and GQy 
of which the latter "^itoAxx^^^ Tva wi.\*>w^aL^t\Mraat, 
Thus finally tbexe Temaia \» Xi'^ ^t^&v^^t^ ^^ 
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le forces A K and CNy and as these pull directly 
ra the tie-beam in opposite directions, they are 
16 very strains which it is the object of the 
*roblem to determine. Which was to be done* 

Simplified Coiistruction. — Draw GG' and Ifff^ 

oth panillel to AC; then, in the triangles GBG' 

nd A KL we have A L and B G equal by con- 

truction, and the sides of the two triangles 

espectively parallel to each other; wherefore 

bey are equal triangles, and consequently GG' 

4.nd A K are equal lines. Hence, by measuring 

jT G' we shall know the strain on the tie-beam at 

A; and, similarly, by measuring HE' we shall 

know the opposite strain on the tie-beam at C. 

It is easy to see that GG' and HE* must always 

be equal lines, and consequently the strains are 

not only opposite but equal ; which, indeed, might 

be asserted beforehand as a necessary condition of 

equilibrium. 

Thus, we have the following rule for finding the 
strains on the tie-beam, viz. :— Draw from B a 
vertical line BF of the proper length to represent 
\ {U-\- F), Le, half the whole weight of the two 
^eams BA and BO, and the slates, &c. resting 
Hi them ; then draw from F towards one of the 
;Jt jams A By the line FG parallel to the other beam 
\'^B ; lastly, draw GG' from G parallel to the 

2-beam, to meet BF s,t G\ measure GG'y and 
^(jiiie result will be one of the strains required, the 
^ff.;her strain being an equal and opposite force. 
,^y Corollary. — In fig. 233 draw AD parallel to 
'{^Wi and BD vertically meeting J. (7 at E ; then 
(I : is evident, from what has been just said, that 
^^ ve have the following proportion : — 
j)f Strain on tie-beam : ^{V+V) :: AE : BP 

BB 
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from which proportion the strain may be very 
easily found, when AE and BD are measured, 
and J(Z7+ V) given. 

Mathematical Formula. — Let a, jS, and 0, be 
respectively the angles which the two beams and 
the tie-beam make with the vertical BD, as is 
shown in fig. 233. AD being parallel to BC, it 
is clear that the angle ADB is equal to the angle 
DBC, Now, by Trigonometry, we have, 

AB : BD :: 8in./3 : sin.fa + /3) 
AE : AB :: sin. o : sin. d. 

Wherefore, 

AE : BD :: sin. a sin. j3 : sin. 6 sin. (a + /3). 

Hence, by the Corollary we have, 

x« 1 1 / i-r . ir\ s^^* <* sin. 

stram on tie-beam = ^ ( 6/ + K ) - — ^-^ — ; — ^-ttt • 

"^ sm. 6 sm. (a + p) 

Problem XXXIX. 

The tie-beam being fastened at the intermediate 
points A' and G\ fig. 235, it is required to find the 
strains upon it 

From A and C draw A A" and CC" to meet 

A' C'y produced 
each way, at the 
points A" and 
C" respectively, 
and join A'\ By 
^' and (7", A Con- 
ceive, as we may 
do, * that the 



* Bee A.il\otea\1\ 



Fig. 235. 
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the beam AB ; in short, that A A'' and BA" are 
rigid rods, (without weight of course,) connected 
firmly together at A'\ and fastened to AB 2X 
A and By so that ABA" may be considered as 
a rigid triangle. In like manner, conceive CBC" 
to be a rigid triangle. Draw BD vertically, from 
A' draw A!' D parallel to BC*\ to meet BD at 
2>, and draw DF parallel to BA!^ ; produce A A" 
and draw BG parallel to EAl\ to meet the pro- 
duced line at G. 

Take BD^ as we may do, to represent half the 
sum of the weights of the beams AB and BC^ 
together with that of the slates, &c. resting on 
them, (we neglect at present the weight of A C) ; 
then BD is the force, the straining tendency of 
which it is our object to determine. To do so, 
we have only to observe that the force BD may 
be resolved into the two forces BA" and BFy 
and these forces may be conceived to act at J." 
and C" respectively, because A" and G" are sup- 
posed to be points rigidly connected with B, Now 
the force BA"y acting at A^ may be resolved into 
two forces, represented by the lines EA'^ and 
GA!' ; the latter of which, GA!\ acts vertically 
-on the wall, being transmitted from Al' to Ay 
^' while the former, EA!' y acts directly along the 
tie-beam. In like manner, we might show that 
l^BF"y supposed to act at C", is equivalent to two 
ii forces, one acting vertically downwards on the 
: wall d, and the other directly along the tie-beam. 
'.J Thus we have the two forces which act directly 
u on the tie-beam, which must be equal and opposite 
J J forces, since the tie-beam is in equilibrium. It 
, will be sufficient, therefore, to find one of them, 
' and that we have done. 
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Hence the following rule for finding the strain 
on the tie-beam by construction. Having drawn 
the beams A By BCy and AlG\ in their proper 
positions, produce AC to meet the verticals drawn 
from A and C at A!' and 67"; draw BD vertically 
cutting AlC at E^ draw also A"D parallel to the 
line, joining 5 and G" to meet BDB.tD. Then, 
having measured EA!' and BD^ we have the 
following proportion : — 

strain on tie-beam : \{U+V) :: EA" : BD^ 

V and V denoting the same as before. 

Corollary 1. — If W denote the weight of A' 0% 
it is required to take it into account. — We may 
suppose ^ ^ to act at A\ and ^W at C'y instead 
of W acting at the middle point of A' G\ Also, 
we may resolve \W2itA' into two parallel forces, 
one acting at j5, and the other at A. By Cor, 2, 
p. 168, these forces will be, 

A A' HA' 

i ^ 4^ at 5, and i TF ^ at A. 
AB AB 

Similarly, the force \ W at G' may be resolved 
into 

iTT^^ati?, and^TT^'ata 

The two forces at A and C produce no strain- 
ing effect, while those at B are to be added to 
\{U -^ F). Hence we have, 

strain on tie-beam : 



{jT+F-VTFl^^^^^SVv.^^-.^^ 
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TT, AA\ CC\ A By and CB being given, we 
may easily find the strain by this proportion. 

Corollary 2. — If W denote any additional 
weight acting on one of the beams, AB suppose, 
at a given intermediate point P, we may find its 
effect in a similar manner. For it may be resolved 
into two parallel forces, one acting at By and the 

AP 

other at A ; the former being TF" -j-^ > which 

must be included among the forces represented by 
BD. 

Corollary 3. — If W" denote another additional 
weight acting at any point Q of A* B\ we may 
find its effect thus. W" 2X Q is equivalent to 

W" ^, at A\ together with W" ^ at C\ 
AC AC 

Again, the force at A' may be resolved into two, 

one at A and the other at By the latter being 

TF" ^, • 44-'- Similarly, the force at C is 
AC AB ^ 

equivalent to a force at 67, and another at By the 

OA' CC 
latter being TT" ^tttp ' w^' Hence the total 

force at B arising from W is, 

lA'C AB ^ A'C GB S ' 

and this must be included among the forces re- 
presented by BB. 
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Examples of the preceding Problems. 
Ex. 1.— In fig. 233 ^ is horizontal, AB = BC, 
(7=F=10001ba., and /.BAC=iS''; find the 
Btrain on the tie-beam. 

Ex. 2. — Same case, except that lSAC=60''; 
find the strain. 

Ex. 3. — Same case, except that lSAC= 15°; 
find the strain. 

Ex. 4. — Same case, except that .4(7= 60 feet, 
and BE^ 1 foot; find the strain. 

Ex. 5. — In each of these eases what is the total 
vertJcal pressure on each wall? 

Ex. 6. — Same case as in Ex. 1, except that 
.4(7 = 40 feet, -4 .8 == 30 feet, and £(7=20 feet; 
find the strain. 

Ex. 7.— The angles which AB, BG, and AC 
make respectively with the verticid, are 30°, 20°, 
15°; tr+ r=10001bs.; find strain. 

Ex. 8. — Same case as in Ex. 1, except that AB 
and BC are each 30 feet, and weight each lOlbs. 
per foot Also, the whole 
Fig. iM, Yooi is composed of 5 equi- 

distant sets of beams, such 
as ABG, as is shown in 
fig. 236 ; there is a beam 
MN also at the top, weigh- 
ing ISIba. per foot, and 
40 feet long, and the slates, 
laths, &c. weigh 3 lbs. per 
square foot; find the etr^ 
on each tie-beam. 
Here it is easy to Bfte,tWt we may suppose Jth 
the weit^ht ot M i^ V> \ie kv^^w^^A -sA. M, ^^k 
N, and itli at ewa^i oi \ii& vWaeVsiSKnaeSai* 




STATICS. 375 

points, 5„ By Bi. And the weight of the slates, 
&c. may be distributed similarly. Strictly speak- 
ing, however, the distribution of these weights 
upon the supporting beams, will depend in some 
degree upon the relative stiffness and strength of 
the different beams and joinings. 

As a good practical rule, it would be well to 
assume that each set of beams must be strong 
enough to bear all the weights between it and the 
two adjacent sets on each side ; that is, for example, 
that ABC (fig. 236) has to support all the slates 
between AxBid^ and A^Bid, together with the 
portion B1B2 of MN. This will generally over- 
rate the actual strain on each tie-beam, though 
not the strain that mi^kt be thrown upon it in 
consequence of any accidental weakness of the 
adjacent beams. 

The pressure of the wind on a roof is often a 
serious force, and ought to be taken into account ; 
but it is a point we cannot discuss here. The 
pressure of the wind is dangerous, not only from 
its magnitude as a force, but also because it 
generally acts only on one side of the roof. 

Ex. 9. — In fig. 235, A and G are in the same 
horizontal line, A'C also is horizontal, and AB=^ 
BG; if Cr+F= 1000 lbs., AA^BAl^AlG^ 
find the strain on ^' (7'. (N.B. 1^=0.) 

Ex. 10. — Same case, if ir= 100 lbs. ; find 
strain. 

Ex. 11. — Same case, except that AA ^2BA!y 
LBA!G'^^&\ and «P^=1001bs.; find the strain. 

Ex. 12. — Same case as in Ex. 9, except that 
AAl is so fixed that A! coincides N?\\k A^ wA^* 
is half way between B and C \ «i\fi», L. ABC-ss- 
90% ondAB^BC; find atwin. 



^ 
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Problem XL. 




To find the inward pull of inverted roof beams on j 
the walk. 

Let AB and £C he inverted roof beams, i.e. 

two beams fastened to the walls at A and C, in- 

Fig. 237. clining downwards 

instead of upwards^ 
and jointed together 
at B. It is required 
to find the tendency 
they produce to pull 
the walls inwards. 
We suppose that the 
two beams are equal 
inlengthandweight, 
and that A and C are in the same horizontal 
line. 

Let U denote the weight of each beam, half 
of which we may suppose to act at each ex- 
tremity, i.e. ^U Sit A, ^U Sit C, and ^ ?7+ ^ U 
(or U) at B ; the forces at A and C, as in the 
former Problems, produce no effect that we are 
concerned with, and we have therefore only the 
force U Sit B to consider. Take BF to repre- 
sent it, and complete the parallelogram BHFGy 
the two sides BH and B G being in the directions 
of the beams produced. Take A L and CB equal 
to BH and BG respectively, and complete the 
rectangles AKLM and GNPQ. Then we may 
show, exactly as in the previous Problems, that 
the force BF is equivalent to the forces BIT and ! 
B Gf which again are equivalent to CP and AL9 
and finally, to tlae foux toci^^ AM, AK, C N^, 0<J^ | 
of which A M and C Q xie^^L tlqX. X^^ ^\^«^^^x^^ 
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Thus A K and ON alone are left, and these are 
the forces which tend to pull the walls inwards. 
Which was to be done* 

Simplified Construction. — If we draw HH' hori- 
zontally, it is clear that HH'^AK^ GN. Hence 
the following construction; — Draw BF vertically 
of proper length to represent U ; draw BH in 
the direction of CB produced, and FH parallel 
to AB ; lastly, draw HH' horizontally; then 
HH' being measured, gives the inward pull re- 
quired. 

Corollary. — Draw 
^i)andCZ>,fig.238, 
parallel \,o BC and 
BA respectively, and 
draw BD and AC 
meeting in E ; then 
we have, as in Cor. 
page 369, 

Inward pull 



Fig. 238. 




U :: AE '. BD. 



Problem XLI. 

To find the horizontal effect upon the walls of the 
beams AB, CB, AB'y and CB\fig. 239, the former 
beifig ordinary roof beams, and the latter inverted. 
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Here we suppose that A and C are in the same 
horizontal line, AB = CBy and AB'^=^ CB'. Lei 
the weights o( AB and GB be each ?7, and those 
of ^^^and GB' each U\ Also, let T be the 
outward thrust at A (or C), arising &oin AB sjii 
BG; and f the inward pnUai A (or <7) arising 
from AB' and (75'. Then, by the former Prot 
lems, we have, 

T : U :: AE: 2BE, whence T= ?• 4|; 
and, 

r : CT' :: AE : 25'^, whence 7'= 5" ' 4^" 

^ 5 ill 

Now T^T' is evidently the horizontal force 
on the wall at A (or at C/); hence the efiect re- 
quired is, 

AEfV^ _ U' \ 

2 \BE B'EJ ' 

which may be easily calculated, when A.E, BE, 
and B' E are determined by measurement, or 
given. 

GoroUary. — Hence, if^ 
there is no horizontal effect on the walls. 



Problem XLIL 

The same being supposed as in the preceding Prob- 

my only that BB' is a bar of given weight Vy con" 

xting B and B'y it is required to find the crushing 

''ce on this bar. 
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It is clear that there will be a stiffness produced 
by the bar BB\ which will prevent any thrust or 
pull on the walls, unless BB' yields, and suffers 
the points B and B' to approach each other. 
There is, therefore, a tendency to crush BB'. 
Let the force on BB'^ which acts at B (down- 
wards) be Y ; then that which acts at B' (up- 
wards of course) must be Y-\-Vy for it has to 
support not only the downward force F, but also 
the weight of BB\ L e. F. We shall suppose, 
as in the former Problems, that half the weight 
of each of the four beams, A By CB^ AB'y and 
CB', acts at its extremities. Thus, we shall have 
at B the total force ?7— F, * and at B' the force 
?7'+ F+ F. Hence the outward thrust on the 
wall arising from the force at B is, by the former 
Problem, 

And the inward pull at A arising from the force 
at B' is, 

4(c^' + r+F)^. 

Now the outward thrust and the inward pull 
must be equal, because the effect of the bar BB' 
is to prevent any pressure on the walls one way 
or the other. We have, therefore, 

or, {U- Y) BE'= {U' + Y+ V) BE, 

* r here Ib upward, because It i» tSie Te&\«\a5»!» -wVvSo. ■&"&' 
eierts agsmet the downward tltxiuit Y ou B B' . 
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From which equation T may be easily Found 
when BE^ BE\ U^ and U\ and F, are given. 
For example, let these given quantities be re- 
spectively 10 feet, 6 feet, 1000 lbs.> 200 lbs., 
100 lbs. ; then the equation becomes, 

(1000 -r) 5 = (300 + r) lo. 

And .-. F= 133 J lbs. 

Ex. 2. — Same case, only that BE' = 1 foot. 
Here we find, 

1000 - F= (300 + F) 10. 

And .-. F=-181A. 

The negative sign here indicates, as usual, that 
the direction of F is the reverse of what we 
originally supposed ; that is, that the force exerted 
on BB' Sit B is upwards, not downwards. This 
shows that the point B tends to rise, which ten- 
dency is prevented by the bar BB'. 

CONCLUDING REMARKS. 

We have thus finished all that we can at present 
say regarding the subject of Statics. Many other 
applications of the principles of this branch of 
Natural Philosophy are of great importance, some 
of which are not suitable to this work, and others 
we must reserve for a future part of it. We now 
proceed to the subject of Dynamics. 



PART IIL— DYNAMICS. 



CHAPTER I. 
THE LAWS OF MOTION. 

The object of the science called Dynamics^ and 
the meaning of the name, have been explained in 
Part I. page 73. We shall commence it by a full 
statement of the Laws of Motion^ defining, in the 
first instance, the important term Velocity^ and 
explaining the method of compounding and re- 
solving velocities. In what follows, except where 
the contrary is specified, we shall confine our 
attention to the motion of a particle, or very 
minute portion of matter; and wherever we speaJk 
of a body moving, we shall suppose it to be so 
small, that it may be regarded as sl particle. (See 
page 3, Part I.) 

The motion of a body consists in its going over 
or describing space — (that is, linear or curvilinear 
space, not superficial or solid space.) The rate at 
which the body moves is an important element of 
investigation in almost all cases; and this mt^Ok- 
duces the consideration of time. "^NVk\^ ^c>^^ 
spaces are described in equal tioie^^^^i^ xas2^C^ssv^.x^ 
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said to be wniform; otherwise^ it is said to be 
fHJiriaUe. Thus, if a body moves, so that 100 feet 
are described each minute, the motion is uniform; 
but if during one minute the space described is 
100, during the next minute 110, during the next 
120, and so on, the motion is variable. 

Velocity. — ^When a body moves unifornaly, the 
number of feet it goes over in every second is 
called its tdocity. Velocity and rate of motion are 
identical terms. Thus, if a body describes 10 
feet in every second, its velocity is s^d to be 10 ; 
or it is said to move at the rate of 10 feet per 
second. 

Pboposition L 

To show that the telocity of a body^ which moves 
uniformly, is equal to the spa^e described in any time 
divided by that time. 

Let 8 denote the space described in any time t, 
(i.e., s is the number of feet the body goes over in 
t seconds i) and let t denote the velocity. Then, 
« is the space gone over in 1'/ therefore, be- 
cause the motion is uniform, 2 via the space gone 
over in 2% 3u the space gone over in 3', 4© in 4'; 
and, generally, ^u is the space gone over in t 
seconds ; that is, s. Hence we have 

8 =i vt; and, therefore, « = •-, 

which was to be proved. 

Hence we may say that the velocity of a body, 

which moves uniformly, is the space it describes 

in any time divided by that time ; and this is true, 

matter how small the time may be ; which is 
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an Important consideration to be borne in mind, 
as will appear when we come to speak of variable 
motion. 

Composition and Besolution of Velocities. — That 
velocities may be resolved and compounded in the 
same manner, and by the very same rules as forces, 
we shall now prove. 

Proposition II. 

. To find the motion of a body which has two diffe^ 
rent velocities communicated to it at the same time. 

Let AB and Pi^.240. 

BCy Fig. 240, be 
two fixed lines, 
making any angle 
with each other, 
MN a moveable 
rod, which always 
continues parallel _ 
to A By while the "** "^^ ^ 

extremity M moves along A C, occupying succes- 
sively the positions iHf, M\ Jf ", &c. Let P be 
a body capable of moving along this rod; and 
suppose that, while the extremity M is moving 
along ACy P moves along the rod, starting from 
its extremity, occupying successively the positions 
P, P',P", &c. 

This being the case, it is clear that the body P 
has two different velocities communicated to it at 
the same time ; for all the points of the rod, and 
therefore P, have the same motion as M ; also P 
has, in addition to this^ a motion along the i:QKi. 
P, then, has, at the same tiaie, Vwo ^^*c«^^ 
velocities, namely, its own velocity «3LQtk.^ "^Scka xw^> 
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and a velocity parallel and equal to that of M 
along AG ; that is, P has a velocity parallel to A B, 
and a velocity parallel to A C, communicated to it 
at the same time. 

Now, the actual motion of P is evidently along 
the oblique line APP' P'\ which may be either 
a straight line or a curve, according to circum- 
stances. If the motions of M along A O^ and of 
P along the rod, be uniform, MP will be always 
proportional to A M; that is, we shall have 

MP : AMii MP' : AM' :: if"P" : AM" &c. 

For instance, if MP = 2AMy then will M'P' = 
2AM', M"P" = 2AM", &o. ; or, if MP^ 
^AM, then will MP' ^^AM\ M" P" = 
iAM"y &c.; and so for any other number. 

In this case, APP'P" &c. will be a straight 
line ; for it is the peculiar property of a straight 
line, as we know by Euclid, Book VI., that the 
parallel lines MP, M' P', M" P", &c. increase 
proportionally to the distances AM, AM'y AM'\ 
&c. It is manifest, also, that the actual motion of 
P along the distances APP' P" la uniform, since 
the distances -4 P,u4P', -4P",are proportional to 
AM, AM', AM", &c., or the distances MP, 
MP, MP", &c. respectively. 

If we suppose that iltf moves from A to M" in 
one second of time, AM" will be, by definition, 
the velocity of M; and since, in the same time, P 
moves along the rod as far as P", M" P" will be 
the velocity of P along the rod. Furthermore, 
A P" being the space actually described by .P in a 
second, the actual velocity of P will be A P". 

Hence we have the following rule for finding 
ctual velocity of P arising from the two 



DYNAMICS. 385 

velocities parallel to AC and A B. Measure along 
AC 2k space A M'\ equal to the velocity which P 
has parallel to AC ; draw M'* N" paraUelto AB^ 
and measure along it a space M P'\ equal to 
the velocity which P has parallel to AB ; then 
join A and P'\ and the line AP" will represent 
the actual velocity of P in magnitude and direc- 
tion ; that is, P really moves in the direction of 
the line A P' ', and describes a space equal to J. P" 
every second. 

CoroUary 1. — ^We may ^^' ^^V 

state this rule in the fol- 
lowing manner also:— 
Measure a space AM'^ 
along A C (fig. 241) equal 
to the velocity of P 
parallel to AC ; also 
measure a space A L 
along AB equal to the velocity of P parallel to 
AB; draw M" P" parallel to A By and LP" 
parallel to A Cy so forming a parallelogram, 
ALP" M" ; then, drawing the diagonal AP"y 
AP" will be the actual velocity of P in magni- 
tude and direction. This is manifestly equivalent 
to the former rule, inasmuch as M" P" is here 
drawn parallel to A By and equal to the velocity of 
P parallel to AB. 

Corollary 2. — It appears, then, ,that the actual 
velocity of P is found in exactly the same way as 
the resultant of two forces, in Statics, by the 
Parallelogram of Forces. We may call A P" the 
resultant of the two velocities AM" and AL ; 
we may call A M! ' and A L the oompcyaeutA ^H. *^^ 
velocitj^P"/ and we may spesSs. oS. \Jckfc coiwpo- 
sztion o£ the two velocities AM" wi^ Ali ^^Xa ^ 

c c 
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single resultant velocity AP'\ or of the resolution 
of the velocity AP" into the two component 
velocities A P ' and A L. 

Thus it follows that velocities may be resolved 
and compounded in exactly the same way as forces 
in Statics, and by the very same rules and for- 
mala. It is, therefore, unnecessary to pursue 
this subject farther, inasmuch as the rules for 
the composition and resolution of forces already 
given in Staticsy may be transferred to the com- 
position and resolution of velocities in Dynamicsy 
without the least alteration, except the substi- 
tution of the word 'oelocity for the ytotA. force. 

Examples. 

Ex. 1. — A particle has a horizontal velocity of 
10 feet per second, and at the same time a vertical 
velocity of 10 feet per second; find its actual 
motion. 

Draw A By fig. 242, horizontally equal to 10, 
Fig. 2i2. and BC vertically equal 

to 5; joined and G ; and 
AC will be the actual 
velocity in magnitude 
and direction. A (7, and 
the inclination CABy may be calculated or 
measured. 

Ex. 2. — ^What is the actual velocity when the 
horizontal velocity is 20, and the vertical 50? 

Ex. 3. — A body moves along a plane inclined 
at 30° to the horizon with a velocity 10; what are 
its horizontal and vertical velocities ? I 

Draw A G equal to \0, Ta^J^w^^ lO AB ^ 30, I 
and draw GB perp^iidacvxlot \.o AB j ^^t^. iL^> 
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and BC will be the required horizontal and 
vertical velocities. 

Ex. 4. — The vertical velocity of a body is 5 
times its horizontal velocity ; at what angle to the 
horizon does it actually move ? 

Ex. 5. — A body has three velocities communi- 
cated to it at the same time; one a horizontal 
velocity 30, the second an upward vertical velocity 
10, the third a velocity 20 inclined upwards at 
45° to the horizon; what is the actual velocity? 

This must be found in the same manner as the 
resultant of three forces, by the Polygon of Forces 
in Statics (see p. 145); that Pv.243. 

is, draw AB, fig. 243, hori- 
zontally equal to 30, BG 
vertically equal to 10, and 
CD at 45° to the horizon 
equal to 20; then, joining^, 
A and D, AD will be the 
actual velocity in magnitude and direction. 




OF THE THREE LAWS OF MOTION. 

The Laws of Motion are certain statements 
respecting the effect of force in producing motion, 
upon which all the subsequent reasoning in 
Dynamics depends. We shall now enumerate 
and explain tnese laws, and the manner in which 
they have been proved. 

FIRST LAW OF MOTION. 

When a body is not acted upon by aui) force, xj a\. 
resty it revnains at rest ; and if in motiou^ xt coutmue* 
^{? move uniformly in the same direction* 
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"We have Kttle difficulty in receiving the first 
part of the statement made in this law^ namely^ 
that if a body at rest is not acted upon by any 
force, it remains at rest. Not so, however, as 
regards the second part of the law ; for our common 
notion is, that a Dody cannot continue to move 
without the help of some force to keep it in 
motion, and that it must immediately stop if the 
force ceases to act upon it. Now this is quite an 
erroneous idea, and the first law of motion, with- 
out the last sentence, (^* and, if in motion, continues 
to move uniformly in the same direction,^^) would be 
only half the truth. The fact is, that a body once 
put in motion will persevere in that motion with- 
out the help of any force, and it is as natural for 
a body to be in motion as to be at rest. If a 
body is at rest, its natural condition is rest, and 
it will not move without the action of some force 
to disturb it. If a body be in motion, its natural 
condition is motion, and it will not come to rest 
without the action of some force to stop it. 

But it may be said, that all bodies appear to 
have a tendency to come to rest. Thus, if we 
put a train in motion along a level railroad, it 
will soon stop, except the force of the engine 
keep it in motion. This tendency to come to 
rest, is not, however, anything inherent in the 
body, but is the effect of certain retarding forces, 
which we overlook. In the case of the train 
there are two retarding forces, one arising from 
the resistance of the air, the other from the friction 
of the axles. These together produce a serious 
amount of resistance, and a consequent tendency 
in the train to stop. T\i^ 5ot<i^ ^l ^^ ^JuKaxx^ia 
required to overcome t\ie«.e Te«v^\asi^^^\^V^\^\^:>& 
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just sufficient to do this the train moves uniformly, 
when it is more than sufficient the motion becomes 
continually quicker, and when it is not sufficient 
the motion becomes continually slower, and at 
length ceases. 

When the causes of resistance are diminished, 
it is found that less force is required to keep up 
the motion; thus, if the friction of the axles be 
diminished, by making them smaller and harder, 
and rendering them smoother by the application 
of an unguent or grease, the force of steam re- 
quired to keep up the motion of the train is 
diminished in proportion; so much so, that we 
are justified in concluding, that, if we could 
destroy altogether the friction, and the resistance 
of the air, the train, once put in motion, would 
continue to move with an undiminished velocity, 
without any steam force to keep up the motion. 

We conclude, then, that bodies once put in 
motion have no inherent tendency to come to 
rest, such tendency being the effect, in all cases, 
of certain resisting forces, of which we do not 
take notice at first sight. The first law of motion, 
as above stated, is therefore, to a certain extent, 
proved by these considerations. It is, however, 
to other considerations connected with Physical 
Astronomy, which we shall presently mention, 
that we must look for a complete proof of this 
law. 

Inertia. — The word inertia is often used in 
Mechanics to denote the property of matter, 
asserted in the first law of motion. Matter is 
said to be inert, which word, m \\,«» y'^qs^^x ^^s\^- 
cation, means, devoid of any "^ov^^x ^i'l \s\<3H^»^ 
without the action of aome e^leroksiX ^ox^^* 
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must be taken, however, In a larger se^se than 
this, for matter has also the property of oontinuing 
in motion when once put in motion. By inertia, 
therefore, we mean, not simply nor properly, a 
tendency to remain at rest, but a tendency to 
remain at rest or in motion, as the case may be. 
Inertia, therefore, means not any sluggishnesB or 
tendency to stop, but a power of resisting change, 
whether it be irom rest to motion, from motion 
to rest, or from one motion to another. If a body 
be at rest, it has a tendency to remain at rest, and 
a power to resist any moving force ; if it be in 
motion, in a certain direction, and with a certain 
velocity, it has a tendency to persevere in that 
motion, as regards both the direction and velocity, 
and a power to resist any force tending to change 
that direction or velocity. 

Vis inertioB, — This power of resisting change, 
from rest to motion, from motion to rest, or from 
one motion to another, is usually called the tis 
inertiw, or the power of inertia. It is found by 
experiment, that the vis inertias of any body is 
proportional to its weight ; but of this we shall 
say more presently. 

From what has been said, it is clear that 
" inertia " is not exactly the proper word for 
denoting the peculiar tendency of matter described 
in the first law of motion. Inertia means laziness, 
and seems to imply, therefore, the necessity of 
some force to keep up motion. But, if I may so 
express myself, the first law of motion does not 
"/harge matter with laziness, but with obstinacy; 

asserts that matter persists in motion or rest 
differently ; that it W tio Oftove.^, ^^ \a ^^^k^ 
it simply a tendency to wTi^um^3L^ Ssi ^^^ ^Xa.\R. 
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in which it is. Hence the word pertinaciai or 
pertinacity^ would be more suitable than inertia. 
The term vis inertice is sanctioned by use, but it 
appears to be a highly objectionable expression, 
and I could mention several cases in which it has 
led to error. 



SECOND LAW OF MOTION. 

When a body, moving in a certain direction^ is 
acted on by a force oblique to that direction^ the 
deflection prodticed in any time is eqiml to the space 
which the body would hate described in that time^ if 
it had been originally at rest. 

Let MA j&, fig. 244, be the direction in which 
the body P wa3 ^^,244. 

originally moving; 
suppose the force F 
to begin to act upon 
P at Ay always 
parallel to the line 
AGi and to defl£ct ^^ 
or divert P out of 
its rectilineal course, so as to make it describe the 
path APD. Draw DB parallel to A (7, and DC 
parallel to AB. Let t denote the time the body 
takes to move from A to D. 

As we have shown above, we may consider the 
motion APD to be the resultant of the two 
motions AB and AG^ of which -45 is in the 
direction of the original velocity, and AG in the 
direction of the force F. BD \a visai \.ci\^<^*Cfefe 
defectidu produced in tbe tVme t \i^ \Xi^ i^x^^^ «»»^ 
AC 19 equal to BB. ISow l\vft ^^^ovA Ns«« ^^ 
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motion amounts to this^ tliat A Cy or BDy is equal 
to the space the body would have described in the 
time t by the action of the force, if there had 
been no previous velocity in the direction MAB. 

We may state the law more distinctly as 
follows : — 

Question. — To find where the body P will be at 
the end of any time t f 

Answer. — Make A B equal to the space that P 
would describe in the time t^ if F did not act, and 
AG equal to the space that F would make P 
describe^ if P had no previous velocity ; then, if 
we draw BD and CD parallel respectively to J. (7 
and AB^ to meet at i>, D will be the place where 
P is at the end of the time U 

In other words, the actual motion of P is the 
resultant of two motions, one, that dice to the pre- 
mous 'Velocity simply , the other, that dv^ to the action 
of F simply. 

Experimental proof of the second law of motion. 

The following simple experiment forms a good 
proof of the second law of motion : — 

Fix a piece of board, HKy fig. 245, vertically 
to a table, pillar, wall, or otherwise ; fix two 
small projecting pieces of wood, E and F, to 
HK ; hang another piece of wood CD, by a 
weak spring or wire G C, from a nail or projection 
Gy fixed in HK ^ place two balls A and B resting 
partly on the projections E and Fy and partly 
against the piece CD, as is shown in the figure. 

The balls being thus placed, strike CD smartly 
with anything hard, in the direction represented 
hy the arrow. The effiecX oS. ^'^ \^'5r^ ^^ W t<\ 
throw the ball B foiN^atSi^* «sA m^^K^ ^^^xis^^ 
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a curve BBS^ striking the floor at S ; but the 
ball A will be let drop vertically downwards in 
the direction ALM^ striking the floor at M. 



Fig, 245. 




Now, if the floor be horizontal, and the apparatus 
properly adjusted so as to make CD strike B 
horizontally, it will be perceived by the ear, that 
the two balls strike the ground exactly at the 
same instant, and this will be true at whatever 
height above the floor the apparatus may be fixed. 

If the ball B were not drawn downwards by 
the force of gravity, it would describe a horizontal 
line B Ty because it is struck in a horizontal direc- 
tion, as we have stated ; but the force of gravity 
acting downwards, gradually deflects it out of the 
horizontal direction, and makes it describe the 
curve BBS. If we draw 8T vertically, 8T is 
the defection produced by the force of gravity. 

Now 8T IS manifestly equal to AM.^ ^^^ A.'ML 
is the space which the force o? gc wvXrj xc^^^^ ^ 
body having no previous vdiociXy dj^^w^^ *^^ '^'^ 
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same time that the ball B moves from B to S. 
It appears, therefore^ that the defection TS, pro- 
duced by the force of gravity in a body having 
a previous horizontal velocity, is equal to the 
space BAIy which a body, without a previous 
velocity, describes by the action of the same force 
in the same time. This is the second law of 
motion. 

As we have observed before, experiments of 
this kind can only be adduced as rough proofs, 
or rather, instances of the laws of motion ; the 
general aud accurate proof we shall presently 
state. In the present case, we have not taken 
any account of the force arising from the resist- 
ance of the air, because the experiment is not 
capable of very great nicety. 

Extended statement of the second law of motion. 

We may extend the statement of the second 

law of motion, as follows ; — Suppose J. to be a 

body moving with a certain given velocity, and 

acted on Ijy several given forces ; it is required to 

find where A will be at the end of any time t. 

Fig. 246. To determine this, let A By fig. 

c 246, be the space the body 

.'^'^N. would describe in the time ^, 

» / /^ ^^ consequence of the given 

/ velocity, supposing no force to 

o; / act on it; also, let AC^ AD, 

^^ /' AEy be the respective spaces 

^y^\^ which each force by itself, and 

N^ without a previous velocity, 

'woxiV'^L tci'sSbl^^ \3afc \^y describe 
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motion of the body will be the resultant of the 
combined motions -4^, ACy ADy B.nd AE; and 
therefore, if we draw B (7' parallel and equal to 
AC, C'i)'parallelandequalto-4i>, i>'^' parallel 
and equal to AE, E' will be the actual position 
of the body at the end of the time t. 

Observe, we find the point E' as if we were 
finding the resultant of a set of forces, by the rule 
given in Statics. See Dynamics, page 386. 

This general and extended enunciation of the 
second law of motion, is very important and 
useful. It may be summed up in the following 
words : — 

A set of motions which take place simultaneously^ 
may be supposed to take plaice successively. 

For AB^ ACy AD, AE, are a set of motions, 
which take place all at the same timSy or simuU 
taneomly ; A By BG'y C'D'y D'E'y are the same 
motions supposed to take place one after the other^ 
or sticcessively ; and E' is the actual place of the 
particle at the end of the combined motions, 
whether they be simultaneous or successive. 

THIRD LAW OF MOTION. 

The velocity produced by a force actinp on a given 
bodyy during a given time, is proportional to the 
force. 

Let P be the force, W the body on which it 
acts for a certain time, and v the velocity it pro- 
duces in that time ; then the third law of motion 
' is, that V is proportional to P. Thus, suppose 
that a force of 6 lbs. produces a velooivX.^ ^^ VI \w 
: a second ; then 1^ lbs. wiH produce ^ ^^o^\\.l ^^^^ 
' JSlbs. a reloQity 36, 3 lbs. a \e\0dt5 ^,^^* ^ 
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velocity 2, &c. &c. And in general, if v and r' 
are the velocities produced in the same time br 
the forces P and P', acting on the same bodv, 
we have, 

v: fi' :: P : P'. 

Vdodt^ produced bp Graeity. — It is found by 
experiment, that tbe force of gravity prodnce? in 
a given time, the same velocity in every bodj 
allowed to fall freely, whether small or large, 
light or heavy. This is not true when bodies 
are allowed to fall in the air, because the air ha^ 
the power of resisting motion to a certain extent, 
and this resistance, for obvious reasons, tells more 
upon a light body than upon a heavy. But if 
bodies however different, as for example, a feather 
and a piece of gold, in tie well-known experiment 
of tbe air pump, be allowed to fall in vacuum, ii 
is found that they move downwards with exactly 
the same d^ree of rapidity. 

That this ought to be the case may be easily 

Jij. 247. shown aa follows : — Let the dots in 

. fig. 247 represent a set of particles of 

equal size and weight, not connectM 

' . * . ' with each other. If they be allowci 

' ^ * tu I'all, they will move downwards aii 

at the same rate, and tlierefore keo[' 

always at the same distunce from each other. 

This being the case, it is no matter whether wt 

suppose them to be rigidly connected with eacli 

ther or not ; we may therefore assume that they 

■ rigidly connecteJ with each other, and so con- 

ute a rigid body. It apjLears. then, that a 

^ body falls down at the saiW rate ita particle:) 

jjd fall, if they were dieconnjected and eeparatc; 
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and this is manifestly true, whether the particles 
be close together or far apart, i.e. whether the 
body be condensed, and therefore heavy, or ex- 
panded, and therefore light. 

When a body is allowed to fall in vacuum, it 
]S found that at the end of 1 second it has a 
velocity of about 32.2, at the end of 2 seconds it 
has a velocity of 64.4, at the end of 3 seconds a 
velocity of 128.8, and so on. That is, the body 
is moving at the rate of 32.2 feet per second 
at the end of the Ist second, with a velocity of 
64.4 feet per second at the end of the 2d second, 
and so on. In half a second the velocity acquired 
is 16.1, in a quarter of a second 8.05, and so 
on. 

At the same time it is found, that the space the 
body falls down in 1 second is 16.1 feet, in 2 
seconds the space is 4 times as much, in 3 seconds 
9 times as much, in 4 seconds 16 times as much, 
and so on; the space being always proportional 
to the square of the time. 

To express this algebraically, suppose the body 
is allowed to fall from A, fig. 248, that it p|^ 248. 
reaches Bint seconds, and that the space 
AB is 8 feet; then, 

« = 32.2x^, 8 = 16.1 xt^. 

The truth of this formula may be proved 
by experiment, though not directly, for the 
motion of a falling body is so quick, that a^f 
it is diflScult to observe it with accuracy. 
An apparatus, called Atwood's Machine, 
is often employed to show the truth of these fo^- 
J mulae. It consists of a wteeV, ox ftxafii \ivi^«^ Ki 
f £g. 249 f made so as to turn very ^taooxS^l % ^^^"^ 
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Fig. 249. 
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this a string passes, to ends of which are attacheii 

two equal weights P and ^. 
A third weight /F, of an oblong 
form, with a hole in the middle 
through which the string pass^ 
freely, is placed on the top of 
W. BD is B, vertical scale, 
divided into feet and inches. 
At the side there is a stage C, 
capable of being fixed at any 
elevation along the scale. In 
this stage is a hole large enough 
to let the weight Q pass, but 
sufficiently small to stop F. 
At the side is a pendulum E 
beating seconds. 

This apparatus is used in tbe 
following manner, to determine 
the motion produced by a force 
putting a certain quantity of 
matter in motion. Q, with W resting on the top 
of it, is drawn up to the top of the scale jB, and 
allowed to fall The number of seconds occupied 
in moving from B to 0, is observed by means of 
the pendulum; also, how far Q moves in one 
second after passing through the hole at C is 
observed. 

Now it is evident that P + Q + W ia the 
quantity of matter moved in this case, supposing 
we take no account of the motion of the wheel 
A ; also, since P and Q, being equal, balance each 
other, W is the force which puts this matter in 
motion. Again, if CD be the space Q moves 
^own in 1 second, after passing through the hole, 
^ is the velocity acquired in moving from B to 
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V ; for, while $ is moving from C ix> D^ W is 
stopped by the stage, and there is no moving 
brce; consequently, the motion from (7 to 2> is 
uniform (first law of motion), and therefore CD, 
being the space described in one second, is the 
eelocity of Q at the instant when W is stopped 
by the hole. A certain allowance, however, must 
be made for the motion of the matter composing 
the wheel A. By making W suflSciently small, 
we may make the motion as slow as we please, 
and so observe it more accurately ; this is, in fact, 
the peculiar advantage gained by the apparatus. 
But as far as accuracy is concerned, this machine 
is a mere philosophical toy, with the disadvantage 
of requiring a considerable knowledge of Dynamics, 
to understand the motion properly ; for the motion 
of A must be allowed for in a manner which a 
beginner cannot understand, especially if there 
be the addition of what are called friction wheeU, 
to lessen the retarding power of the friction of 
the pivot, about which A turns. 

The results that would be obtained by means 
of this machine, if the wheel A had no weight, 
and its axle were perfectly smooth, are as fol- 
lows : — 

t being the time of moving from B to (7, 

W 
and « = (7i> = 32.2— — - — =^U 

1 Whence it appears, that the motion produced 
, by a moving force W is directly proportional + 
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W, and inversely proportional to the total weight 
moved, namely, P+ Q+W. 

From these results we may conclude, that if 
the moving force were equal to the total weight 
moved, as is the case with a body falling freely in 
vacuum, we should have, 

«=16.1<% « = 32.2^, 

But the accurate method of proving these for- 
mulae for falling bodies, is by expermients with 
pendulums, as we shall show hereafter, when we 
come to speak of the pendulum. The number 
32.2 is that usually given, but it is not quite 
exact, being slightly different at different places 
on the earth's surface, and at different elevations 
above the level of the ocean. 

Proposition III. 

To determine^ hy the third law of motion^ what 
Telocity is prodiiced in a second by a given force^ 
expressed in pounds, acting on a given weight, ex- 
pressed in pounds likewise. 

Let P be the number of pounds in the force, 
W the weight, in pounds, of the body on which it 
acts, and / be the velocity produced in 1 second. 
Then, if W were allowed to fall freely by the 
action of its own weight, the velocity produced 
in a second would be 32.2, as appears by experi- 
ment; that is, a force W acting upon a body 
whose weight is W, produces a velocity 32.2 in 
1 second. Hence,/ and 32.2 being the velocities 
produced in the same time by the forces P and W 
respectively, acting on the same body, we have, by 
tie third law of motioii, 

\ 
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P 

Whence /= ™ 32.2, which is the required 
velocity. 

It appears from this that the velocity which a 
force produces in a second, is found by multiplying 
the force by 32.2, and dividing it by the weight 
of the body it acts upon. 

Corollary. — By the proportion just obtained, we 
find also, that, 

W 

^"^ 32:2-^- 

That is, the force necessary to produce a certain 
velocity in a unit of time, is found by multiplying 
the weight of the body on which it acts by the 
velocity, and dividing by 32.2. 

Meaning of the letter g in Dynamics* — We have 
stated above that there is some degree of difference 
in the force of gravity at different places, and at 
different elevations ; the number 32.2 employed 
in the above formula is not therefore quite correct 
in all cases. On this account it will be better to 
use some letter instead of 32.2, and the letter 
always employed is g^ We define a therefore to 
be the velocity which is produced by the attrac- 
tion of gravity at a given place on the earth's 
surface in one second. The exact value of g in 
the latitude of Greenwich is 32.1908, which is 
nearly the same thing as 32.2. 

Hence the force, which, acting on a body 
weighing W lbs., produces a velocity / in a 
second, is, 

and the velocity wbich is pxcAocftSL Va. ^ ^^^^^'^^ 

B I> 
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jy a force P, acting on a body weighing 
W lbs. is, 

P 

These formulae are of great importance in 
Dynamics. 

EXAMPLES OF THE APPLICATION OF PBOPOBITION III. 

Ex. 1. — A body weighing 100 lbs. ( W) is drawn 
along a perfectly smooth horizontal plane by a 
horizontal force of 10 lbs. (JP); find the velodty 
generated per second. 

Here P= 10, TF=100. 

Ex. 2. — In the same case find /, supposing the 
horizontal plane to be rough, and the coefiicient 

of friction — (/Lt). 

Here P= 10- ^ ^=5. 

.•./=Y^ X 32.2 = 1.61. ^ 

Ex. 3. — In the same case as Example 1, or 
that P is unknown; find what P must be 
*^ake the body move twice as fast as a faU 
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Ex. 5. — A body (TT) is drawn up a smooth 

inclined plane, whose gradient* is j^y by a force 

F acting along the plane ; if i<^ is the tenth part 
of Wf find how much slower the body moves than 
a falling body. 

Here resolve W into two forces, one along the 
plane, and the other perpendicular to it; the 
former must be subtracted from P, and the latter 
produces no effect as regards the motion. Thus 
we find, 

1 Q 

100 100 ^' 

p Q 



W 100^' 

Hence the body moves slower than a falling 
body in the proportion of 9 to 100. 

Ex. 6. — In the same case as Example 5, sup- 
posing the body to move slower than a falling 
body in the proportion of 3 to 5 ; find F* 

Ex. 7. — The gradient in Example 5 being J, 
and P= 10 TT/ find how much faster the body 
moves than a falling body. 

Ex. 8. — The length, height, and base of a smooth 
inclined plane are respectively 5, 4, and 3, and a 
body is allowed to run down it freely ; find how 
much slower it moves than a falling body. 

Ex. 9. — Find the same supposing the plane to 
be rough, and the coefficient of friction J. 

* The gradient of a slope is the rate of vertical ascent^ u^^ 
may be expressed by saying, that & bod:^ T\aiw^'^«t>iKRai^^<s^^^ 
fraction of a foot for every foot it tTWf^&'o^ W^^^^^. « ^,^!S^ 
Example the body rises the ViTiiieLwd\.Yi ^pM\» ^"i ^ ^'^^^ ^^'^ 
foot it goes up the plane. 
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Fig. 250. 



Ex. 10. — A man holds a weight W hj b, string 

WCj fig. 250 ; if he relaxes 
the string so as to let 
the body move downwards 
slower than a falling body 
in the proportion of 1 to 
3, find the tension on the 
string CW. ^ ^ 

Here let T be the tension 
on the string ; then W — T 
is the force acting downwards on the body. 




- T=.F=.w{=.iW (v f^iff). 



W 



... 3?r-3r=TF; and .-. T^^W. 

Ex. 11. — Suppose that the man draws the string 
so as to make the body move up as fast as a body 
falls down naturally ; find T. 

Here T- W^ P = W^ = W (•.• f^g). 

.'. T=2W. 

Ex. 12. — The weight W draws up the weight 
j?i^. 251. W^ as in fig. 251, the pulley CG^ being 
cfZ\a supposed to be perfectly smooth, so that 
whatever tension is exerted on one portion 
'C'W of the string is transmitted un- 
altered to the other portion CTF, and 
Q,v' 'oice rersd. If TT ' = 1 00 lbs. W= 50 lbs. 
it is required to find the tension on the 
string. 

Here let T be t\ie teTk&vati ovi W C> «sA \Wt^ 
fore on TF'C',and aup^^^ \>a»X» W $«s«y^iAa. ^eoJgfc. 






T/'f 
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X times the speed of a falling body. It is clear 
that W must ascend just as fast as TF' descends ; 
also, the force that urges W upward is T—W, 
and that which urges W' downward is TF'— T. 
Hence we have, 

T- Tr= W^=Wa! (v /=ir^), 

And W— T=W"^= W'x : 

9 

. ,. . . T-W W T-50 I 

•'• by division, ^,_y = -^, . or ^qq_j, - ^ • 

.: 2 7-100=100-7'. 
.-. 7'=?^' = 66.6. 

Ex. 13.— Find a; in Example 12, ^T' and TF 
being any weights. 

We have, T- Tr= Wa, 

And, ?r'-r=?r'^. 

.-. by addition, W - W:=^ {W + W)x. 

W'—W 



• • m7 •— ~ 



Tr'+ TF 



Thus, when W'^ 100, and Tr= 50, a? = ^ = J. 

When it appears that W descends with one- 
third of the speed of a falling body. 

Ex. 14.— Find T in Example 13. 

T-^W W 
By division, ^,_rp = -^^^ 
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• ♦ 



% W'T-WW'^WW'-WT/ 

2 WW 



• • 



r=: 



w-^w 



Ex. 15. — The tension on the string is equal to 
i W ; find in what proportion W" exceeds W. 

Ex. 16. — Show that the tension can never be 
greater than double the lighter weight. 

Ex. 17.-— Find in what proportion the total 
pressure on the pulley (7(7' is less than the sum 
of the weights, when TF'=:5 W. 

Ex. 18. — When W' is extremely large com- 
pared with Wy show that T is very nearly twice 
Tf. 

GENERAL REMARKS ON THE LAWS OF MOTION. 

Action and Reaction. — The laws of motion above 
enunciated are not exactly those given by New- 
ton, to whom chiefly we owe all our knowledge 
on this subject. It is customary with many writers 
to divide the laws of motion as above, and perhaps 
it is on the whole a better division. Newton's 
second law virtually includes the second and third 
laws as we have stated them, and his third law is 
this: — Action and Reaction are equal and opposite. 
That is, if one body A exerts a force upon another 
body By by contact, by tension or thrust, by 
attraction or repulsion, or otherwise; then B 
exerts the very same force on A in the opposite 
direction ; in other words, the retur^a pressure or 
reaction (see Part I, page 32) o{ B on A is equal 
and opposite to the original pressure, or action of 
A on B, This is a most in^portant mechanical 
it belongs as much to Statics as Dynamics, 
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md 18 not properly therefore to be regarded as a 
special law of motion. As an example of this 
law, we may quote the case of the mutual attrac- 
tions of the sun and planets ; thus the actual force 
of attraction which the sun exercises on the earth, 
is equal to that which the earth exercises on the 
sun. This may appear strange, considering how 
much smaller the earth is than the sun, but it is 
nevertheless the fact. 

Proof of the Laws of Motion. — The proof of 
the laws of motion is of that kind which is called 
inductive. By the term induction is meant the 
verification of conjectured laws, by numerous par- 
ticular instances of their truth ; or to speak more 
fully, I conjecture from certain appearances that 
a certain law is true, and I set about establishing 
that truth, by investigating the consequences that 
must follow from the law in particular cases, and 
observing whether these consequences are really 
matters of fact. If so, and if I have tested the 
law by a sufficient number and variety of particular 
cases to prevent the risk of mistake, I feel satis- 
fied that it is true. This is reasoning by induction. 
This, however, is not the sense in which the word 
induction was used in ancient times. We owe the 
term, as it is generally used at present, to the great 
philosopher Lord Bacon. 

Inductive reasoning is the grand basis of all 
true science, and were it not for the instinctive 
confidence which we feel in it, we should know 
nothing worth knowing. It is by induction that 
we come to the conclusion that the earth is a 
sphere revolving about the sun, that the \[la»ft.ta. 
revolve about the sun, that t\iexe \^ ^^<2rt^^ ^^s^^^^ 
the attraction of gravitatioTi, &c, T^wl^ ^"^ ^^^'^'^ 
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things can be proved by demonstration like a 
proposition of Euclid ; but we believe them aU 
most implicitly. Now we cannot avoid remarking 
here, that the evidence we have of the existence 
of Grod, of his righteous government, and of tbe^ 
Revelation he has made in the Holy Scriptoresy *" 
is precisely of the same inductive nature ; and we 
have the same grounds for receiving the great 
truths of Christianity, that we have for admitting 
the laws of motion. Those who contrast the trutlis 
of Religion and Science, as if the latter were 
based upon higher evidence than the former, only 
betray their utter ignorance of the nature of 
human intellect, and the true foundation of 
science. 

The proof of the laws of motion consists chiefly 
in the exact coincidence between the deductions of 
Physical Astronomy, and the observed phenomena 
of the heavens. Physical Astronomy is that 
science which, assuming the laws of motion as ( 
true, determines from them the motions of the 
heavenly bodies ; and this it has done, as regards 
the solar system, with a most wonderful degree of 
minuteness. Having thus determined the motions 
of the planets and their satellites, it predicts their 
relative positions at fiiture times, their eclipses, 
transits, occultations, &c Now, the practical 
astronomer with his telescope finds these predic- 
tions marvellously exact ; and hence we infer the 
truth of the laws of motion, for it is upon them 
that Physical Astronomy bases all its calculations. 

But, the reader may ask, are the predictions we 

speak of never wrong? are they always exactly 

fulfilled? Our answer is, they are sometimes 

Thy, then, do we so implicitly receive. 
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I em as evidence to prove the laws of motion ? 
»ecause, for one case in which they are wrong, 
tiey are right in a thousand cases, and the true 
philosopher knows well that the errors may, and 
are likely to arise from imperfections in his own 
knowledge or means of investigation. To quote 
an instance : — Not many years since the predic- 
tions of Physical Astronomy, in regard to the 
motion of the planet Uranus, were found to l^e 
failures ; the planet was not apparently obedient 
to the laws of motion. Did astronomers then 
reject the laws of motion? Far from it ; but they 
came to the conclusion that there was some un- 
known force interfering with Uranus. And, with 
the utmost confidence in the laws of motion, they 
employed them to discover what that unknown 
force was, and where it resided. It is unnecessary 
to dwell on the result of this confidence in these 
fundamental laws; a new planet was discovered 
by the mind's eye alone, and the telescope con- 
firmed the great discovery. 



CHAPTER II. 

CONSEQUENCES AND PRINCIPLES IMMEDIATELY DB- 
DUCIBLE FROM THE LAWS OF MOTION. 



Proposition IV. 

To find the velocity which a given force^ acting on 
a body of given weight, produces in a given time. 

Let P be the given force, W the given weight 
of the body, and t the given time expressed in 
seconds ; let / be the velocity produced in one 
second, that is, 

This velocity is produced in a body previously at 
rest ; but, by the second law of motion, the velocity 
produced by the force, if the body had a previous 
motion, would be just the same ; so that, if the 
body started with a velocity t>, the force would 
produce in a second an additional velocity fy and 
the total velocity at the end of the second would 
be «?+/ 

Hence it is clear that the velocities at the end 
the first, second, lihVrd, ^QfiL^wsccVjcL^^s^Tida will 

respectively /,/ + /, f-vK^ i^i^^^V> 
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and so on. If, therefore, t> be the velocity at the 
end of t seconds, it is clear that 

It appears, then, that the velocity produced in 
any time t is found by multiplying the velocity 
produced in one second by t. 

Accelerating Force, — It is usual, in Mechanical 
Treatises, to designate the velocity produced in a 
second by the term ^^ Accelerating Force ; " but we 
consider this to be a very bad term for the purpose, 
and it generally misleads the student as to the 
real nature of the quantity denoted. We shall 
never use this term, but speak of / simply as the 
^^ 'eelocity generated per secondy^ or ^^ rate of accele^ 
ration**^ 

Mass. — The term mass is used to denote the 
quantity of matter in a body, as indicated by its 
weight. It is generally measured with reference 
to a peculiar unit in Mechanical Treatises, for the 
purpose of making the above expression for / as 
simple as possible. The unit of mass is considered 
to be a body weighing 32.2 lbs., or more correctly, 
^Ibs., ff, as we have stated, being (at Greenwich) 
32.1908. The quantity of matter in a body 
weighing ^Ibs. is therefore assumed to be 1, in 
a body weighing 2 g lbs. it is assumed to be 2, 
3^ lbs., 3, and so on; and in general, the mass 
of a body whose weight is Jlf ^ lbs. is assumed to 
be M. If, then, W be the weight of a body, and 
M its mass, we have. 



r 
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P 

Now, In the formula, /= t^^» P^t this value 
of W, and we obtain, 

/= J, and.% P=fM. 

That is, the velocity per second is found by 
dividing the force by the mass, and the force is 
found by multiplying the velocity per second by . 
the mass. 

Whtf the unit of mass is assumed to be gibs. — 
There is a twofold reason for choosing this par- 
ticular weight as the unit of mass. First, because 

W 
it simplifies the expression — «?, and certain other 

formulae, which frequently occur in Dynamics^ 

W 

inasmuch as it represents the fraction — by the 

single letter 31, And secondly, because it givei 
an estimation of the mass of a body which answoi 
equally well for all places in the universe, as 
at least as the laws of motion extend. On t 
second reason it may be well to speak more 
plicitly . The weight of a body is not an invarialb 
quantity, inasmuch as it depends upon the for« 
of attraction of the planet in the immednte 
vicinity of which the body may happen to U 
and its distance from the centre and axis of roti^ 
tion of that planet. Thus a body is heavier attbe 
pole of this earth than at the equatoiK heavier 
also at the level of the sea than at th» top of i 
mountain. An ordinary man transporlted to tl* 
sun, would weigh some two tons, but ifl placed (E 
one of the BtnaW ^\aw^\.^, \i\^ ^^v^t '^mwdd not 
exceed one Btone. ^^^ wa tl^^\^ti ^S.^b^ 
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a body is, that it is the same in amount 
:ierever the body may be. Hence it follows that 
e weight may vary though the quantity of 
atter remains the same. We cannot therefore 
timate quantity of matter by weight unless all 
>dies be supposed to be weighed at the same 
lace. The simplest way to get over this difficulty, 
so to vary the unit of mass, that it shall always 
icrease or diminish in the same proportion that 
be weight of a body does in consequence of a 
bange of locality. Now, by choosing ^Ibs. to 
)e the unit of mass, we effect this object. For, 
et W be the weight of a certain body in one 
ocality, say the earth's equator, and p the velocity 
acquired per second there by falling bodies ; also, 
let W be the weight of the same body in another 
part of the universe, say at the sun's equator, and 
ff' the velocity acquired per second by bodies 
falling there. Then ff is the effect per second 
produced by the force TFi acting on the body in 
question, and ^' the corresponding effect produced 
by the force W^ acting on the same body. Hence, 
by the third law of motion, we have, 

^ : / :: fF : W. 

A J WW' 

And .'. — = — 7— 
9 9 

Hence it appears, that, though W and g both 

W 

vary with the locality, — does not, and therefore 

the above estimation of the mass of a body by the 

W 
formula — is not subject to the difficulty we are 

considering. 
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It is to be remembered, however, that we h^- 
no real need to consider any besides the comm': 
unit of weight ia estimating mass, becanee <r 
may conceive all the matter we are concenie: 
wiUi to be weighed in one particular locality, si; 
at the earth's equator. 

0/ the Dynamical Effect of Force. — By the I>r 
namical Effect of a force, we mean the effect wiic 
reference to its time of action; thus a force ac[' 
ing for one second produces a certain dynsmiia! 
effect, the same force acting for 2 seconds produ® 
twice as great a dynamiud effect, for 3 secoad: 
3 times as great, and so on ; so that, in ^enenL 
we find the dynamical effect produced in t second;. 
by multiplying the dynamical effect produced ii 
one second by U 

The greater the force is, the greater of cohtk 
is the (^namical effect in proportion. If^ theo, 
we assume the dynamical effect produced in i 
second, by a force of 1 lb., to be unity, the dynani' 
ical effect produced in a second by a force oi 
i'lbs. will be P ; and therefore, by what wai 
stated before, the dynamical effect produced by a 
force of P lbs. in t seconds, will be t times as mucb, 
that is, P t. 

Assuming, then, the unit of dynamical effect 
to be the effect produced by a force of 1 lb. in 
1 second, it follows that the dynamical effect pro- 
duced by a force of P lbs. in t seconds, will be the 
force multiplied by the time, or Pt. 

Momentiim. — ^Tlie word Momentum is used in 

exactly the same aense, in the Mechanical Treatises. ' 

' ■} term Dynamical Effect, just explwned ; tb ^ 

Ytum produced by the force P in the lir 

awfore Pt. "' 
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Proposition V. 

To find the Dynamical Effect or Momentum^ in 
terms of the velocitt/. 

Let P be the force, t the time during which it 
acts, W the weight of the body it acts upon, and 
V the velocity it produces in the time t; then, by 
the preceding proposition, we have, 

P W 

^ = "^B- ^ ^> and .'. P ^ s= — ». 
W^ g 

But P ^, as we have shown, is the dynamical 
effect or momentum ; hence, 

W 
the momentum = — i?, or Mty M being the mass. 

It appears, then, that the dynamical effect or 
momentum produced by a force, acting on a body, 
is found by multiplying the mass of the body 

( — ) ^1 ^^ velocity produced by the force ; and 

this is always true, whatever may be the time 
during which the force acts. 

Corollary 1. — », which here?denotes the velocity 
produced by the forces may or may not be the actual 
velocity with which the body is moving, because 
the body may or may not have had a motion 
previous to the action of the force. If we suppose 
that the body had a velocity » before the force 
began to act upon it, and that this velocity is 
changed into v by the action of the force, then 
the velocity produced by the force is not », but 
i^'— «>. This follows from tloi^ ftx^X. ^\A ^^^-^^ 
^a of motioru 
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If therefore the force, by its action on the boJ; 
changes the velocity from « to «?', the dynamic 
effect is^ 

W . , . 

ff 
We must, therefore, enunciate our rule bj 
saying, that the dynamical effect produced by a 
force acting on a body, is found by multiplying 
the alteration of velocity produced by the force, 
by the mass of the body. 

Corollary 2. — ^In all that we have just sidd, the 
force and the velocities are supposed to have th. 
same directions, that is, the motion is in all ca&e: 
rectilineal. If this be not the case^ we muft 
define more accurately what we mean by the tare 
alteration of velocity. 

Suppose that AB^ fig. 252, represents in mag- 
Fig. 252. nitude and direction the velocity 

which the body had before ttt 
action of the force, and that A i 
represents the velocity after the 
action of the force, an alteration 
having been produced by the 
force in the direction, as well as 
in the magnitude of the velocity. 
Complete the parallelogram A BOB. Then the 
velocity AC is equivalent to the two velocities 
AB and AD together, by the Parallelogram of 
Velocities. It appears, therefore, that, in addition 
to the original velocity A B^ the force has produced 
the velocity AD; for, by the first law of motion, 
the body would always move with the same velocity 
B^ if the force did not act ; but, by the action 
the force, the velocity is changed from ^ ^ to 
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AC, or, what is the same thing, the velocity is 
changed from AB to AB and AB together; the 
force, therefore, produces the velocity -42> in 
addition to the original velocity AB. 

A D is, therefore, the alteration produced in the 
velocity by the force; and, therefore, the dyna- 
mical effect of the force is 

W 

— X velocity represented by A 2>. 



Proposition VL 

To find the Dynamical Effect or Momentum pro^ 
duced by a variable force. 

In the preceding proposition, we have supposed 
jP to be a constant force of so many lbs., neither 
increasing nor diminishing during its action on the 
body ; we shall now consider the case of a force 
which varies during its action, either increasing or 
diminishing. Let the original velocity cJf the body 
be u, and suppose a varying force to change this 
velocity to » in the folio wing manner : — 

Let the force be at first Pi, then Pg, then Pg, 
then Pj, thus varying from one magnitude to 
another; let Pi alter the velocity from ^ to «], 
Pa from ^1 to «?2, Pa from t^gto 939 and finally, let 
P4 alter the velocity from Vz to <?'/ then, by 
Corollary 1 of the precedbg Proposition, 

W 

the momentum produced by Pi = — («i — «)j ; 

the momentum produced "by P»«=^ — V:t«t— "^^^^ 
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w 

the momentum produced by P, = — (ra — ft> 

JV 

the momentum produced by P4 = — - («'—«"»)• 

If we add all these momenta together, we shall 
find the total momentum produced by the varying 
force ; hence, the total momentum produced b, 

— (u. — «> + i?j— «>i +«?3 — !?» + «> — «?3) or- — («— n 
9 9 

It appears, therefore, that the dynamical effect, 
or momentum, produced by a varying force, k 
found by the same rule as that produced by s 
constant force ; namely, multiply the total altera- 
tion of velocity produced by the force, vv^hich is 

W 

lb — I?, by the mass of the body — , and the result 

9 
will be the total dynamical effect. 

This is an important conclusion, for it follow: 
from it that, in finding the dynamical effect pro- 
duced by a force, we need not inquire whether 
the force is variable or constant; all we have to 
do being to find the difference of the velocities 
which the body has before and after the action of 
the force. Observe, however, that we suppose 
the motion to be rectilineal here. If not, we must 
proceed as in Corollary 2. 

Proposition VIL 

The (iteration of Telocity produced in a ffiven time 
being known^ to find the force which acts on the body. 

Let V be the velocity of a body at any time ty 
V its velocity at some subsequent time ^. By 
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spealdng thus^ we mean to indicate instants of 
time as defined by reference to some Zero ; — ^thus, 
suppose 12 o'clock to-day to be taken as the Zero 
from which we reckon time^ and assuming seconds 
as our units, we may say, that a certain event 
happened at the time 600, meaning thereby that 
it nappened at 600 seconds, or 10 minutes, past 
12 o'clock. In the particular case we are consi- 
dering, when we say that v is the velocity at the 
time ^, we mean, that the body is moving with the 

velocity v si t seconds (or /rx minutes) past 12 

o'clock ; and that afterwards, when it is t' seconds 
past 12 o'clock, (^' being greater than ^,) the body 
is moving with the velocity v'. 

Now, if the velocity changes from i? to u' in the 
interval of time t^—f, as we suppose it to do, 
there must be some force acting to produce such 
a change; let P be that force; then, by the third 
law of motion, 

W 
P = — X velocity produced by P in 1 second. 

»/ 
Now, v' — V is the velocity produced by P in 
t'^t seconds, for in that time P changes the 

velocity from i? to »'; therefore, — will be the 

t "~" t 

velocity produced in 1 second.^ 
Hence we have, 

* For, vel. produced in t' — t seconds : vel. produced in 
1 second :: t'^t : 1. 

s \ vel produced in 1 second = ^t _^ 
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In this reasoning we evidently assume that P 
is a constant force during the time t* ^t\ of 
this, however, we cannot be sure in general; but 
if we suppose ^' — ^ to be a very smaU interval of 
time, we may always suppose, without material 
error, that P is constant during it ; for however 
P may vary in an interval of time which is not 
small, it is manifest that its variation must be 
very small in a very small interval If, therefore, 
we assume ^' — ^ to be an extremely small intervj 
of time, (say the millionth part of a second, or 
necessary, the millionth part of the miUionl 
{yart of the millionth part of a second,) we commit 
no error worth taking account of when we assume 
that P is a constant force, neither increasing nor 
diminishing, during the interval t' — t. 

On this supposition, then, the force is found by 
the formula, 

W t?^-p 

9 t —t 

which may be stated as a Kule in the following 
manner. 

To determine what force is acting upon a body 
at any time t, find the velocity of the body at the 
time ^, and the velocity at a subsequent time ^', 
the interval between t and t' being extremely 
small; then, if we multiply the mass of the body 

- ) by the fraction —, , we shall obtain the 

force required. 

Observation, — The most rapidly changing motion 
mathematicians have to deal with is that of the 
brations which coiv^\a\.w\.^ \i!^\.» 1\l this case, 
• assuming t'-t\^\^ -H^^ ^m^^^^-s^ ^ -^ 
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millionth part of a second, we should commit 
serious error, inasmuch as the forces which produce 
these vibrations increase and diminish 300 times 
(in round numbers) during that inconceivably 
minute interval. If, however, we assume t^^t 
to be the millionth part of the millionth part of 
the millionth part of a second, no perceptible 
error will result from the above formula for P. 

In the case of falling bodies we need not assume 
t' — t to be smaller than the thousandth part of a 
second. In the case of the motion of the planets 
round the sun, we might assume ^' — ^ to be so 
great as an hour, without any error. 

Thus, the requisite degree of smallness of <' — ^ 
depends upon the nature of the motion we are 
considering; the quicker the forces vary, the 
smaller must ^' — ^ Be assumed, t' — #, and i?' — v, 
are technically called little differences or diffe- 
rentiab ; but on this point we shall say nothing, 
as it would lead us into the mysteries of the 
Differential Calculus. 

Proposition VIII. 

To find an analogous formula for the velocity of a 
body. 

Let 8 be the space the body describes in the 
time f, «' that described 
in the time t\ By this ^'^- ^''• 

we mean, that, n AB A ^SrS- ^ 

(fig. 253) be the line 



along which the body moves, woA. M AP -=- %^^a^^ 
AF^^s'; then P is tYie ^om\. \J^^ ^^^^ ^^ 
arriYed at, at the time t, aad P' , ^^ \X^^^>ssv^ 
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80 that PP'j or t' — ty is the space the body moves 
over in the interval t^ — t. 

We cannot know whether the velocity of the 
body is constant or variable; but, however this 
may be, we may^ as in the preceding propodtion, 
assume the interval t* — t to be so small^ that we 
may regard the velocity as invariable while the 
body moves from P to P'. This being the case, J 
if « denote the velocity, we find it (by Prop. I.) by f 
dividing the space (a' — s) by the time of describiDg 
it (^' — t). We have, therefore, 

8' — 8 

which is the formula required. 

Proposition IX, 

To eosplain how the space described in a given time 
may be found geometricallyy when the velocity variei 
accordingtoagivenlaw. 

Let fig. 254 represent the line along which the 

body moves, and let P, P', P", &c. represent its 

jpig^ 254. successive positions at 

J, ^ j^ p0 the end of the times /, 

' — ' — ' — ' t\ t'\ &c., so that it 

describes the spaces PP\ P'F\ P"P"\ &c. in 
the intervals, t' — ^, t" — 1\ t'"—t'\ &c. respec- 
tively. Let % v\ v\ &c. be the velocities with 
which the body describes the spaces PP\ P'P'\ 
V"P"\ &c. respectively; then, by Prop. L we 
ave, 

PP'^v{f'—t\ P'P''^v\t"^t'l 
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Now, in fig. 255, let us draw a line A (7, and 



i: 



ji ji ^ ^ 



take every unit of that Fig. 255. 

line to represent a unit 
of time. This is per- 
fectly allowable ; for all 
that we do is to repre- 
sent one quantity by 
another, so far as mere 
numerical magnitude is concerned, and no further ; 
it is, in fact, as legitimate a representation as that 
of forces by lines in Statics. This being under- 
stood, let us \2k^AA'y A' A*\ A!' A"' ^ &c. re- 
spectively, to represent the intervals ^' — ^, t" — t'y 
t'" ^t'\ &c. Also, let us draw the perpendiculars 
ABi A' B\ A"B'\ &c. and make them of proper 
lengths to represent the velocities «, «?', u ', &c. 
respectively; and complete the rectangles BA\ 
B'A'\B"A:",h<^. 

Then the following equations are true nume- 
rically ^ viz.: — 

*rect.J5.4'= AB x AA' = «?(jJ'-0 ^PP'- 
itQi. B' A" ^ A' B' X ^'^" =i:'(^"-0 = J^'^"• 
rect. B"A"'^A"B' X A"A"'=v"{r^f)^P'P". 
&c. &c. &c. 

Hence, by addition, we find that the sum of 
these rectangles is equal to the sum of the spaces 
described in the intervals t' — U ^" — 1'9 &c. 
From this it follows, that, if we take on a line A C 

• By the expression, rect. jB-4 ', we meacLi\i^ HMSs&k^x ^^^skmJvrj 
of surface^ i.e, square uniU^ m t\i© Tftc,\«a®c^Kt ww^^R»/^^ • 
By a well-known theorem, thia numbec Va ioxviAXiX^'^^'^'^'^^^^ 
the number of units mAA'\i^ tilde uumbex Vdl Ad. 
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the portions AA\ A' A'\ A"A"\ &c to repre- 
sent successive intervals of time during wmcb, 
respectively, a body is moving with velocities 
represented by the perpendicular lines AB^ A'B\ 
A ' B"y &c., the space described in any time, say 
A C, will be represented by the sum of the rec- 
tangles formed, as in the figure, upon A C. \ 
The reader will understand that this mode of 
representation is purely numerical; thus, fo^r 
example, suppose that we agree that every Inck 
oi AG shall represent a second of time, and every 
perpendicular inch a foot per second of velocity; 
then, all that we mean by saying that A C repre- 
sents the time, AB^ An\ A"B*\ &c. the suc- 
cessive velocities, and the sum of the rectangles 
the space described, is this, — that there are as 
many seconds in the time as there are inches in A Ci 
as many feet per second in the successive velocities 
as there are inches in AB, A' B\ A" B" , &c., and 
as many feet in the space described as there are 
square inches in the sum of the rectangles. 

Corollary.— \i\}ciQ intervals AJ^, AJ^\ A"A!'\ 
&c. be extremely small, the points B^B'^B"^ &c 

will lie so close together, 
that the broken line form- 
ing the upper boundary of 
the rectangles will become 
a continuous curve, as is 
shown in fig. 256. In the 
case represented by this 
figure, there is a gradual 
instead of an abrupt change of velocity as the body 
jves on, and tVi^ cvjltn^ JBD shows the law 
wording to w\iic\i t\ie n^o^yN.^ n^^'s^n \.<i**^ ^^ 
rpendicular Imta A' B' \i^ ^^^^ '^ ^^ ^^»^'^ 



Fig. 256. 
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from any ^^oint A' of AC, It shows the velocity 
with which the body is moving at the end of the 
time represented by AA\ The sum of the rect- 
angles on AA^ In this case Is the surface Included 
between AB^ A'B\ AA\ and the curve BB\ 

Hence the following rule. When the velocity 
varies gradually, draw a curve BD^ such that the 
perpendicular A' B' drawn to the curve from any 
point A' of A Ci shall always represent the velocity 
with which the body Is moving at the end of the 
time AA'; then the number of square units in 
the curvilinear area ABB' A' will be the number 
of feet the body has described In that time along 
Its line of motion, fig. 254. 

This method of construction Is due to Newton. 

EXAMPLES OF THE PRECEDINa PROPOSITIONS. 

Ex. 1. — A train weighing 100 tons, moving at 
the rate of 30 miles* per hour, is brought to rest 
In one minute by the action of a force P; find P. 

Ex. 2. — If the train be brought to rest in one 
second, what is P? 

Ex. 3. — A train weighing 100 tons is set In 
motion by a pressure P, and 10 minutes after 
starting it Is moving at the rate of 40 miles per 
hour; what Is P? 

Ex. 4. — Same case, supposing that P Is 1 ton ; 
find with what velocity the train Is moving half- 
an-hour after starting. 

Ex. 5. — What Is the rate of acceleration pro- 
duced by a force of 10 lbs. acting on a weight of 
1 ounce? 

• Ohaerye, in all these exampVe%« \lbaX tmemxai^'^^^^^^'^'^^*^ 
seconds, and spa^ to/eeC. 
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Ex. 6.— What is the mass of 1610 lbs. ? 

Ex. 7. — What is the dynamical effect of a foz« 
of 1 ton, acting for 1 hour? 

Ex. 8. — A body weighing 1 cwt. is moving » 
the rate of 30 yards per minute, what is its ffir 
mentum ? 

Ex. 9. — The velocity of a body weighing lOOfe 
is changed from 10 feet per second to 12 feet pc 
second. What is the dynamical effect product 

Ex. 10. — The same body has its velocity chang^ 
from 10 feet per second northward, to 10 feet 
second eastward ; what is the dynamical effect p 
duced ? 

N.B. See Cor. 2, Prop. V. 

Ex. 11. — The same body has its velocity changed 
from 10 feet per second northward, to 10 feetpf: 
second southward ; find the dynamical effect. 

Ex. 12. — ^If the change be from northwards 
north-eastward, find the dynamical effect, 

Ex. 13. — In Ex. 10 the change is produced by 
the aetion of a force P in 10 seconds; find Pm 
magnitude and direction. 

N.B. See Second Law of Motion. 

Ex. 14. — Do the same in Ex. 12, 



CHAPTER III. 



UNIFORMLY VARIED MOTION. 

The motion produced by the action of an inva- 
riable force, acting always in the same direction, 
is not a uniform motion, because, by the " First 
Lwic^ the velocity continues constant only when 
there is no force in action. The motion in ques- 
tion is of that kind which is called *^v/niformly 
accelerated^ because, by the *^ Second Law^ the 
force will increase the velocity uniformly, that is, 
it will add, in each second, the same amount of 
velocity, to the previous velocity. If, however, 
the force acts in the opposite direction to that in 
which the body is moving, it will diminish the velo- 
city uniformly, by continually subtracting the same 
amount each second. In this case, the motion is 
said to be ^^waiformly retarded!^ There is, how- 
ever, no essentiiu difference between the two kinds 
of motion, and they may be both described as 
^^ uniformly varied motion.^^ This kind of motion, 
therefore, is that which results from the action of 
an invariable force acting always in the same direc- 
tion. Next to *^ uniform motion/* it is the most 
important to be considered, and we now ^roc^A^. 
to investigate the formula ^iy ^\iv3cL Vt Sss ^^\je^- 
mined. 
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Proposition X. 

To prove the formula for Uniformly Varied Mor 
tion, by means of Newton's Construction. 

Let W be the weight of the body moving, and 
P the force acting on it, in the direction AB^ fig. 
257 ; let AC be the distance the body describes 



Fig, 257. 



C 



€7' 



by the action of the force in any time f, and l6if 
denote AC\ also, let v be the Telocity the b4ay 
has at C. We suppose the motion to begin at A^ 
the body being at rest previous to the action of the 
force. 

Take QB to represent t graphically, (see Prop. 
Fig. 258. IX.) and let perpen- 

^ diculars to Q^ repre- 
sent the velocities at 
*^ different times, which, 
since they increase 
uniformly, will be 
bounded by a straight 
line Q8y R8 representing v, (see Prop. IX.) Now, 
by the Proposition just quoted, the area of the 
triangle Q8R will represents; but this area is 
^QB X R8, or \t xv\ hence we find. 




5 = Ji;^ 



(1) 



lave (see Props. 111. a^SilN .\ 
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f^ W^''''' M ^^^ 

and V r^ft (3) 

Hence (1) becomes, substituting for v, 

» = \ft' (4) 

Again, by (3) we have, 

or by (4), 

«'=2/« (5) 

(3), (4), and (5), are the formulae employed in 
determining cases of uniformly varied motion. 

Corollary 1. — The equation (1) shows that the 
space 8 is half what it would have been had the 
velocity continued equal to « during the whole 
motion from ^ to C7. This is sometimes expressed 
by saying, that the space described from rest, in 
uniformly accelerated motion, is always half the 
space due to the last acquired velocity. 

Corollary 2. — ^For falling bodies /=^, (32.2), 
and therefore, 

« =32.2^ 
8 =16.U^ 
t>' = 64.4 8. 

m 

Proposition XL 

To prove the formiilw (4) for uniformly varied 
motion, by the method explained in Prop. VIL 

Let C, fig. 257, be the place of the bod'^ 
at any time t' subsequent to )i\v^ >Lvc£\fc t\ '^J^ 
OC'^i'-St and the time oi 3Le«RxWv!a%^0' ^s» 



430 IfECHANICAL SCIENCES. 

^'— ^ ; also, V and «' being the velocities at C and 
(7' respectively, we have, 

e =/«, t' ^ft' (1) 

Now, let us assume, as in Prop. YIL, that the 
interval t'— t is extremely small, so small, in fact, 
that V and «' do not sensibly differ from each other. 
On this supposition, we may say that 00' is, de- 
scribed uniformly with either the velocity f> ot[«', 
or, what is nearer the truth, with the half-x 
or mean * velocity i («? + 1?'). CO' therefore be^ 
described in the time ^'— ^, uniformly, with 
velocity i (t? 4- «')> ^® have, by Prop. L, 

= \f(f' + ¥ - 1) by (1) above, 
or CG'^\f{t''-t'). 

In like manner, if ^", ^'", &c. be the times 
when the body gets to C", C7'", &c. (fig. 257,) 
and if we suppose the ini;ervals t" — 1\ ^ " — • ^"j 
&c. extremely small, we may show that 

and so on for any number of intervals. 
Hence, by addition, observing that 

GO' + G' C" + G" G'" = aC", 
and ^'2-^» + ^"«-^'2 + r'^-r' = r'»-«», 

we find, GG'"^\f{r'—f). 

* { (v' ^v) exceeds v just as much as it falls short of v', asii 
manifest by BimpYe axxblTOftX^oTL*, \xl other words, 4 (i/ 4. t?) H^ 
half-way, in magnitude, >i^Vi^wcL -o wA-rf \\V^&,VJasi\5&sts^<allad 
the meaUf or IvaJf-wa'^ ^dm\.^ \>^\i^^Ti.'o vsA-o' , 
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This must manifestly be the result whateveir 
the number of intervals be ; in other words, we 
shall always find, that the space described in any 
interval of time, small or great,. is equal to 

J/ { (time at which interval commences)* — 
(time at which it ends) ^} . 

Now 8 is the space described in the interval 
commencing with the time 0, and ending with the 
time f ; wherefore we have 

or, s=^^ft\ 
which is the formula to be proved. 

Observation. — The proof here given is an exem- 
plication of a process of reasoning, which is of 
very great importance in Natural Philosophy; 
and it is chiefly on this account that it is given. 
It may be objected, however, that it is only 
an approximate proof, and subject to error. This 
objection leads us to the following explanation. 

Degree of accuracy of the proof just given. — We 
have assumed that the body describes CC with 
the mean velocity between v and «' ; in so doing 

i we may possibly commit some error in finding 
CC'y but, by taking t'—t sufficiently small, we 
ti may obviously make that error less than any speci* 

I fied fraction of GC\ Suppose, then, that the error 
is less than TJSishii-sis Gf^\ »^d that the same is true 
also as regards C^G'\ C" G"\ &c. If so, the error 
committed in finding GO' + C G" -V C" C" -V ^^^^ 
ialess than ji^jihisisiCC' ^ G'C -V 0" C" ^ ^^^^ 



) 
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and this is true, no matter what the number c . 
intervals be. Wherefore, when we a.8sert thai, ) 

the error is less than unjii^inr ^- t 

Now we might, if we pleased, have assumed ti^ ; 
intervals so small, that the error should have ' 
less than loooo^Uftoooo ^ or any other m 
firaction of s however small It follows, then 
that the equation 

is subject to an error less than tne smallest fraci 
of 8 than can be specified. But this can be s 
only of an error Zc^ ; wherefore the error is Zerol 
Thus it appears that the above proof, so far (romt 
being a mere approximation, is rigidly accurate. \ 

PROFosrnoN XIL 

To determine the formulcB for uniformly tartc 
moiiaih vie» tie body kas an initial rdocity. 

Let us suppose that the body, instead of star- 
ing from rest, has a velodty u to begin with, or. 
as it is sidd, an initial velocity «. Then the force 
will generate velocity at the rate oty per seconc. 
as before, and thus in any number of seconds (t^ 
there wiU be a velocity ft added to tc, if the force 
act the same way as if , or eubiractedj if the contrarf 
way. We have, therefore, 

• = « +ft ... (1) on former supposition, 

• ss If — ft ... (2) on latter. 

gain, in virtue of the initial velocity «, the 
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body will describe a space ut in the time t, and, 
Ln virtue of the action of the force, a space ^ft \ 
Wherefore, by the Second Law of Motion, the 
space actually described will be the sum of these 
two spaces, when the force acts the same way as 
Ui and the difference when the contrary way. We 
have, therefore, 

8^:^ut'{- \ft'^ ... (3) on former supposition, 
s^^ut-^^fi^ . . . (4) on latter. . 

Lastly, squaring (1), we find, 

= «*^ + 2/5, by(3). 

Or, if we proceed similarly with regard to (2), 
we find, 

= 2*»-2/^, by(4). 

Thus we have, 

f>'=:i«'-f- 2/» . . (5), force acting same way as «/ 
v'= tt*— 2fs . . (6), force acting the contrary way. 

These are the formulae for uniformly varied 
motion, when there is an initial velocity. They 
maybe regarded as all included in the three equa- 
tions (1), (3), and (5), by giving proper signs to 
/, % and 8. Thus, (4) is the same thing as (3), 
only the sign of/ is changed, because the direc- 
tion of/ is reversed. 

Corollary. — For faUing bodies the formulae be- 
come, 

v = u + S2.2xt, 
8^ut + 16.1 X ^, 
«j' = z^* + 64.4x*. 

F F 
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But it 18 to foe remembered that u and s here 
are supposed to be doumward in direction; if, 
therefore, uov shQ upward in direction^ the proper 
change of sign must be made. This will be un- 
derstood better by the examples which follow, 
than by any genend statement. 

EXAMPLES OF UNIFORMLY VARIED MOTION. 

Ex. 1. — A stone is let fall; how far does it fall 
in 10 seconds, and what velocity does it acquin 
in 10 seconds? 

Here use the formulae «= 16.1 x t*y audi 
V = 32.2 X ty putting t = 10. 

Ex. 2. — The stone, instead of being let fall 
simply, is projected (or thrown) downwards with a 
velocity 20 ; how far does it fall, and what velocity 
does it acquire, in 10 seconds ? 

Here use the formulae 5 = w^+ 16.1 x <*, and 
T = u-^ 32.2 X tf putting u = 20, and t = 10. 

Ex. 3. — In Ex. 2, suppose that the stone is 
projected upwards^ instead of downwards ; find the 
space and velocity. 

Here u will be against gravity, and therefore, 
in estimating the space descended by the stone in 
any time, we must subtract ut, instead of adding. 
We have, therefore, 

s=: — ut-^l6.l Xt\ and« = -« + 32.2 x t, 

in which, put u = 20, and <= 10. 

Ex. 4. — In Ex. 3, how high will the stone have 

rrnnt^ lU 1 SCCOud ? 

. putting ^ = 1 in the formula, « = — w t + 
*, (and u=205'^ ^e find. 
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Wherefore, the space described is 20 upwards^ 
sjid 16.1 downwards y i.e. 3.9 upwards. 

N.B. The answer in this case is, «= —3.9; 
and here the meaning of the negative sign should 
be particularly noted Originally a was regarded 
as a downward space ; but here we find « to be an 
upward space, and this is indicated algebraically 
by the negative sign. The fact is, the negative 
sign always indicates reversed direction^ or direction 
measured contrary to what we originally sup- 
posed. 

Ex. 5. — How long will the stone continue to 
ascend, if it be thrown upwards with a velocity of 
100? 

Here « = — 100 + 16.1 x t; and it is clear that 
the stone will continue its upward motion as long 
as the velocity due to gravity (16.1 x t) is less 
than the velocity of projection* (100); but as t 
increases, the former velocity will increase, and (by 
the formula) at last become equal to 100 ; in which 
case v will be reduced to zero, that is, the stone 
will cease moving ; only for an instant, however, 
for gravity will immediately begin to produce a 
downward motion. Hence we shall find the time ' 
during which the stone continues to ascend, by 
putting 

16.1 x< = 100, 

or ^ = Yoi = -J * nearly, = 6^ seconds* 

Ex. 6. — In the same case, how high will the 
stone ascend? 

* The velocity of projection meKoa \iife -^^w^&i^ «sossBssssisa^»^ 
to the body at starting, wlietliw by l\i^ \\aaidL» wVs ^^^^'^-^ "^^^^ 
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In 6^ Beconds the stone will ascend a space 
pven by the formnk »a= — 100 1 + 16.1 x **, put- 
ting ^s6^; but the proper formula for this 
case is, 

Here put u = 100, and we shall find the velocity 
t corresponding to any space s; but 9 = 0, when 
the stone is at its highest eleyation, as explained 
in Ex. 4; wherefore, 

= (100)» + 64.4x»=10,000 + 64.4x»; 

whence »= ^\ ^ = — 156 feet nearly^ 

64.4 "^ 

Here the negative sign, as before, means that 8 
is an upward space. 

Ex. 7. — How high will a stone, thrown upwards 
with a velocity 10, ascend ? 

Ex. 8. — With what velocity must a stone be 
thrown upwards, that it may ascend a quarter of 
a mile? 

Ex. 9.— Where will the stone be (Ex. 8) at the 
end of one minute ? 

Ex. 10. — A stone is let fall from the top of a 
pillar, and it is observed to strike the ground in a 
second and a half; how high is the pillar? 

Ex. 11. — A stone is let fall from a cliff 128 feet 
high ; in what time will it reach the bottom? 

Ex. 12. — 1£ (in Ex. 11) the stone be projected 
downwards with a velocity 32, in what time will 
ich the bottom ? 

e we have 
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Or, very nearly, omitting decimals, and dividing 
by 16, 

^' + 2^ = 8. 
Whence, t* + 2t+l=9 

^s=2, or —4. 

Here we obtain two answers, which often hap- 
pens in problems of this kind. Of course, t=^2 
seconds is the answer we are seeking for;^ the 
other answer, ^=—4, corresponds to a precious 
motion of the stone ascending; for it will be found, 
that, if the stone were projected upwards from 
the bottom 4 seconds before the instant zero, {i.e. 
^ = 0,) with a velocity 96 f omitting decimals), it 
would arrive at the top of tne cliff, m its descend- 
ing motion, at the instant zero, and with a velocity 
32. Now this corresponds to the data of the 
problem; for all that is therein given amounts to 
this, that the stone leaves the top of the cliff at the 
^instant zero with a descending velocity 32 ; and 
the thing sought is, the time, i.e. the value of t, 
when the stone mil be^ or was at the bottom; 
positdm values of t corresponding to future^ and 
negative to past time. So the answer given by the 
equation is necessarily double, giving a future and 
a past time. 

N.B. When any difficulty occurs about double 
answers, the simplest method is to test each 
answer by substitution, and so determine whether 
it agrees with the suppositions of tlAft ^'^^^^'^^ 

Ex. 13.— A stone is let iaW. ftcom \Jafe \rj^ ^"^ ^ 
cliff, and the interval that elapee^Xjetox^^^ ^^^^^ 
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of its striking the bottom is heard, is 5^ seconds; 
to find the height of the clifF. 

Let 8 be the height, and t the time the stone 
takes to fall down; then 5^ — t will be the time 
the sound takes to come up. Sound, in ordinarj 
weather, and in open air, travels uniformly at 
about 1 120 feet per second. We have, therefore, 

«= 16.1 t*=z 16 1\ omitting decimal; 
also, for the ascending sound, 

ir=1120 (5J-0- 
Wherefore, 

16^'=112O(5i-0 
^^ = 70(5^-0 

^» 4-70 ^ = 385 

<* + 70 ^4-1225 = 1610. 

AVhence, extracting the square root, and omit- 
ting decimals, we find, 

^ + 35 = ±40 nearly. 

t = 5, or —75. 

The negative answer may be explained as in the 
former example ; the positive answer, ^ = 5, is that 
which we are seeking; and since 5=16^', the 
height required is 16 x 25, or 400 feet. 

If we had omitted the consideration of the 
f sound, the answer would have been, 

1=16 (5J)' = 16 X 30 nearly, 

—A stone Va i^TO^e^X.^ \3c^^«s^ ^>^^ 
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velocity 64; find when it is 48 feet above the 
ground. 

Here « = 48 feet upwards = — 48, 

w = 64 feet upwards = — 64. 

Wherefore, the equation, « = w<+16.1^', be- 
comes, omitting decimals, 

-48=-64^4-16^'. 

Whence, jj* — 4^=— 3 

^'-4^ + 4 = 1 

^ = 3, or 1. 

The double answer here has an obvious mean- 
ing ; for the stone rises 48 feet in 1 second, and, 
in its descent, it is 48 feet above the ground again 
at the time ^ = 3. This may be verified easily by 
substitution. 

Ex. 15. — A stone let fall from a pillar, is ob- 
served to fall down the last half of the pillar in 
1 second ; find the height of the pillar. 

Let s be the height required, and t the time of 
falling down it ; then 

5=16.1 x^'. 

Also, since ^ — 1 is the time of falling down the 

s 
height r > we have, 

| = 16.1x {f-iy. 

Wherefore, « ' = 2 (< - ly , 
which givea t, and thence a. 
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EW: FW :: h : l. 



Wherefore, 



EW==FW y 



or, force EW= W -, 



I 



Ex. 16. — Show that a stone thrown up comes 
down again to the ground with the velocity of 
projection, and that the time of ascent is equal to t 
that of descent. I 



Proposition XIII. 

To determine the motion of a body down a smooth 
inclined plane. 

Let J. -B be the inclined plane, fig. 259, -4 (7 its 

base (horizontal), BC iX» 
height (vertical), and let us, 
for brevity, put AC^^b^ 
BG^h, AB = l. Let W 
be the weight of the body 
moving down AB, whicih re- 
present by the vertical arrow 
FW; and resolve FW into 
the two forces, E W along the plane, and D TT at 
right angles to it. Thus, as in Statics, (p. 294,) 
we have, 



Now the force D TF, being at right angles to the 
direction along which W moves, cannot produce 
any moving or retarding effect, since the plane is 
supposed to be perfectly smooth. Wherefore, the 
force FW alone "pio^Lxxe,^^ \xtfi\*vOTL* It follows, 
therefore, that the mo\*\oTi qI W ^^^i% ^^Y^^^a^ V^ 
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effect produced by the action of the force E TF", 
or^ as has been shown, 

the force W j • 

Let / be the rate of acceleration which this 
force produces ; then, by Dynamics, Prop. IIL, 
putting for P the force just obtained, we find, 

^ -P * n\ 

/= y^9— I 9 * ' ' ^ \}) 

The rate of acceleration bein^ thus obtained, it 
is clear that the motion of W down the plane is 
determined, by the formulae in the preceding pro- 
positions. 

Ex. — ^If h=i ilyUy find the rate of acceleration 

4 

of W down the plane. 

Here /= - ^ = 4 nearly. 

Wherefore TF, in moving down AB^ gains ve- 
locity at the rate of 4 per second nearly. 

Observation, j is the sine of the angle of incli- 
nation of the plane AB to the horizon, i.e. the 
angle BA C. Wherefore, 

f=ff sin. BA G. 

CoroiUa/ry 1. — To find the velocity of W token it 
has descended down the plane, and the time occupied 
in the motion. 

Let t be the time of motioTLitwfiL B \si ^^^^^^^ 
posing that PF IB 8implj\eit ?p ^VB^-, «sA\^\.'«^^^ 
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the velocity at A. Then, by the former propo- 
sitions, we have, 

„. = 2/^ = 2//, 

or, by (1) present proposition, «• = 2^ A ... (2) 
This gives the velocity required. 
To find ty we have, by the former propositions, 

Wherefore, t*=^ (3) 

This gives the time of motion required. 

Corollary 2. — Interpretation of formula (2) jtut 
obtmned. 

The formula (2) is thus interpreted. If W, 
instead of moving down BA, were allowed to 
fall freely from B to (7, the velocity at C would 
be given by the formula, 

«» = 2^*, 
as has been shown in the preceding proposi- 
tions. Wherefore it appears bv the formula (2) 
that the velocity acquired in gomg down from B 

to A along the plane, is just the 
same as that acquired in falling freely 
from B to C. In other words, the 
velocity acquired in going down an 
inclined plane is that due to the 
vertical height of the plane. 

Corollary 3. — Interpretation of for- 
mula {S)ju8t obtained. 

In fig. 260, A, By G denote the 
^ same aa m ^%. ^59 \ and AR \& 
drawn at right an^e» \» A B» \.^ \si^^ B ^^k>* 



Fiff, 260. 
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duced at H, Wherefore ABB and ABC are 
similar triangles ; and consequently we have^ 

BB : BA :: BA : BO 

BA^ _P 
BC '^V 



BB^ 



Hence, by formula (3) above, we have, 



«« = 



2BB 



Now this formula, by the preceding proposi- 
tions, indicates that t is the time in which a body 
falling freely descends from B to B. Hence, 
since t is the time a body takes to move down 
from B\o A/\\> follows that the time a body takes 
to go down the inclined plane B A^ is the same as 
the time of falling freely from B to R. 

This may be further interpreted, constructively, 
by describing a circle ^^.261. 

about the triangle ABB, 
as in fig. 261. Of course, 
since BAM is a right 
angle, BB will be the 
diameter of that circle: 
wherefore, we may state 
the result just obtained, by 
saying that the time a body 
takes to go down a chord 
BA of B, vertical circle, 
supposing that chord to be 
an inclined plane, is the same as the time a body 
takes to fall freely down the vertical diameter. 

Since BA may be any cIiotA. ^lTk^ti Sxvsosl^O^ 
follows from this, that tYie ^m^ \«^tl 'wss^ ^*^^ 
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< 




chord B A' ia the eame' as the time down Ba 
and, generslly, that the times down all choi 
drawn from B are equal. Obaerve, that £ ia & 
highest point of the arcle. ' 

CoroBa/ry 4. — To find the plane of shorten itKx 
Jrom a given point B,to a given line E F, fig. 2& 
Draw B 8 vertical, and describe a circle, pasm 
Fig. HI. through B, touching EF,ts^ 

» having ita centre on B S. (Ho^ 

tiiis is to be done will he es. 
\ pluned.) Let A be the pcni 
/ of contact, and draw BA. 
Then .S^ is the plane o! 
shortest descent required. Foi 
draw any other planes, BB 
and B G, cutting the circle « 
' and A'. Then the im 
down .S^ is flqtul to the time down £A',^, 
what has been proved; but the time down BJ 
is shorter of coarse than the time down BG: 
wherefore the time down BAia shorter than tlw 
down B G. The same may be shown with re- 
ference to Sff,OT any other plane. It foIlovS' i 
Fig. ns. consequently, that .5 ^ is the fhot ' 
of shortest descent. 

To describe the circle here em- 

I ^oyed, draw BB at right angles to 

/ EF, fig. 263, and then draw SJ 

bisecting the angle DBS/ which 

being done, draw A P parallel to 

\" DB, and tiierefore at right an^ 

^ *■ to EF. Then P is the centre of 

squired circle ; as may be easily shown by 

hird Book of EucUd. 1 
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Observation* — A great variety of problems may 
solved respecting planes of quickest descent 
er the manner of construction here given ; but 
)y are neither of practical importance^ nor illus^ 
.tive of mechanical principles^ and therefore we 
38 them over. 

Proposition XIV. 

To find the effect of friction in retarding the 
otion of a body down an inclined plane. 

Becurring to page 440, and fig. 259, we have, 
DW : FWi: AC i AB :: b : U 

and .-. DW^EW^j ^^\ 

« 

But D W being the perpendicular pressure 
.gainst the plane, we have, by Statics, chap, vii., 

force of friction t= fiDW^ /* ^ 7- 

Wherefore, since friction is a retarding force 
icting opposite to JE W, the actual force on W 
urging it down the plane is, 

or, W J --fMW f =P suppose. 

Wherefore, if/ denote the rate of acceleration, 
we have, by Dynamics, Prop. 11I.| 



'i 
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Hence, if t denote the time the body takes to 
descend from B to A^ and 9 the velocity it has 
acquired when at A, we have, by Prop. X., 

Also, «» = 2/?=:2(A-/i% ... (3) 

(2) and (3) determine t and v. 

Corollary. — If the motion be up the plane, the '| 
friction and gravity are both retarding forces, and 
therefore we have 

and ••. /= — J--. 
Here /is a retardation. 

EXAMPLES OF MOTION ON AN INCLINED PLANE. 

In these examples, the formulae given in Propo- 
sitions X. and XII. Dynamics, are to be used, 
together with the values of / just obtained in 
Propositions XIIL and XIV. Fig. 259 is the 
one referred to. 

Ex. 1. — A body takes 10 seconds to descend 
from B to A, and requires a velocity equal to 5g; 
what is the gradient, Le. what fraction is A of 2? 

We have generally, by Prop. X., 
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But by Prop. XIIL f=jff; 
wherefore, J = -, or A = ^L 

Ex. 2. — If the body be projected (started) from 
B with a velocity 4 down the plane^ and if A = ^Z, 
find the velocity at A, supposing I = 10. 

Here /= ^ff, and, by Prop, XII., 

«' = 4^ + 2//, 

= 16 + 10^ = 338; 

/. <? = 18 nearly, 

Ex. 3. — A body is projected from / with a 
velocity 8 up the plane ; how high will it ascend 
along the plane ? 

By equation (6), Prop. XII., we have, 

t) = U^ — 2f8. 

Now here, « = 8, and/= J^ = 16 nearly. 

Wherefore, r * = 64 — 32 « nearly. 

If in this equation we put 

64 — 32« = 0, or« = 2, 

we find « = 0, whenever the velocity becomes zero, 
when the body has gone 2 feet up the plane, and 
therefore it will go 2 feet, and no more, up the 
plane. 

Ex. 4. — ^With what velocity must the boA^^ Vi^ 
started up the plane ftom A, m OitdLRX \.<i %5?c>;>^^ ^&^ 
jff with a veJoGit J 9 ? 
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Here^ if we put a = 10, and « = 9, and/: 
in equation 6, rrop. XII., we find, 

81=«»-322, 
/. t«* = 403, and .*. w = 20 nearly. 

Wherefore 20 is the required velocity near! 

Ex. 5. — Find the time the motion up the 
occupies in Ex. 3 and Ex. 4. 

In Ex. 3, we have, by formula 2, Prop.X 

Now, here, «> = when 8 — 16 « = 0, or < 

Wherefore J second is the time required. 
In Ex. 4, we have, similarly, 

tj = «^ — /^ = 20 — 16 1. 
But T = 9 at B ; wherefore, 

9 = 20-16^, or t= ^. 

lb 

Ex. 6. — K the plane be rough, fi = ^^ I 
A = 4, and, therefore, 6 = 3, find what tim 
body takes to go down from jB to ^. 

Here, by (1) Prop. XIV., we have, 

4—1 
5 
Wherefore, by the same Proposition, 
/ = \ft\ or 5 = 9.6 X t\ nearly ; 
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Ex. 7. — Supposing that the body is set going 
up the plane from A^ with a velocity 10, and 
arrives at £ in 4 seconds, find /i, (Aa=4, /=5, 
6 = 3). 

Here we have, by (4) Prop. XII., 

Whence, putting « = 5, w = 10, ^ = 4, we find, 
5=40-8/, and .•./=^. 

o 

But, by (1) Prop. XIV. Cor. we have, 

/. h + fib 4 + 3/L6 
•^ / 5 

Wherefore, -^r- = — r-^ ; 

o o 

.% 175 = 32 + 24 /A. 
Whence, /i= -^ = 6 nearly. 

Ex. 8. — Supposing / = 10, and h = 6, find 
what value of fi wul make /= 4 for motion up 
the plane. 

By calculation or measurement, we shall find 
b = S. Wherefore, for motion up the plane, we 
have. Prop. XIV. Cor., 

4-/-= h + fib ^ e-^-Sfi 
•^ Z ■" 10 * 

/. /A = 4 J. 

Ex. 9. — If a bodv is ptojee^i^di \x^ "^^ ^^cw^ 
from A with a velocity 3, sulplpo«vTi%l^=^^^'>^'==^^'* 
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A=s8, and fi^it find how high the body wi 
ascend np die plane, and how long it y^Ul ta^ 
before it comes back to A» 
For the ascent we have, 

i+^b _ 8 + 2 _ , 
■'" I ~ 10 ~ ' 

wad •* = »' — 2/»=9 — 2*. 

Wheref(Nre, patting « = 0, to find s, we have, 

This shows how high the body will ascend. 
We have also, 

r = »— /* = 3— <, 
or, putting o=0, ^ = 3, 

whence 3 seconds is the time occupied by ib( 
ascent. 
For the descent we haye, 

h^fjLb _ 8 — 2 _ 3^ 
•'"" / "" 10 ""3' 

and measuring s downwards from the highest point 
attained by the body, we have, 

Now, when the body comes to j1, s is 4}, since 
the whole ascent is 4^. Wherefore, if ^ be the 
whole time of descent, we find 

4J=A^«, or t\^l5; 
and .*. *=4 nearly. 
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Thus the whole time of ascent and descent 
together is 3 + 4, or 7 seconds nearly. 

Ex. 10. — Find the time of descent down the 
plane (smooth), when A = 10, 6 = 100. 

Ex. 11. — Find the same when plane is rough, 

and,x=^- 

Ex. 12. — Find, or try to find, the same when 
/L6 = 1, and explain the reason of the failure. 

Ex. 13. — Same case as in Ex. 10. Find the 
time of descent when the body is projected from 
B down AB with a velocity 4. 

Ex. 14. — Find the same if plane be rough, and 
1 

^=20* 

Ex. 15. — Same case as in Ex. 12. Find what 
velocity of projection will be fiuflScient to make 
the body just reach the bottom without stopping. 

Ex. 16. — Same case. If the velocity of pro- 
jection be only half what it ought to be for the 
purpose, how far will the body go down the 
plane ? 

Ex. 17. — The body (same case) is projected up 
the plane from A with a velocity 4 ; how high will 
it ascend? 

Ex. 18. — ^Find the smooth plane of shortest 
descent from a given point to a given circle. 

Ex.19. — Find the smooth plane of shortest 
descent from a straight line to a circle. 

Ex. 20. — Give a geometrical construction for 
showing the time of descent down a given rough 
plane. 
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SOME CASES OF CURVILINEAL MOTION CONSIDERED- 
CENTRIFUGAL FORCE — ^MOTION DOWN A CURVE. 

CuRViLiNEAL MoTiON may be investigated by 
the aid of the second law of motion ; out cases 
of this species of movement, sufficiently simple 
for a treatise like the present, are very few. The 
following, however, may be easily managed : — 

UNIFORM CIRCULAR MOTION. 

This kind of m'otion takes place when a body 
describes the circumference of a circle, always 
with the same unchanging velocity. It is a very 
important and fundamental case of curvilineal 
motion, and deserves special attention. 

Proposition XV. 

Fig. 264. A body describes a circle 

{radim r), with a uniform Te- 
locity («), to find the force {F) 
which produces this motion. 

It is clear that there must 
be a force in action, in this 
case, for, if not, the body would 
describe a straight line, not a 
circle, by the first law of mo- 
tion, 

"Let C^^?,.'^^'^>^'^^^'^^\x^ 
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of the circle, and suppose that the body moves 
y from P to § in a second. Draw PS and SQy 
tangents at P and Q; complete the parallelogram 
P8Q Ti and draw its diagonal ST, which, produced, 
will manifestly pass through C.^ The body when 
at P, is moving with a velocity «>, in the direction 
PS, and when at §, with the same velocity in the 
direction SQ. Wherefore, since PT is parallel to 
SQ, and equal to PS, we may take PS and PT 
to represent the velocity (i?) of the body, at P 
and Q respectively. Now, by Prop. V. Cor. 2, 
the force (P) which has produced this change of 
velocity is, 

W 

P= — X (velocity represented by fi^T) . . (1). 

But the triangles PST and PQG are mani- 
festly similar; wherefore, 

ST : PS :: PQ : PC, 

or, velocity ST : v :: PQ : r, 

.\ velocity ST^ ^^ (2). 

Now I shall suppose that the movement is slow 
enough to allow our assuming the arc PQ, which 
IS described in a second, to be, practically, of the 
same length as the chord P Q, This gives chord 
PQ = v, and therefore (2) becomes 

velocity /Sfr= — 

• !rhi« follows from the f^tt\ui\.\^aft\wo^»Sl^^^ 
are, as is well known, always eq^oaV 
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And therefore, by (1), we find 

W «* 
P^ — — • • • . * {3), 
9 r ^ ' 

If, however, the motion is qmck, so that PQ 
is an arc of some length, and therefore chord 
PQ is decidedly less than arc PQ; we have only 
to take the millionth part of a second as our time- 
unit, instead of a second, and suppose that PQ is 
described in this unit. 

But it is clear that, if we diminish our time- 
unit, we must diminish «>, g, and P,* in the same 

proportion; i.e. we must put j^^^, i7oOO;oOO' 

1 000 000 ' ^°®*®^ ^^ ^* ^' ^^^ ^' -^^^^ makmg 
these substitutions in (3), we find 

W v' 

P= - - (3). 

g r 

So the formula for P is not affected by this 
change, and therefore the result is true for all 
motions, however quick. 

Observation.— 'This value for P is a very im- 
portant result. It shows that the force which 
produces uniform circular motion is got by multi- 

W 

plying — {i. e. the mass of the moving body) by 

y 

the square of the velocity, and dividing by the raditis. 
Also, since /Sy produced goes through C, it appears 
that this force always acts directly towards the 
centre. 

* Because v is l\ie spwife ^eam!ci^^, g \jRfe^^^<!J&^ ^R«^ired (by 
ing body), and F tti^ wnwoi^i ^iliQ\^^\i^^^^Q^»\xiJM^^'§^2Ci>^».^ 

t of time. 
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Corollary.- — Given the number of revolutions per 
second^ to find F, 

Suppose that W goes round the circle n times 
in a second. The space described in one revolu- 

tion by the moving body is y^r, or, more exactly, 

27rr, where ir is simply used, for brevity, to denote 
the number 3.14159 (see p. 225) : wherefore, the 
space described in » revolutions is 27rnr, This, 
then, is the velocity (by definition, p. 382), where- 
fore V ^2irnr in (3) ; and thus we find, 

\t ^ — • 

9 r 

W 
Or, F=^—^ir^n^r .... (4). 

9 

The number n, i.e. the number of revolutions 
per second, I shall call the circular velocity. 



OF CENTRIFUGAL FORCE. 

If the body be caused to move in a circle, by 
fastening it to one end P of a string, the other 
end being fixed to the centre (7, and giving it an 
initial impulse ; the tension of the string tending to 
pull the body in towards the centre, will be the 
force F found in the proposition ; i.e. the tension 
of the string will be a force 

— - • 

9 r 

Now, if there Is this tension on the 8trm%^^Wt^ 

must ot necessity be an ec^vi^ «jkA ^s^^^'s^fc ^^r^ 

^tioQ on the point 0, to vi\i\c\i\)cL^^^x«i<^\^'5v^^^ 
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W f?* 

i,e. an outward force tending always to pull 

C towards the moving body. 

This outward pull on the centre is called a cen- 
trifugaly or centre-flying force. 

The inward pull on W exercised by the tension 
of the string, is called a centripetalyor centre-seek-r 
ing force. 

Observe, the centrifugal force does not act on the 
body, but on the centre. The centrifugal force is 
the outward reaction on the centre, or on the 
string, or whatever it be that forces the body to 
move in a circle ; but it is not a force acting on 
the body itself. 

N.B. — A large amount of error has been put in 
circulation on the subject of centrifugal force by 
popular writers, and others who ought to know 
better. Hegel's celebrated attack on the Theory 
of Gravitation, and his method of showing that 
the Planets do not move as Newton asserted, but 
rather, that they "go along like blessed Gods," is 
based principally on the error I allude to, which 
Hegel, not having a "judicious and distinctive 
head," greedily swallowed. 

Here is the common notion of the planetary 
motions actually received by the bulk of educated 
men at the present day. A planet has a circular 
motion about the sun : therefore, a centrifugal force 
acts upon it tending to drive it outwards irom the 
sun. But the sun attracts the planet, and so pro- 
duces an equal and opposite inward or centripetal 
force. Wherefore the two forces, the centripetal 
centrifugal, exactly destroy each other ; and 
msequence ia Circular Motxou 1 1 
I; circular motion \» loiot ^^ ^w^s.^^^^^ ^\ 
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no force acting on a body. What says the Jlrst 
law of motion ? When a body in motion is acted 
on by no forces, it moves in a straight line^ not 
in a circle. Thus, according to these erroneous 
notions, the effect of the circular motion of the 
planet is to produce centrifugal force; a,nd the 
effect of the centrifugal force is to destroy the 
centripetal force ; and then no force acts on the 
body ; and then the body moves in a straight line. 
Thus the result which follows from the circtdar 
motions of the planets about the sun is, that they 
all move in straight lines ! ! 

The real state of the case is simply this. A 
body will not move in a circle unless there be a 
force always acting upon it directly towards the 

centre, namely the force — — found above. The 

g r 

sun by its attraction exerts this force on each 
planet, and so produces its circular motion. It 
must be remembered, however, that the motions 
of the planets about the sun are not exactly cir- 
cular, and therefore the force exercised is not 

exactly — — • 
9 r 

Examples of Proposition XV. 

Ex. 1. — A body, weighing 1 lb., held by a string 
10 feet long, is whirled round uniformly at the rate 
of three revolutions per second ; find the tension 
on the string. 

The circidar Telocity {ue. the number of revobx- 
tions per second) is, hexQ) ^\ ^\v^T^^^t^^^s^ *^^ 
Cor., Prop. XV. 
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W 

9 

^ (6.3)' (3)' 10 ; 

32.2 "" . y- 

= 112 nearly. 

Hence the pull on the string is 112 lbs., or 
Icwt. 

Ex, 2. — If the number of revolutions be only 
1 per second^ find JP. 

Here » = 1, and JP= 12 lbs. nearly. 

Ex. 3. — If the number of revolutions be 5 per 
minute, find JP. 

Here the circular velocity is 5 per 60 seconds, 
or i^th of a revolution per second; i,e. n-=^-^. 

.'. i<^ = -Jj lb. nearly. 

Ex. 4. — If, in Ex. 1, the string is only 1 foot 
long, find F, 

Here 7i = 3, r = 1, and .*. i^= 11 nearly. 

Ex. 5. — How fast is the body whirled round if 
the tension on the string is equal to W {r= 10)? 

Ex. 6. — How long is the string if the tension is 
equal to 10 TF, (7i = 3)? 

MOTION OF A PROJECTILE. 

Another case of curvilineal motion that may be 

*V solved, is that of a body projected with a 

velocity in a given direction ; the resistance 

air being ne^eeX^^di. Tt^^ \k<^^^ ^si ^^gss^- 

3 called a projectile. 
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Proposition XVI. 

To find where a projectile tcill be at any given 
time after it has been projected. 

Let u denote the velocity of projection, and t 
the given time. Let A Q, fig. 265, be the direc- 
tion in which the body is Fig. 265. 
projected from the point Q^ 
A, Take AQ = uty and 
draw QPdownwards equal 
to \gt^', then P is the -^ 
point where the body will 
be at the end of the time t. ^^ 

This follows immediately from the extended 
statement of the second law of motion in page 
394 ; for AQ is the space described in the time «, 
in virtue of the velocity Uy and QP the space the 
body falls in the time t by gravitation. . Where- 
fore, bv drawing A Q and then QP, we arrive at 
the point P, where the body actually is at the end 
of the time t. 

Corollary. — To show the successive positions 
of the body at the end pig, 266. 

of each successive se- 
cond. 

Take, along A Q, fig. 
266, the portions AQ19 ^ 
QiQi9 QiQz, &c., each 
equal to u ; draw, ver- 
tically, Q,Pi, e,P„ ^ 
QzPi9 &c., equal respectiv^V^ \.^ 
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Then, it is obvious that Pi, Pj, P3, &c. will be 
the positions of the body at successive seconds. 

Hence the form of the curve described by the 
body may be eafflly drawn. It is called a Para- 
bola. 

Pboposition XVn. 

To find where the body strikes the ground, (which is 
supposed to be horizontal^) and the time of flight. 

A P, in fig. 267, represents the ground, A Q 
p. 2g7 the direction of pro- 

C'jection, and QP is 
vertical. Let the 
time of motion, or 
the time of flight, as 
it is called, be t; then, 
as before, 

AQ^ut, QP^\gt\ 

Now, let the gradient of ^ Q be one in n feet, 
(i.e. for every n feet you go along AQ you rise 
one foot,) then AQ=^n QP^ and .*. 

ut ssn^gt^i 




2u 

or, ^= — 

ng 



(1). 



This gives the time of flight. 

To find APy (the distance at which the pro- 
jectile strikes the ground,) we have 

AP'^AQ'-^-QP' 
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^ n 

But^e^««=|^b7(l); 

Tiff 



nff ^ n^ ^ ^ 

This gives A P. 

TriffonometriccU Solution. — Let the angle QA P, 
which is called the anffh of projection^ be a ; then 

.*. ^ = — sm. a (3). 

9 

Also, u4P=^Q COS. a=tt< COS. a. 
And .-. by (3) J.P = sin. a cos. a . . . . (4). 

if 

Corollary, — AP^ — sin. 2 a, by (4). Now, 

sin. 2 o is greatest when 2 a is 90*^, i.e. when 
or=45°. 

Wherefore, the greatest value of AP^ or, as it 
is called, the greatest horizontal range^ is obtained 
by projecting the body at an inclination of 45"* 
to the horizon. This is not true when the velo- 
city of projection is great, because then the resist- 
ance of the air is considerable^ ^sA>N^\»a?^^X^Sx 
that out of account alLtoge\Vv%T . 
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Ex. 1. — ^Find t and A P when n = 2, and u = 64, 
Here by (1) and (2) we have, 

t = 2xZ2 " ^ se^^onds, nearly. 



^P= |(^ lA-] = 110 feet nearly. 
2 X 32 '^ 4 -^ 

Ex. 2.— Find ui P when n= 10, and «f = 100. 

Ex. 3. — ^Find the greatest elevation the body 
attains, if it be projected at an angle of 30% with 
a velocity of 128. 

In this case, resolve the velocity into two velo- 
cities, one vertical, and the other horizontal. The 
vertical will be found by construction, or calcula- 
tion, to be 64. Now, the horizontal velocity can 
have no effect as regards the vertical motion; 
wherefore, the greatest height attained will be got 
from the equation, 

= (64)* - 64 «. (See p. 436.) 

Which gives ^ s= 64 feet. 

Ex. 4. — Find the greatest height ascended when 
the velocity of projection is 100, at an angle 
of 45°. 

Ex. 5. — Find the velocity of projection at an 
angle of 45 °, which is necessary in order to hit a 
mark on the ground half-a-mile off. 

Ex. 6. — Find the angle of projection when the 
horizontal range is 100 feet, and the velocity of 
'xtion 100. 

7. — A body ia ^pxojeeted horizontally from 
\ of a tower 100 fe^X. \i^^^ ^2c^^ ^\x^^ ^^^^ 
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ground 40 feet from its base ; find the velocity of 
projection. 

Here the time of flight (t) is the same as the 
time of falling down 100 feet. 

.-. 100 = 16 <% and .-. ^ = 2 J. 

Now 40 feet are described horizontally in this 
time ; wherefore the velocity is 

Ex. 8. — K the body is projected horizontally 
with a velocity 20, how far will it fall from the 
base of the tower, the height being 64 feet? 

Ex. 9. — If the body is projected at 45 °, instead 
of horizontally, find the same. 



MOTION DOWN A CURVE. 

The velocity which a body acquires in moving 
down a smooth curve or groove, its weight being 
the only force causing the motion, is capable of 
being found by a very simple rule, which is 
investigated in the following Proposition. 

Proposition XVIII. 

To find the velocity which a body acquires when it 
fdUs down along a smooth curve or groove. 

Let APQB be the curve or groove; and 
suppose that the body is let go at u4, and allowed 
to run down this curve to B / it is rec^jak^'^Rk^s^Si. 
hojv fast it is moving at B. 
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Let PQ be any portion of the curve taken so 
small that it may be practically regarded as a 
Fig 267 Straight line ; draw PB and A C 

vertically; and BC, QT, and P8 
horizontally. The forces which act 
on the body (TT) while it is moving 
from P to Q, are its weight Wy and 
the reaction of the curve. This re- 
^^ ^^ action is always at right angles to 

the curve^ and therefore has no tendency to 
accelerate or retard the motion of W; also, if 
P denote the effect of W down PQ, we have, by 
Prop. XIIL5 

P=W — 
^ ^ PQ' 

and therefore, 

rate of acceleration (/) = ~ ^ = — ^ = — ^. 

Let t? denote the velocity of the body at P, and 
v' that at Q; then we have, by Prop. XII., 

or, v'= vVT^pT, (since /= ||^)- 

Now suppose that the body, instead of moving 
down the curve, falls vertically down A C, and 
suppose also that v is its velocity at S ; we then 
find, by Prop. XII., its velocity at T to be 

Wherefore the increase of velocity that takes 
I when the body ^oea from P to Q in the 
1 case, is ptecAiftAy xJcifc ^•asaa ^e* ^^c^ -^^^ 
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takes place when the body goes from ;S^ to T in 
the supposed case. Hence^ if we draw a great 
number of horizontal lines^ as in the figure, 
thereby dividing the curve AB, and the vertical 
^^5 in a series of corresponding elements, like 
PQ and 8T, the change of velocity in the actual 
motion along the curve will be the same for each 
element, as that for the corresponding element in 
the supposed motion down A C. Wherefore, the 
final velocity will be the same in both motions, 
supposing the initial velocity the same. In 
otner words, we have the following rule: — If a 
body be let fall from A down any smooth curve 
or groove AB^ its velocity at B will be the same 
(in magnitude) as if it had been allowed to fall 
directly down the vertical height, Le, from A to C* 
If then « denote the velocity at 5, we have, by 
Prop. XII., 

e^'2g.AG (1). 

Corollary. — In the same way it may be shown, 
that if the body, instead of being simply allowed 
to fall down A By be projected along the curve 
with an initial velocity u, then, 

^^=^u^^2g.AC (2). 

The following is a good example of this, and 
Prop. XV. 

Proposition XIX. 

A body {W\fig, 269, is attached to one end of a 
horizontal spring A (7, the other end G being fixed. 
If the body be let go^ to find its velocity when it gets to 
its lowest position B, and the tension of t&e «(it\u^« 

• It m&y be shown tliat ttna pvjoi S& «X«*^s^'^l ^»*^ ^^^ 
error, as in the pnxrf tliat s = i/t*. 
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It is clear that TF, by the action of the string, 
is caused to describe a circolar arc» AB^ jnst as if 
Fig. 209. i* "w&ce simply allowed to move 

down the arc, as a smooth curve 
or groove. In going firom A to 
B it descends a vertical distance 
equal to CB^ which call r. 
Hence, if « denote the velocity 
at JB, we have, by the previous 
proposition, 

v'^igr . . . (1), 

which gives V. 

Also, the forces which act on 
W when at B^ are the tension of the string (which 
call T) acting upwards, and the weight W down- 
wards ; i.e. T — W acting towards the centre- 
Thus r— TF is the force which causes the body 
W to describe a circle whose radius is r, with a 
velocity v. Wherefore, by Prop. XV., we have, 

T-Tr= ^ -. . . (2); 
g r 

and, therefore, by (1), 

a r 
.-. T=SW (3). 

The tension at B^ therefore, is three times the 
weight. [ 

CoroUary 1. — If W be allowed to fall from A 
ver position A\ instead of "^4, to find «? and 71 I 
Draw A' D \iOx\7.oxv\siJX'Y , ^sA\<i\*I>'B'=^Vv.^^Wh!l 
! shall suppose \^ ^luo^xi. "Yt^few^ ^V^^^^^ 
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T-W- ^^'^ W2gh ^2Wh 
g r g T r ' 

... 7= (l + ^) W; 

CoroUa/ry 2. — The body being allowed to fall 
from Ay to find i? and T when it gets as far as J '. 
We have, 

'e'^2gCD^2g{r^h\ 

which gives «. 

To find Ty we must resolve W (which represent 
by A' E) into two forces, one. A' F^ at right 
angles to the string, and the other, FE^ along the 
strmg. 

Then T — FE will be the whole force along 
the string. 

Now by similar triangles, CAD and A'FE^ we 
have, 

FE : A'E :: CD : CA\ 

or, FE : TT :: r — A : r; 



/. !<'.£'= PF 



r 



r g r g r * 



CHAPTER V. 



SIMPLE IMPACT. 



Impact is said to take place when bodies strike 
together ; we shall here consider only the simplest 
case in which this may occur. 

Proposition XX. 

If a body A overtake and strike another body B, 
to find the effect of the blow or impact : both bodies 
are supposed to be moving along the same line. 

Let u denote the velocity of A^ and v that of 

Bf both taking place in the same direction, but 

Fig. 270. that of A being the greater. When 

j> ^O ^. ^ overtakes, and begins to press 

upon B^ it is clear that the velocity 
of B will be increased by that pressure. At the 
same time, B will react upon A with an equal 
and opposite pressure, which will, of course, 
diminish the velocity of A* Now, as long as A 
is moving faster than B^ this increase of -ff*s velo- 
""•V and decrease of A'a velocity will continue. 
\erefore, at \a9.\., \)afe N^^^\>i«» ^^^ A. ^xA'B -wii. 
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then A has lost an amount of velocity equal to 
u — v'/ and therefore, by Prop. VI., the dynamical 
effect produced on A by the pressure of B is 

supposing A to denote the weight of A. 

In like manner, the alteration of velocity of B 
is «' — I? (observe that r)' is greater than i?); and 
therefore the dynamical effect on 5 is 

- (« — t?), 
9 . 

B denoting the weight of B, 

Now, the pressures which produce these dyna- 
mical effects, namely, the pressure of B on A^ and 
that of A on By are, by the law of action and 
reaction, equal during the whole time while the 
alteration of velocities is going on. The dyna- 
mical effects produced must therefore be equal. 
Consequently we have, 

9^ 9 

and .% {B'\-A) V =^Au'\'B'd. 

This gives the equalized velocity v'* ^ 
If the bodies be perfectly devoid of spring, this 
equation completely solves the problem ; for when 
once the velocities ure equalized, it is clear that 
there can be no mutual preasxtt^ ^^ct^Ys^V^^^^^^ 
the two bodies. But aW ^>o«\^^ «t^ ^^^^^^^^'^s^'^- 
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and when compressed have a greater or less spring, 
or tendency to recover their shapes. It is clear 
that A and B will be in a state of compression 
when the velocities are equalized ; for they have 
been mutually pressing on each other, and that 
with no small amount of force. Wherefore the 
spring, or tendency to recover shape, will come 
into play after the equalization of the velocities, 
and cause a new exertion of mutual pressure be- 
tween A and B ; which will further mcrease the 
velocity of B and diminish that of A^ until B gets 
clear of and leaves A behind. Then the impact 
will be complete. 

Let u" be the velocity of Ay and «" that of B 
at this time, that is, when B gets clear of A. 
Then it is found by experiment, that the altera- 
tion of velocity, «'— w ', produced in A by the 
spring, is always a certain fraction of the altera- 
tion u — n' previously produced, while the com- 
pression was going on. That fraction is always less 
than 1, and its amount depends upon the ebuticityf 
as it is called, of the two bodies. Let the letter j 
X be employed to denote this fraction ; then we 
have, 

«?' — tt'/= X (w — i?'). 

... w"=:(l+X)i?'-X«*; 
or, by (1), 

u"^il+X)^^-Xu (2). 

It is found also, similarly, that the same law 
}lies to the alteration of velocity in B; that is. 
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or, by (1), 

,"»(l+X)^^«_X......(3). 

(2) and (3) give the velocities «*" and W\ and 
thus the final effect of the impact is known. 

Corollary, — If B be moving in the opposite 
direction to Ay we must in all the above formulae 
change the sign of Vy as is manifest. Thus^ instead 
of (2) and (3), we shall, in this case, have, 

«"-(l+X)^^^-A« W- 

,"=(1+X)^|^+Xt, (5). 

Observation. — ^When X = 0, the bodies are said 
to be inelastic; when Xs=l, they are said to be 
perfectly elastic. Neither of these cases occur in 
nature. 

Ex. 1. — Ay moving with velocity 10, strikes B 
at rest ; ^ = JB, and A = J ; find «*" and «". 

Here w= 10, <?s=0; wherefore, by (2) and (3), 
„ 3^.10 1 -^ 

n 3^.10 . 

"" ==2"2X==^*- 

Wherefore, A loses 7^ o£ \\& ^^<s^3&^> '^siSs. ^ 
gaiDB as much. 
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Ex. 2. — Same case, only 5 = 2 J. ; find tt" and 
«". We have 

* 2 3^ 2 ' 

„ 3A.10 , 
" "2-3X=^- 

Here A is completely stopped, and B goes on 
with the velocity 5. 

Ex. 3. — Same case, only 5 = 3^ ; find «" and 
<?". Here 



,, 3-4.10 



-lio=-iij 



2 4^ 2 

Here the negative sign of u'* shows that A is 
not only stopped, but driven back by the blow. 

Ex. 4. — Show that, if X = 1, and jB is at rest 
before impact, A is always at rest after impact. 

Ex. 5. — If A ^2 By and A and B are moving 
in opposite directions before impact, find the finsd 
velocities. 

Ex. 6. — Show that always 

Au^Bt^Au' + Bv\ 
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Proposition XXI. 

If B be a fixed body^ to find the velocity of A after 
impact Fig. 270. 

In this case we may find the result by sup- 
posing B9 in the former proposition, to be exceed- 
ingly large compared with A, Thus, if I throw 
a heavy body on the ground, I do not move the 
^arth, because it is so large; not because it is 
actually fixed. 

Now we have from (2), putting i? = 0, 

But, because B is exceedingly large compared 

A 

with A, the denominator of the fraction =. 

A -\-B 

is extremely large compared with its numerator. 
The fraction is therefore practically zero. Where- 
fore we find, 

that is, the velocity of A is reversed by the 
blow, and diminished in the proportion of X 
to 1. 

Ex. 1,. — A marble is dropped on the floor from 

9 
a height A, and rebounds to a height rrj^h; find X^ 

The ball, since it falls a li^\ ^a\> K> ^«^^^ *^^ 
ground with a velocity V^gH> ^xA^ ivoR^"^ ^^"^ 
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9 

to a height j^ h, it leaves the ground with a velo- 
^2ff ^ *, or I V2jh. Wherefore, 

.•. A = 1 • 

4 

Ex. 2. — If X SB ^, and the ball is dropped firom 
a height hy find the height to which it liaes after 
2 rebounds. 

Here let h' and h" be the heights to which 
the ball rises after the first and second rebound; 
then 

1/27a'=X V^27a, and V^2jh^' = XV^k'- 

.-. A'=X'A=5a, and *"=!*'. 

4 4 

lb 



OBLIQUE OIPACT ON A PLANE. 

Proposition XXII. 

If A be throten ctgairut the ground obliquely, ttiii 
^"icity u, iofini how it moves after the blow. 

OF be the plane, and suppose that A is 
against it in the direction ^a Produce 



M 



^ V 
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j KC to 2), takin- 72) j represent the velocity u. 
j Draw IICE at ^ht angles to CF; f^ 271. 
and complete the rectangle CEDF. 
Take CH=:\CE; complete the 
rectangle CHGF, and draw CG. 
'hen CG represents in magnitude 
and direction the velocity of A after 
the impact. 

For the velocity CD is equivalent to the two 

\ ■ locities CFand C E ; the former clearly is not 

^ " uected nor altered by the impact ; the latter, C E, 

•» reversed and changed into \CE; in other words, 

* . is.changed into CH (for CH=\ CE).^ Wher •- 

\ lore, after impact, A has the two velocities C ''I 

nd CF; and consequently the actual velocity 0/ 

^ 1 is represented by C G. 

Corollary. — The angle 2) C JB is called the angle 
. of incidence, and GCH the angle of reflection. 

r Now, tan. 2>CS=^, and tan. GCH^^" 



- DE^ C'£' • CH- 

] CE* . tun. GCH=\ tsu.DCE. 

\ This completesi the explanation and Ulustratiou 
oP the fundamental principles of Dynamics. 



tp:nd. 



f . 



\ 



^^^17 1939 



"■^ 




